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WEIZMANN INSTITUTE OF SCIENCE

Abstract
Faculty of Physics

Department of Particle Physics & Astrophysics

PhD in Physics

Gravitational Probes of Ultralight Dark Matter and Degeneracies in Time-Delay Cosmography

by Luca TEODORI

The nature of dark matter remains one of the big unsolved questions in physics. Furthermore, the
standard cosmological model, ΛCDM, is facing several challenges, most notably the H0 tension. Strong
gravitational lensing and stellar kinematics (strong lensing as a probe of cosmology and both as probes
of dark matter) offer promising avenues to advance our understanding of these fundamental topics
through gravitational phenomena. In particular, UltraLight Dark Matter (ULDM), a well-motivated
and highly studied dark matter candidate, can be constrained using gravitational probes alone.

In this thesis, we primarily address two key topics: how strong gravitational lensing and stellar kine-
matics can be used as gravitational probes of ULDM, and the degeneracies that arise when using strong
gravitational lensing as a cosmological probe, particularly for measuring H0 via time-delay cosmogra-
phy.

We show, both theoretically and through numerical simulations, that ULDM in the mass range 10−25 ≲
m/eV ≲ 10−24, with total dark matter budget fractions αχ ≲ 0.15, can form cores that are detectable
in strong gravitational lensing systems, particularly in time-delay cosmography. This region of the
parameter space remains unconstrained, and the wealth of data from ongoing and future missions will
provide opportunities to probe this scenario.

We explore the use of stellar kinematics in galaxies, particularly dwarf galaxies, as an additional grav-
itational probe of ULDM through the mechanism of dynamical heating of stars. Using numerical sim-
ulations, we show that the stellar kinematics and distribution of dwarf galaxies are in tension with
observational data for m ≲ 5 × 10−21 eV.

We examine the soliton-halo relation, which provides predictions for the structure of stellar rotation
curves in galaxies. Our results show that most solitons are sufficiently massive to produce an inner ro-
tation curve velocity peak that exceeds the outer rotation curve peak, the latter from the halo. Addition-
ally, we provide insights that may help reconcile the differing results found in the literature regarding
the soliton-halo relation.

In the context of degeneracies in time-delay cosmography, we highlight the necessity of accounting for
all external convergences along the sightlines, particularly the observer-lens sightline, to achieve an un-
biased measurement of H0. We clarify how multiple source systems can aid in breaking the mass sheet
degeneracy, a well-known challenge in time-delay cosmography, and discuss the role of differential
external convergences in potentially masking this breaking effect. Finally, we identify a discrete approx-
imate degeneracy that arises in strong lens systems requiring explicit modelling of the host group halo.
If observed systems are influenced by this degeneracy, the measurement of H0 may be biased upward.

HTTPS://WWW.WEIZMANN.AC.IL/
https://www.weizmann.ac.il/physics/
https://www.weizmann.ac.il/particle/
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Chapter 1

Introduction

When we look at galaxies and at the universe on the largest scales, we see the gravitational influence
of more matter than the one we can actually see or account for with standard model of particle physics
alone. In particular, the standard ΛCDM model, which is our best and simplest model which can explain
the universe on the large scales, predicts this extra matter to be about 5 times more abundant that
the known matter (“baryons”). The nature of this missing matter, or Dark Matter (DM), is yet to be
uncovered.

So far, we have evidence of DM only via its gravitational influence. One of the first evidences for the
existence of DM came in the early 1930’s, from Oort observations of star motions in the Milky way [Oor]
and Zwicky observations of galaxy velocity dispersions in the Coma cluster [Zwi33; Zwi79], both hint-
ing at much more mass than what one would expect from visible matter. The observation that made
the idea of DM dominant in the physics literature came from Ref. [Rub83] work on velocity curves of
galaxies. After that, we gathered many more evidence of the presence of DM, from gravitational lens-
ing [WCW79; LP89; BPL90], from cosmology and Large Scale Structure (LSS), galaxy clusters [Eis+05;
Agh+20], from which we understood that DM is really weakly coupled to standard model particles, if
at all, and that it has to be “cold”. However, as of now, we do not have a clear idea on what DM really
is.

The challenge lies in the fact that there exists an enormous variety of DM candidates capable of explain-
ing most, if not all, of the observed phenomena; specifically, DM candidates that behave like Cold Dark
Matter (CDM) on large scales [BT18]. However, CDM is unlikely to provide the complete picture, as the
CDM paradigm faces several shortcomings, particularly on small (i.e., astrophysical) scales [BBK17].
Furthermore, no existing theory currently connects CDM to other known particles within a unified
framework.

The nature of dark matter is just one of the many questions arising in the context of the ΛCDM model.
Within ΛCDM, one of the most discussed cosmological tensions in the literature is the Hubble, or H0,
tension [DV+21; VTR19; VSGM23; FM23; DV+25]. The H0 tension is the discrepancy on the measured
value of H0, which quantifies the expansion rate of the universe, between different probes. In particular,
probes based on early universe physics and/or LSS predict H0 ∼ 67 km Mpc−1 s−1 [Agh+20; Bal+23;
Aio+20; Ala+21; D’A+20; ISZ20], on the low side. Probes based on late universe physics, most notably
the Cepheid distance ladder-based measurements, give H0 ∼ 73 km Mpc−1 s−1 [Rie+16; Rie+21; Rie+22],
on the high side. There are heavy investigations on possible measurement systematics or different late-
universe probes which may explain away such a tension [Cal+08; FM23; Fre+24; DV+25]. There are also
a plethora of theoretical models trying to explain such discrepancy, assuming the tension is real [DV+21].

A promising gravitational probe for the nature of dark matter and also for measuring H0, major focus
of this thesis, comes from gravitational lensing.

As far as H0 is concerned, gravitational lensing offers a way to measure H0 via time delays between
multiple image lens systems. Such a measurement is independent of the aforementioned early universe
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probes and distance-ladder based methods; it is a late universe measurement as the distance-ladder
one, and it can provide a cross-check for whether the H0 tension is real or not. As any measurement
of this type, the H0 measurement from gravitational lensing suffers from systematic biases. The most
famous systematic bias comes from the Mass Sheet Degeneracy (MSD), a well-known mathematical de-
generacy in the gravitational lens equations [FGS85] involving the lens density profile and time-delays.
Physical realizations of such a degeneracy include internal DM core components, the DM halo of the
group/cluster the lens galaxy resides on, and the LSS on the Line Of Sight (LOS). The study of this
degeneracy is a main point of the works presented in this thesis. In Ch. 4, we explore all these possible
physical realizations of MSD, and discuss some key aspects of their influence in time-delay cosmogra-
phy. In particular, we show in Sec. 4.3.2 how the perfect MSD limit adopted in some analyses [Bir+20] is
not conservative as far as stellar kinematics is concerned. In Sec. 4.2, we discover and discuss a discrete
degeneracy involving the flexion field of the DM halo of the group which hosts the main lens; in Sec. 4.3,
we point out the necessity of accounting for the observer-lens sightline external convergence to achieve
an unbiased measurement of H0, and discuss how multiple source systems can aid in breaking the MSD,
and how differential external convergences can mask this breaking effect.

On the dark matter side, strong gravitational lensing is sensitive to the dark matter density profile in
galaxies [Veg+23]. Among the CDM candidates which have interesting observable features which can
be probed from gravitational lensing, UltraLight Dark Matter (ULDM) is the one we will focus on in this
thesis. ULDM is an highly discussed DM candidate in the literature [HBG00; Hui+17; Hui21; Fer21], as
it has phenomenological effects which can be probed via gravity alone. Its most defining feature is the
fact that the de-Broglie wavelength associated to its very small mass is order parsec or larger, i.e. order
of astrophysical scales. In particular, ULDM is better described as a wave rather than a particle. One
key predictions of the ULDM paradigm is the formation of cored profiles. In the context of gravitational
lensing, such cores act as approximate MSD. The presence of unaccounted ULDM cores in galaxies can
affect the lensing H0 measurement or, equivalently, they can affect time delays if an H0 prior is used
when interpreting data. With the latter point of view in mind, we will show how ULDM cores can be
searched for, using strong gravitational lensing systems and time delays, in Ch. 5. In particular, we find
that ULDM can be constrained via time-delay cosmography in the mass range 10−25 ≲ m/eV ≲ 10−24,
with total DM budget fractions between 5% and 15%. This is a region which is as of now unconstrained.
We dub this way of searching for ULDM AxionH0graphy.

The particular features of ULDM affect also stellar kinematics and dynamics in galactic systems, as we
will discuss in Ch. 6. We show how dynamical heating of stars, coming from ULDM density fluctuating
field (which in turn is a manifestation of the wave behaviour of ULDM) can be used to put constraints
on the allowed particle mass of ULDM. We show this via numerical simulations of dwarf galaxy systems
in a ULDM halo. In particular, in Sec. 6.1, we show how ULDM with m ≲ 5 × 10−21 eV is in tension
with dwarf galaxy star kinematics and star distribution data.

Stellar kinematics is also affected by ULDM cores, which in the literature are known as solitons. The
amount of mass of a soliton, forming in the potential well of a given DM halo, will determine the stellar
circular velocity curve structure of a typical ULDM halo. The relation between the mass of the soliton
and the features of its host halo is called soliton-halo relation. We investigate the soliton-halo relation
via numerical simulations and show how generically the circular velocity curve of a typical ULDM halo
has two peaks, one from the soliton and one from the halo, the former usually higher than the latter. In
particular, we put forth a new point of view on the soliton-halo relation, which may reconcile various
results in the literature, as we explain in Sec. 6.3.

To summarize, out of the problems arising within ΛCDM, in this thesis we focus on the H0 tension, in the
context of its measurement via gravitational lensing time delays; in particular, we focus on degeneracies
in time-delay cosmography, most notably the MSD. Out of the possible DM candidates, we instead focus
on ULDM, and investigate it in the context of time-delay cosmography and stellar kinematics/dynamics
in galaxies.
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This thesis is organized as follows. We review the basics of the ΛCDM model in Sec. 1.1 and of stellar
kinematics probes of dark matter in Sec. 1.2. We review the status of the H0 tension in Sec. 1.3. In Ch. 2
and Ch. 3, we introduce the fundamental concepts of gravitational lensing and of ULDM respectively.
We introduce an approximation for the calculation of external convergence expectation values in Sec. 2.4
relying on results we show in Sec. 1.1.6, a novel result of this thesis from Ref. [Teo+22].

The main body of the thesis, showing novel results from [BT21b; Teo+22; TB23; BT25; TCB25; Blu+25],
is in Ch. 4, Ch. 5 and Ch. 6. We discuss the impact of MSD in time-delay cosmography in Ch. 4 and how
one can exploit time delays as a probe of ULDM in Ch. 5. We describe our efforts in using stellar kine-
matics and dynamics to probe ULDM via numerical simulations in Ch. 6, where we investigate ULDM
dynamical heating in Sec. 6.1 and the soliton-halo relation with its implications in Sec. 6.2, Sec. 6.3. We
finally summarize all the main results of this thesis in Ch. 7.

As a project which, at the moment of writing, is work in progress, we show a novel calculation of time-
delays in the Kottler metric in App. B.

Most of the code and notebooks used to produce the main results shown can be found on the github
page https://github.com/lucateo/�.

1.0.1 Conventions

We will use the following convention for the Fourier transform

f (x⃗) =
∫ ddk

(2π)d ei⃗k·⃗x f (⃗k) , (1.1)

where we indicate the Fourier transform of f simply by specifying its dependence on k⃗. d is the di-
mension of x⃗. In this thesis,⃗ denotes 3D spatial vector quantities or 2D vector angles, depending on
context.

Conversely, the inverse Fourier transform will be

f (⃗k) =
∫

ddx e−i⃗k·⃗x f (x⃗) , (1.2)

and thus the integral representation of the Dirac delta δD will be

δD(x⃗) =
∫ ddk

(2π)d ei⃗k·⃗x . (1.3)

We will always use, unless it is clearly specified otherwise, the Einstein summation convention, i.e.
summation over repeated indices, that appear repeated only in one side of an equation, is understood.

We will use the General Relativity (GR) sign conventions as in Ref. [TMW00], detailed in App. C.1. In
particular, we use the mostly positive metric signature.

We will use natural units, with c = h̄ = 1. We will convert to standard units (the one pertaining
the international system of units or usual astronomical units like Mpc) when we will do quantitative
analyses.

We will normalize the Robertson-Walker scale factor a(t) to be unity at the time t0 corresponding to
today, a0 := a(t0) = 1.

https://github.com/lucateo/
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1.1 Essentials of the ΛCDM model

The ΛCDM model is as of now our best model which can explain most of our observations of the
universe on the large scales, from the Cosmic Microwave Background (CMB) to LSS observables.

One of the key assumptions of the ΛCDM model is that on sufficiently large scales, the universe is
isotropic (i.e. the universe looks the same in every line of sight) and homogeneous (the properties of the
universe do not depend on the particular point in space we are). In other words, the universe is rotation
and translation invariant (but critically, not invariant under time translations).

If we look at the very early universe through the CMB, or we look at very large scales, this assumption
seems justified. In particular, if we split the matter-energy density ρ(x⃗, t) as

ρ(x⃗, t) = ρ̄(t)(1 + δ(x⃗, t)) , (1.4)

where ρ̄ is the average density at comoving time t, also called background density, and δ is the fluctu-
ation over such a background, then around the recombination times, when CMB photons were finally
able to free-stream all the way to us, we have δ ≪ 1 (we can infer this from the very small temperature
fluctuations in the CMB). What this implies is that we can describe the early universe as a perturbed
homogeneous and isotropic one, where homogeneous and isotropic is the zeroth order approximation.
In the next section, we describe the equations of an homogeneous and isotropic universe.

1.1.1 The Friedmann equations

Upon an isotropic and homogeneous universe, the most general line element is the Friedmann-Lemaître-
Robertson-Walker (FLRW) one [Fri22; Fri24; Lem13; Rob35; Wal37; Wei08], which can be written as

ds2 = gµνdxµdxν = −dt2 + a2(t)
(

dr2

1 − κr2 + r2(dθ2 + sin2 θdφ2)

)
. (1.5)

κ is the curvature parameter describing the overall geometry of the universe and a(t) is the cosmological
scale factor, encoding the expansion of the universe; we have a flat, spherical/closed or hyperbolic/open
universe for κ = 0, κ > 0 or κ < 0 respectively. Our universe seems best described as a flat one, κ ≃ 0.

We can write Eq. (1.5) by using the conformal time dη = dt /a(t) and the comoving coordinate w;
defining

r = fκ(w) =


1√
κ

sin
(√

κw
)

, κ > 0 ;

w , κ = 0 ;
1√
−κ

sinh
(√

−κw
)

, κ < 0 ;

(1.6)

we end up with the simpler (with dΩ2 = dθ2 + sin2 θdφ2)

ds2 = a2(η)
(
−dη2 + dw2 + f 2

κ (w)dΩ2) , (1.7)

which is a flat metric multiplied by the conformal factor a(η). We have the freedom to set the scale factor
at the present time as a(t0) = 1, thanks to the invariance of Eq. (1.7) under the rescaling

a → λa , w → w/λ , κ → λ2κ . (1.8)

Notice that the sign of κ remains unchanged under the previous rescaling.
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We determined the metric, which enters the LHS of Einstein equations

Rµν −
1
2

gµνR = 8πGTµν − Λgµν , (1.9)

where Λ is the cosmological constant; we thus need now to determine the energy-momentum tensor
Tµν. The proper Tµν obeying homogeneity and isotropy is the perfect fluid energy-momentum tensor,
which reads

Tµν = P̄(t)gµν + (P̄(t) + ρ̄(t))uµuν , (1.10)

where uµ is the four velocity of the observer, and ρ̄, P̄ are the background density and pressure respec-
tively, which depend on the comoving time t alone. A comoving observer has uµ = (1, 0, 0, 0). Using
the metric Eq. (1.7), together with the perfect fluid energy tensor Eq. (1.10), we obtain the Friedmann
equations (see Ch. C for derivation; ˙ := d

/
dt ):(

ȧ
a

)2

=: H2 =
8πG

3
ρ̄ − κ

a2 +
Λ
3

, (1.11)

ä
a
= −4πG

3
(ρ̄ + 3P̄) +

Λ
3

; (1.12)

the third Friedmann equation, also called continuity equation, can be derived from the previous two or
also from the zeroth component of the continuity equation ∇νTµν = 0, and reads

˙̄ρ + 3H(ρ̄ + P̄) = 0 . (1.13)

Notice that κ appears in equations always in the combination κ/a2, which is invariant under the rescal-
ing Eq. (1.8).

Different components of the universe are characterized by a different equation of state P̄ = wsρ̄, in
particular ws = 0 for matter and ws = 1/3 for radiation; with specified ws, we can express the first
Friedmann equation Eq. (1.11) in terms of the various density parameters today

Ωj,0 :=
8πG
3H2

0
ρ̄j,0 , (1.14)

where we used 0 as a subscript for quantities evaluated at the present time, and the index j labels the
various components (r = radiation, m=matter, md= (cold) dark matter, mb = baryons, Λ = dark energy,
with the definition ρΛ,0 := Λ/8πG). Using the third Friedmann equation together with the equation of
state, we have

ρ̄j(t) = ρ̄j(t0)a(t)−3(1+ws) . (1.15)

With this, the first Friedmann equation Eq. (1.11) becomes

H2 = H2
0

(
Ωr,0a−4 + Ωm,0a−3 + Ωκ,0a−2 + ΩΛ,0

)
, (1.16)

where Ωκ,0/a2 = −κ/(H2
0 a2) parametrizes how far are we from a flat universe. Our universe so far

seems compatible with Ωr,0 ≤ 10−5, Ωκ,0 ∼ 0, Ωm,0 ∼ 0.3, ΩΛ,0 ∼ 0.7 [Agh+20]. In the standard hot big
bang model, the universe in its early stage was radiation dominated, Ωr ∼ 1; the different power-law
decay behaviour of different components with the expansion makes the universe go towards different
phases, from the early radiation domination (which decays as a4) towards matter domination (which
decays as a3) where Ωm dominates, to the era we are in today, dark energy domination.
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1.1.2 Distances in cosmology

The concept of distance in cosmology, due to expansion of the universe effects, is tricky. In particu-
lar, there are two main different distance definitions, both mimicking properties that distance has in
Euclidean space: angular diameter distance and luminosity distance.

At first, notice that, exploiting the metric Eq. (1.5), we can derive the expression for the so-called comov-
ing metric distance (which corresponds to the comoving distance for κ = 0) as

η = w =
∫ t0

t

dt
a

=
∫ z

0

dz
H(z)

, (1.17)

where we defined the cosmological redshift

1 + z :=
λo − λe

λe
=

1
a

, (1.18)

where o and e stand for “observed” and “emitted” respectively, and the last equality comes from the
p ∝ 1/a behaviour of massless particles in FLRW.

Using Eq. (1.16) with Ωr = Ωκ = 0, we have

w(z) =
1

H0Ω1/2
Λ,0

∫ z

0

(
Ωm,0

ΩΛ,0
(1 + z′)3 + 1 +

Ωκ,0

ΩΛ,0
(1 + z′)2

)−1/2

dz′ . (1.19)

The comoving distance will then be fκ(w).

Angular diameter distance. The comoving distance is not a quantity we can actually measure. Hence,
in cosmology one usually defines other types of distances. One example is the angular diameter dis-
tance. Consider an object with physical transverse length D; then, in analogy with the Euclidean case,
one can define the angular diameter distance, with δθ the angle subtended by the object, as

DA :=
D
δθ

; (1.20)

the FLRW line element implies the following relation for D

D = a(t) fκ(w(t))δθ , (1.21)

so that

DA(z) =
fκ(w(z))

1 + z
. (1.22)

In gravitational lensing, it will prove useful to have an expression of the angular diameter distance of
a source at redshift z2 as seen by an observer at redshift z1. To find such an expression, notice that the
observer at z1 would write

D′
A(z

′) =
fκ′(w(z′))

1 + z′
, 1 + z′ =

1 + z2

1 + z1
, κ′ =

κ

a2
1
= (1 + z1)

2κ , (1.23)

where z′ is the redshift of the source as seen by the observer in z1 and κ′ is how observer at z1 would
normalize the curvature parameter according to the rescaling Eq. (1.8) with λ = 1 + z1. Then, we have

w(z2)− w(z1) =
∫ z2

z1

dz
H(z)

= (1 + z1)
∫ z′

0

dz′′

H((1 + z′′)(1 + z1)− 1)
= (1 + z1)w′ , (1.24)
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where in the integral we changed the variable 1 + z = (1 + z′′)(1 + z1) and where in the last step we
recognized the expected scaling of w according to Eq. (1.8). We can thus write

D′
A(z

′) =: DA(z2, z1) =
1 + z1

1 + z2
fκ′

(
w(z2)− w(z1)

1 + z1

)
=

fκ(w(z2)− w(z1))

1 + z2
, (1.25)

where the last step follows from the form of fκ, Eq. (1.6), for any κ.

Luminosity distance. Very similarly, again in analogy with the Euclidean case, one can define the
luminosity distance DL via

F =
L

4πD2
L

, (1.26)

where F is the flux (energy per time per area) received from an observer, coming from a source with
luminosity L (emitted energy per time in the emitter frame). To write a formula for DL, one has to be
careful about expansion of the universe effects. Schematically, the luminosity in the emitter frame is

Le ∼
∆Ee

∆te
, (1.27)

whereas, when we measure the flux, we see a different ∆Eo/∆to. The energy redshifts as ∆Eo =
∆Eea(te); to understand what is ∆to, suppose that a source located at comoving (not conformal) co-
ordinates x emits a light pulse at te and at te + ∆te; the comoving distance the two pulses travel to the
observer are the same, hence

x =
∫ to

te

dt
a

=
∫ to+∆to

te+∆te

dt
a

=⇒
∫ to+∆to

to

dt
a
−
∫ te+∆te

te

dt
a

= 0 ; (1.28)

for small intervals of time, the previous indeed implies

∆to

a(to)
=

∆te

a(te)
. (1.29)

Moreover, at the time of observation, the light spread out to an area A = 4π f 2
κ (w), ending up with

F =
∆Eo

4π f 2
κ (w)∆to

=
a2(te)Le

4π f 2
κ (w)

=⇒ DL = fκ(w)(1 + z) . (1.30)

1.1.3 Fluctuations and power spectra

In the previous sections, we described the equations pertaining an homogeneous and isotropic uni-
verse. We now need to go beyond this assumption if we want to describe the formation and growth
of structures like clusters and galaxies. As we already remarked, in the early universe departures from
homogeneity and isotropy can be characterized by the matter density fluctuation δ, defined as

δ =
ρm − ρ̄m

ρm
, (1.31)

where ρm is the full matter density, comprehensive of the background mean density ρ̄m (obeying Fried-
mann equations) and the fluctuation ρ̄mδ.

We can view the density field as a stochastic field1. The inflation paradigm predicts primordial fluctu-
ations to be Gaussian, and a Gaussian random field is completely determined once we know its mean

1We are forced to model our universe as a stochastic realization of a statistical ensemble of possibilities, since we do not have
direct observational access to the primordial perturbations seeds (which will yield deterministic initial conditions); moreover, it



8 Chapter 1. Introduction

and the two-point correlation function. For δ, the mean is zero by definition, hence we only need the
two-point correlator ξδ, defined as 〈

δ(⃗r, t)δ(⃗r′, t)
〉
=: ξδ(

∣∣⃗r − r⃗′
∣∣) , (1.32)

where the average is taken over all the possible stochastic realizations of δ. Due to homogeneity and
isotropy, ξ depends only on the distance between the two points considered. Usually in cosmology one
focuses on the power spectrum Pδ, that is defined, in Fourier space, as〈

δ(⃗k, t)δ(⃗k′, t)
〉
=: (2π)3δD(⃗k + k⃗′)Pδ(k, t) ; (1.33)

using this definition, it is easy to see that the power spectrum is the Fourier transform of ξδ (this fact
is also known as the Wiener-Khintchine theorem [Wie30; Khi34]). We must remark that higher order
(connected) correlators will become different from zero on later times even when dealing with initial
Gaussian fluctuations, due to gravitational interactions which are non-linear. We will thus need also
them to fully characterize the non-linearly evolved density stochastic field.

1.1.4 Fluctuations evolution

A full relativistic treatment of the fluctuations evolution must deal with subtleties like gauge choices [MW09];
for our purposes, since we will deal with non-relativistic CDM and scales smaller than the Hubble
radius, the equations of motion reduce to the ones pertaining Newtonian gravity. The effects of the
expansion of the universe are encoded only in the redefinition of the coordinates used (comoving coor-
dinates are the proper ones) and in the redefinition of the gravitational potential. This is the Newtonian
approach we will use in this section.

Here we will briefly go through the standard Eulerian perturbation theory, where one implements the
Newtonian approach, by exploiting the so called Vlasov equation for collisionless dark matter particles
(which give the most important contribution when dealing with LSS after radiation domination). A
good reference for this topic is Ref. [Ber+02]. We assume we are in an era where only Ωm and ΩΛ are
relevant, with a nearly flat space, Ωm + ΩΛ = 1. In practice, this is the setting relevant for times from
deep in the matter domination era onwards.

Lagrangian of collisionless dark matter. We want here to derive an expression for the Lagrangian of
collisionless dark matter particles in an expanding space-time. We will need it in order to obtain the
Vlasov equation, the equation for the dark matter phase space in an expanding universe.

Consider at first the following Lagrangian for a single particle of mass m

L =
1
2

mṙ2 − mφ(x⃗, t) , (1.34)

where here we will consider x⃗ = r⃗/a as the comoving distance, ˙ := d/dt and φ(x⃗, t) as the Newtonian
gravitational potential satisfying

∇2
x⃗ φ(x⃗, t) = 4πGa2ρ(x⃗, t) , (1.35)

where we recall ρ(x⃗, t) = ρ̄m(t)(1 + δ(x⃗, t)) + Λ/(8πG). If we change the Lagrangian adding a total
time derivative, we do not change the equations of motion; we can thus deal with the equivalent L′

L′ = L − d
dt

(
1
2

maȧx2
)

, (1.36)

is hopeless to study the evolution of a single, definite large scale structure due to the time scales involved. See e.g. Ref. [Ber+02]
for more discussion on this point.
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and the new Lagrangian becomes (we drop the prime)

L =
1
2

ma2 ẋ2 − m
2

aäx2 − mφ =
1
2

ma2 ẋ2 − mΦ , (1.37)

where in the last step, with Φ := φ − φb, we exploited the second Friedmann equation Eq. (1.12)

ä = −4πG
3

aρ̄m(t) +
Λ
3

; (1.38)

and defined the background potential φb as

φb :=
2
3

ρ̄m(t)πGa2x2 − a2

6
Λx2 . (1.39)

With such φb definition, the gravitational potential Φ is sourced by the matter fluctuations alone, as φb
relates to the background quantities, since it solves Eq. (1.35) with ρ(x⃗, t) = ρ̄m(t) + Λ/(8πG). Notice
that we can rewrite the Poisson equation Eq. (1.35), exploiting the definition of Ωm and Eq. (1.39), as

∇2
xΦ =

3
2

Ωma2H2δ . (1.40)

Vlasov equation. We are interested in the collisionless Boltzmann equation; we will need the Hamil-
tonian

H = p⃗ · x⃗ − L =
p2

2ma2 + mΦ , (1.41)

where we used
p⃗ =

∂L
∂̇⃗x

= ma2 ˙⃗x . (1.42)

The collisionless Boltzmann equation for the particle distribution function f (x⃗, p⃗, t) is

C[ f ] = 0 =
∂ f
∂t

+ ˙⃗x · ∇x⃗ f + ˙⃗p · d f
dp⃗

, (1.43)

and using the Hamilton equations

˙⃗x =
∂H
∂ p⃗

=
p⃗

ma2 ,

˙⃗p = −∂H
∂x⃗

= −m∇Φ ,

we find the Vlasov equation
∂ f
∂t

+
p⃗

ma2 · ∇x⃗ f − m∇x⃗Φ · d f
dp⃗

= 0 . (1.44)

Continuity and Euler equations. Solving the non linear and non local Vlasov equation Eq. (1.44) is
hard; we can simplify the task by considering its first two moments:

ρm(x⃗, t) =
m
a3

∫
d3 p f (x⃗, p⃗, t) , (zero moment)

v⃗(x⃗, t) =
N
ma

∫
d3 p p⃗ f (x⃗, p⃗, t) =

1
a4ρm

∫
d3 p p⃗ f (x⃗, p⃗, t) , (first moment)

where in the first we divided by a3 since we are interested in the physical volume and not the comoving
one, and on the last N = (

∫
d3 p f )−1 = m/a3ρm is a normalization factor.
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Now taking Eq. (1.44), multiplying it by m and integrating over p⃗ we find

ρ̇m + 3Hρm +
1
a
∇x⃗ · (ρmv⃗) = 0 , (1.45)

that is the continuity equation, whereas if again we multiply Eq. (1.44) by pi and integrate over p⃗ we
find

∂vi

∂t
+ Hvi +

1
a

vj ∂vi

∂xj = −1
a

∂Φ
∂xi −

1
a

∂

∂xj

(
Πijρm

)
, (1.46)

where at the end we have a quantity related to the second moment (that represents the dispersion of
velocity)

Πij =

〈
pi pj〉
m2a2 − vivj , (1.47)

where here the angle brackets means average over phase space coordinates. We see that an equation for
the n-th moment contains also the n + 1-th moment. To truncate this set of equations, we can assume for
example that the Πij term is zero (i.e. negligible velocity dispersion, this is the so called single stream
approximation), thus obtaining

∂v⃗
∂t

+ Hv⃗ +
1
a
(⃗v · ∇)⃗v = −1

a
∇Φ , (1.48)

that is the Euler equation for a non static background.

Fluctuation equations. Expressing Eq. (1.35) with respect to the fluctuation δ, we obtain (exploiting
the third Friedmann equation ˙̄ρm = −3Hρ̄m to get rid of the background density)

δ̇ +
1
a
∇ · ((1 + δ)⃗v) = 0 ; (1.49)

we can take its time derivative and exploit Eq. (1.48) and Eq. (1.40) to obtain, at linear level on the
fluctuations δ, v, Φ (notice that, at linear level, δ̇ = −a−1∇ · v⃗)

δ̈ + 2Hδ̇ − 3
2

ΩmH2δ = 0 . (1.50)

This is the equation for fluctuations at linear level, valid as long as the fluctuations remain small. In
Einstein-De Sitter models, H = 2/3(1 + ws)t; with the ansatz δ ∝ tn, we find

n =

{
2/3 , −1 matter dominated,
±1 , radiation dominated.

(1.51)

We clearly see that we have a growing mode and a decaying mode, whose definition can be respectively
read in

δ(t) = δ(t(i))
D±(t)

D±(t(i))
. (1.52)

The linearly evolved power spectrum, neglecting the decaying mode, will thus be Plinear
δ ∝ D2

+P(i)
δ ,

where D+ here is the growing mode for CDM.

We can insert D+ back in (1.50) and obtain

D̈+ + 2HḊ+ − 3
2

H2ΩmD+ = 0 ; (1.53)
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a good fit formula for the solution of the previous for the standard ΛCDM model is found to be (see
[Lah+91; CPT92; Car01])

D+(a) =
5a
2

Ωm(a)
(

Ω4/7
m (a)− ΩΛ(a) +

(
1 +

Ωm(a)
2

)(
1 +

ΩΛ(a)
70

))−1

. (1.54)

1.1.5 Lagrangian perturbation theory

In the previous section, we described the basics of Eulerian perturbation theory. For our purposes later
on, especially for our discussion in Sec. 4.3, it will be useful to talk about Lagrangian perturbation
theory as well. While in Eulerian perturbation theory one describes the evolution of the density field in
terms of comoving coordinates x⃗, in Lagrangian perturbation theory one assigns coordinates q⃗ to all the
particles considered and then one tracks on time the position of the particle labelled by q⃗. In equations,
we have [Ber+02; VSB15; VWA15]

x⃗(⃗q, t) = q⃗ + ψ⃗(⃗q, t) , (1.55)

where ψ⃗ is the so-called displacement field. Linear level perturbations on ψ⃗ contain non-linearities that
linear Eulerian perturbation theory does not capture [Ber+02].

In Fourier space, the matter density fluctuations can be written, exploiting Eq. (1.55), as

δ(⃗k) =
∫

d3q e−i⃗k(⃗q+ψ⃗) . (1.56)

We can thus write the two-point correlator as〈
δ(⃗k1, z1)δ(⃗k2, z2)

〉
=
∫

d3q1

∫
d3q2

〈
e−i⃗k1 (⃗q1+ψ⃗1)e−i⃗k2 (⃗q2+ψ⃗2)

〉
, (1.57)

where we used the shorthand ψ⃗i := ψ⃗(⃗ki, ti); we can change variable Q⃗ = (⃗q1 + q⃗2)/2, q⃗ = q⃗2 − q⃗1; the
Jacobian of this change of variables is one, and for isotropy the above correlator can depend only on q⃗;
we can thus perform the integral over Q⃗ and end up with

⟨δ(k1, z1)δ(k2, z2)⟩ = (2π)3δD(⃗k1 + k⃗2)
∫

d3q e−i⃗q·⃗k
〈

e−i⃗k(ψ⃗2−ψ⃗1)
〉

; (1.58)

this translates into the following formula for the power spectrum

Pδ(k, z1, z2) =
∫

d3q e−i⃗q·⃗k
〈

e−i⃗k(ψ⃗2−ψ⃗1)
〉

. (1.59)

The cumulant theorem tells us〈
e−i⃗k(ψ⃗2−ψ⃗1)

〉
= exp

(
∑
n>0

(−i)n

n!

〈
(⃗k · (ψ⃗2 − ψ⃗1))

n
〉

c

)
, (1.60)

where c stands for connected. For isotropy, the n = 1 term is zero; for n = 2, we have to deal with terms
like kik j

〈
ψi

lψ
j
m

〉
, l, m = 1, 2; in particular, we have

〈
ψi

lψ
j
l

〉
=
∫ d3k1

(2π)3

∫ d3k2

(2π)3 ei⃗ql (⃗k1+⃗k2)
〈

ψi
l(k1)ψ

j
l(k2)

〉
︸ ︷︷ ︸
(2π)3δD (⃗k1+⃗k2)Pij

ψ (k)

=
∫ d3k

(2π)3 Pij
ψ (k, zl) , (1.61)
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and for isotropy (notice that the dependence on q disappears here), we can define〈
ψi

lψ
j
l

〉
=: δijΣ2(zl) , Σ2(zl) =

1
3

∫ d3k
(2π)3 δmnPmn

ψ (k) . (1.62)

We can thus write the power spectrum as

Pδ(k, z1, z2) = e−k2(Σ2(z2)+Σ2(z1))/2
∫

d3q e−i⃗q·⃗kekik j

〈
ψi

2ψ
j
1

〉
(1 + higher orders) . (1.63)

For n > 2, we have terms which are non-zero only when non-linearities are taken into account (recall
that you should consider only connected correlators in the exponential), so what we call higher order
terms are non-linear corrections arising for n > 2 cumulants.

In linear theory (Zel’dovich approximation), we can write [Mat08; Ber+02]

ψi(k, z) = ikiD+(z)δ(t0, k)/k2 , (1.64)

so that we can write the linear part of Σ(z), which we denote with ΣL(z), as

Σ2
L(z) =

D2
+(z)
3

∫ ∞

0

dk
2π2 PL(k, z = 0) =: D2

+(z)Σ
2
0 , (1.65)

where D+(z) is the growth factor normalized to unity at z = 0, which obeys δ(k, z) = D+(z)δ(k, z = 0),
and PL(k, z = 0) is the linearly evolved power spectrum until today, i.e. the power spectrum related
to the density field fluctuations evolved as in Eq. (1.52). In linear theory we thus have (rearranging the
exp

(
−k2(D2

+(z2) + D2
+(z1))Σ2

0/2
)

term)

PL(k, z1, z2) = e−k2((D+(z2)−D+(z1))
2+2D+(z1)D+(z2))Σ2

0/2
∫

d3q e−i⃗q·⃗kekik jD+(z1)D+(z2)η
0
ij , (1.66)

where we defined ηij :=
〈

ψi
2ψ

j
1

〉
and η0

ij analogously to Σ0 in Eq. (1.65). Notice that we can rewrite the
previous as

PL(k, z1, z2) = e−k2(D+(z2)−D+(z1))
2Σ2

0/2PL(k, z̄) , (1.67)

where D+(z1)D+(z2) =: D2
+(z̄), with z̄ an appropriate mean redshift which can be determined using the

form of the linear growth factor D+. Eq. (1.67) will suggest an ansatz for the non-linear non-equal time
correlator, to be discussed in next section. Don’t be confused by the notation, here PL is the linear power
spectrum in the Lagrangian picture, meaning it is the power spectrum in the Zel’dovich approximation.
In particular, PL(k, z) ̸= D2

+(z)Pδ(k, z = 0), differently to what happens in the linear power spectrum in
the Euclidean picture.

For reference, the explicit expression of η0
ij is

η0
ij = − ∂

∂qi

∂

∂qj

∫ dk
2π2

j0(kq)
k2 P0

L(k) =
∫ dk

2π2 P0
L(k)

((
j0(kq)− 1

3
j2(kq)

)
δij + j2(kq)q̂i q̂j

)
, (1.68)

where we exploited

∂

∂qi

∂

∂qj
j0(kq) = k2

((
1
3

j2(kq)− j0(kq)
)

δij − j2(kq)q̂i q̂j

)
. (1.69)
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1.1.6 Non-equal time correlator approximation

Expressions for the variance of projection fields, like the external convergence which will be discussed
in Sec. 2.4, need a reliable estimate of the non-equal time matter power spectrum Pδ(k, z, z′), Eq. (1.63)2.
This problem has been extensively studied in the literature, both analytically and numerically (see for
instance [KKS97; HS03; DW04; Mom+06; Suy+10] and references therein). We want here to provide a
simple, yet accurate enough analytical approximation to Pδ(k, z, z′). What we show in this section is a
novel result of this thesis, which appeared in Ref. [Teo+22].

In linear theory, the non-equal time matter power spectrum is simply given by

Pδ(k, z, z′) = D+(z)D+(z′)PL(k) ; (1.70)

however, since a significant contribution to projection fields may come from very non-linear scales, the
linear theory estimate is not reliable, as we will show in Sec. 4.3 for the external convergence.

To get a more reliable theoretical estimate, one has to use the non-linear matter power spectrum, which
can be simply obtained using HALOFIT [PS14; Tak+12]. Unfortunately, HALOFIT outputs the non-
linear power spectrum only at equal times. To extend this output to non-equal times requires some
approximations. Inspired by the linear theory, the commonly used prescription is

Pδ(k, z, z′) =
√

Pδ(k, z)Pδ(k, z′) . (1.71)

We are going to argue that this and other similar approximations do not properly capture the non-equal
time matter power spectrum on small scales. The reason is large bulk flows, which displace the dark
matter particles by O(10) Mpc. These large displacements exactly cancel for equal time correlation
functions3, due to the equivalence principle. However, for non-equal time correlation functions, the
dark matter particles are displaced by different amounts, depending on times at which the density
fields are evaluated. On scales smaller than O(10) Mpc, this leads to exponential suppression of power
in the non-equal time power spectrum. This important effect is not captured by Eq. (1.71).

One can show that the same exponential suppression of Eq. (1.66) remains going to higher orders in per-
turbation theory. However, beyond Zel’dovich approximation, the non-linear spectra cannot be simply
expressed through the equal time counterparts anymore. The general structure of the one-loop result
(i.e. the next to leading order result) can be recovered via the following steps. From Eq.(1.63), we can
isolate all the non linear term; for example, with ∆Σ2

i := Σ2(zi)− D2(zi)Σ2
0, we can rewrite

−1
2
(Σ2(z2) + Σ2(z1)) = −1

2
Σ2

0(D+(z2)− D+(z1))
2 − D+(z2)D+(z1)Σ2

0 −
1
2
(∆Σ2

2 + ∆Σ2
1) ; (1.72)

we end up, defining also ∆ηij := ηij − D+(z1)D+(z2)η0
ij, with

Pδ(k, z1, z2) = e−k2Σ2
0(D+(z2)−D+(z1))

2/2−k2D+(z1)D+(z2)Σ2
0

∫
d3q e−i⃗k·⃗qekik jD+(z1)D+(z2)η

0
ij

× e−kik j(δij∆Σ2
1+δij∆Σ2

2−2∆ηij)/2(1 + higher orders) .
(1.73)

This implies the generic structure

P1−loop(k, z1, z2) = e−k2Σ2
0(D+(z2)−D+(z1))

2/2[P1−loop(k, z̄) + δP(k, z1, z2)] , (1.74)

2We note that simply neglecting the non-equal time contribution to the correlator can bring biases when discussing projec-
tion fields [KH17].

3Large displacements can have observable effects only for sharp features in the correlation functions. BAO peak is one such
feature and large displacements lead to the spread of the BAO peak, or damping of the BAO wiggles in the power spectrum.



14 Chapter 1. Introduction

where δP contains ∆Σ2
i , ∆ηij terms, and we call 1-loop the higher order correction to the linear power

spectrum Eq. (1.67). The exact form of δP(k, z1, z2) is not important, but we know that it has two im-
portant properties. First, this correction is small in perturbation theory [VCW16; Sch+19]. Second,
δP(k, z1, z2) vanishes for equal times. Therefore, we expect that the correction to the equal-time one-
loop term in the square brackets is always small. Furthermore, given the expectation that P(k, z1, z2) is
a smooth function of z1 and z2, when the two times are not equal, the exponential suppression at high
k is always large enough to make any small mistake in the modelling of the non-linear power spectrum
insignificant. Neglecting the term δP(k, z1, z2) translates into the approximation

Pδ(k, z1, z2) = e−k2Σ2
0(D+(z2)−D+(z1))

2/2P(k, z̄) , (1.75)

which will be the equation that we will use to compute non-equal time correlators. Notice that the
previous is exact at the linear level, as we showed in Eq. (1.67). Such formulation will be relevant for the
results we show in Sec. 4.3.

1.2 Dark matter from star kinematics

From CMB and LSS, within the ΛCDM model outlined in Sec. 1.1, one can infer cosmological param-
eters like H0 and Ωm,0, the dark matter abundance today. The fact that both CMB and LSS give the
DM contribution to Ωm to be much different from zero (in fact, around 5 times the contribution from
baryons) gives one of the strongest evidence for the existence of DM.

However, DM evidence was originally discovered via its influence on stellar kinematics, out of which
one can infer the presence of much more mass than the one that can be accounted for with visible matter.
In this section, we briefly outline how to connect stellar kinematics with mass measurements of galactic
systems. Such probes of DM will be relevant for our discussion in Ch. 6.

In Sec. 1.2.1 and Sec. 1.2.2, we briefly review the concepts of circular velocity in spiral galaxies and
velocity dispersion, the latter relevant for dwarf galaxies, elliptical galaxy and galaxy clusters.

1.2.1 Circular velocity in spiral galaxies

In a spiral galaxy, stars move in a circular orbit. The circular velocity of stars vcirc(r) as a function of
radius r can be connected to the total mass (including stars, gas, DM) M(r) inside the radius r as

vcirc =

√
GM(r)

r
. (1.76)

The rotation curve of galaxies at large radii is close to flat, implying M(r) ∼ r which implies ρ(r) ∼ r−2.
The density of luminous matter does not have that behaviour on the outskirts of galaxies, suggesting
the presence of a dark component. Interestingly, cosmological simulations of collisionless CDM predict
dark matter halos to have a density profile which is reasonably fit by the functional form

ρ(r) =
ρsR3

s
r(r + Rs)2 , (1.77)

with ρs and Rs parameters of the profile. This is called the Navarro-Frenk-White (NFW) profile [NFW97].
Such a profile is consistent (or better, not inconsistent) with the claimed ρ ∼ r−2, valid for certain ranges
of r/Rs ∼ 1.
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1.2.2 Stellar velocity dispersion in galactic systems

Not every galactic system is rotationally supported. Stars in dwarf galaxies and elliptical galaxies, or
even galaxies themselves in groups/clusters, are better described via the Line Of Sight Velocity Disper-
sion (LOSVD). In the following, we review how to connect the observable LOSVD with the parameters
of the galaxy/cluster, like its mass profile.

Stars within a DM halo or galaxies within a NFW group/cluster can be described by the phase-space
function f (x⃗, v⃗), introduced in Sec. 1.1.4. Building on the results of Eq. (1.44) specialized to a stationary
distribution function f (x⃗, v⃗) in flat space, we have

v⃗ ·∇ f −∇Φ · ∂ f
∂v⃗

= 0 . (1.78)

One can obtain the number density of tracers n∗ (here tracers can mean stars or galaxies) and their
velocity dispersion σ⃗ via the zero and first moment of f ,

n∗ =
∫

f d3v , σ⃗ =
∫

d3v v⃗ f ; (1.79)

by multiplying Eq. (1.78) with
∫

d3v, one can obtain, in spherical coordinates and assuming zero higher
momenta [Cap20]

∂(n∗σ2
r )

∂r
+ n∗

(1 + β)σ2
r − σ2

ϕ

r
= −n∗

∂Φ
∂r

, (1.80)

(1 − β)
∂(n∗σ2

r )

∂θ
+ n∗

(1 − β)σ2
r − σ2

ϕ

tan θ
= −n∗

∂Φ
∂θ

, (1.81)

where β(r) is the anisotropy parameter, defined as

β(r) = 1 −
σ2

θ (r) + σ2
ϕ(r)

2σ2
r (r)

; (1.82)

if one assumes σ2
ϕ = σ2

θ , one can simplify Eq. (1.80) as

∂(n∗σ2
r )

∂r
+ 2βn∗

σ2
r
r

= −n∗
∂Φ
∂r

, (1.83)

which is the spherical Jeans equation, whose solution reads

n∗(r)σ2
r (r) = G

∫ ∞

r
ds

n∗(s)M(s)
s2 e2

∫ s
r dzβ(z)/z , (1.84)

where M(s) is the total mass enclosed in the radius s, connected to the gravitational potential via

∂Φ
∂r

= −GM(r)
r

. (1.85)

A popular parametrization for β(r) is the ellipsoidal Osipkov-Merritt anisotropy formulation ([Osi79;
MA85]), for which

β(r) =
r2

r2 + r2
a

, (1.86)

with ra the anisotropy radius parameter.
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The observable is the line of sight velocity dispersion σlos; averaged over the tracers n∗, denoting Σ∗ as
the projected n∗ profile, we can write

Σ∗σ2
los =

∫ ∞

−∞
n∗σ2

z dz ; (1.87)

since
∂

∂z
= cos θ

∂

∂r
− sin θ

r
∂

∂θ
=⇒ vz = cos θvr − sin θvθ , (1.88)

and with our assumption that higher orders do not contribute, we have

σ2
z =

∫
d3v f v2

z = cos2 θσ2
r + sin2 θσ2

θ =

(
1 − R2

r2

)
σ2

r +
R2

r2 σ2
θ =

(
1 − R2

r2 β

)
σ2

r , (1.89)

where we defined R2 := x2 + y2. While integrating over z, R remains constant. This means that we can
write

z2 = r2 − R2 =⇒ 2z dz = 2r dr =⇒ dz =
r dr√

r2 − R2
; (1.90)

this is for r > R for z > 0; for z < 0, if the integrand is symmetric, one can write (this corresponds to an
Abel transform of a function)∫ ∞

−∞
dz f (z, R) = 2

∫ ∞

R

r dr√
r2 − R2

f (
√

r2 − R2, R) ; (1.91)

finally,

σlos(R) =
2

Σ∗

∫ ∞

R

r dr√
r2 − R2

(
1 − R2

r2 β

)
n∗σ2

r , (1.92)

which, assuming β(r) to follow a Osipkov-Merritt profile Eq. (1.86), and converting to angular variables
via R = Dlθ, where Dl is the galaxy angular diameter distance, can be rewritten as [ML05]

σ2
los(θ) =

2G
Σ∗(θ)

∫ ∞

1

dy
y

K(y)ρ∗ (yDlθ) M (yDlθ) , (1.93)

with

K(u) =
u2

a + 1/2
(u2

a + 1)3/2

(
u2 + u2

a
u

tan−1

√
u2 − 1
u2

a + 1

)
− 1

2(u2
a + 1)

√
1 − 1

u2 . (1.94)

For analytical estimates, we note that the isotropic velocity limit gives K(u, ∞) =
√

1 − 1/u2.

If one averages over N data points in a field of view A, i.e.

σ2
obs ∼

1
N

N

∑
i∈A

σ2
obs,i , (1.95)

then the proper quantity to compare with the observed dispersion velocity is (in the “continuum limit”)

〈
σ2

los
〉
=

∫
A d2x Σ∗σ2

los∫
A d2x Σ∗

, (1.96)

where A is the aperture corresponding to the observation. Given a model for the mass profile M(r) and
for the anisotropy profile β(r), one can obtain the parameters of such models by comparing with the
observable σlos.
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1.3 Brief overview of the H0 tension

As we remarked in the introduction, the ΛCDM model is most likely just an effective description of an
underlying, more fundamental theory. To have hints of such a theory, there has been a lot of efforts into
making many precision measurements with many different probes. As a result, some tensions on the
measurement of cosmological parameters emerged, most notably on the measurement of H0 between so-
called early universe and late universe probes. Another H0 probe, independent of the aforementioned
ones, comes from gravitational lensing, which will be a major focus of this thesis. We here provide
a brief overview of the H0 tension, mentioning only the most important measurements plus the ones
related to gravitational lensing (main focus of the thesis), without aiming to be exhaustive. For reviews,
see e.g. [DV+21; VSGM23; DV+25].

CMB and LSS based measurements. The CMB temperature and polarization anisotropies can be fit-
ted to the 6-parameter ΛCDM model. Results from Planck [Agh+20] give the less than 1% precise
measurement of the Hubble constant, H0 = 67.36 ± 0.54 km/s/Mpc.

The study of LSS can also yield precise H0 measurements [Abb+18; ISZ20; D’A+20; Tr20]. In particular,
study of the BAO peak, when combined with different priors, yields H0 ∼ 68 km/s/Mpc [Ala+21],
compatible with the Planck result.

CMB/LSS measurements are considered “early Universe" probes because they hinge crucially on high-
redshift (z ∼ 103) dynamics such as the baryonic perturbations sound horizon.

Distance ladder based method. A direct way of measuring H0 would be to connect the luminosity
distance DL and measured redshift z to (relatively) far-away objects via Eq. (1.30). Unfortunately, direct
estimates of DL are hard to come by.

For objects in the Milky Way, one can measure distances via the parallax method. This method however
cannot be applied for objects at extragalactic distance, which are needed to measure H0 via this method.
To overcome this problem, a possibility is to use (supposed) intrinsic properties, e.g. absolute lumi-
nosity, of a class of astrophysical objects within the Milky Way, whose distance can be measured with
parallax. Once such property is calibrated, one can look for the same object in extragalactic distance
and recover its true distance. This method is called distance ladder, as it relies on an H0 measurement
coming from different steps. The most famous distance ladder measurement comes from the SH0ES
collaboration, which relies on Cepheids calibration as the first step of the ladder, to then calibrate SNIa
luminosity curve with Cepheids as second step of the ladder. The latter step of the ladder is to use far-
away SNIa luminosity curves to directly measure H0. Measurements within this method give H0 ≃ 73
km/s/Mpc, with around ≲ 2% uncertainty [Rie+22; Rie+19; Rie+24]. A main concern in the SNIa anal-
yses is the calibration of local distance ladder anchors. The TRGB-calibrated SNIa analysis from the
Carnegie Chicago Hubble project CCHP [Fre+19; FM23; Fre+24], which uses TRGB as the first step of
the ladder, gives a somewhat lower H0 value, H0 ∼ 70 km/s/Mpc with a ∼ 4% uncertainty.

Distance ladder methods are considered “late Universe" probes of H0, that is, they involve only low-
redshift (z ∼ 1) dynamics, in contrast to the CMB/LSS result. The fact that these probes obtain different
values may hint at a possible breakdown of the ΛCDM model. Due to this possibility, it is important to
validate this result with other, independent, late universe H0 probes, like the gravitational lensing one
we discuss next.

Strong gravitational lensing H0 measurement. Gravitational lensing offers another way of measuring
H0 via time-delays, as we will see in Sec. 2.2. The TDCOSMO collaboration uses massive elliptical
galaxies with measured time-delays to infer H0. The first result of TDCOSMO, which used data from 7
gravitational lens systems, was H0 = 74.0+1.7

−1.8 km/s/Mpc [Mil+20]. This result is in tension with early
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FIGURE 1.1: Status of the lensing H0 measurements. The internal MSD, added in moving
from Ref. [Mil+20] to Ref. [Bir+20], increased the error bars on the H0 measurement.

universe probes. However, it is compatible with (and independent of) the SH0ES result, and both are
late universe probes. This means that the result of Ref. [Mil+20] reinforces the tension.

However, modelling degeneracies, out of which MSD is a primary one, couple the inferred value of H0
to the assumed density profile of the lens galaxy [FGS85; SS13a; SS14; Xu+16; BAR16; USS17; Tag+18;
Son18; GW19; Koc20; Koc02a]. Ref. [BCS20] pointed out that a core component in the lens galaxy density
profile could comprise an approximate MSD, shifting the inferred value of H0 without affecting the
image reconstruction. Subsequently, TDCOSMO-IV [Bir+20] added an effective “internal MSD" degree
of freedom to their halo model fit; as a result, the error budget on H0 increased to the level expected from
stellar kinematics, around 10% [Koc20; Koc02a]. Interestingly, including galaxies from the Sloan Lens
ACS (SLACS) survey [Bol+06] in the kinematics analysis, and making the additional assumption that
SLACS and TDCOSMO galaxies share a self-similar structure, shifted the central value of the lensing H0
to the CMB value while providing some positive evidence for an internal MSD component in the data.
The status of the lensing H0 measurements from TDCOSMO is illustrated in Fig. 1.1.

Subsequently, the TDCOSMO collaboration presented a forecast in Ref. [BT21a], suggesting that with
future data—most notably resolved stellar kinematics—it will be possible to measure H0 from gravita-
tional lensing with a precision of 2%, even accounting for the potential effects of internal MSD. If this
forecast proves accurate, future gravitational lensing measurements of H0 could either strengthen the
case for or challenge the existence of the H0 tension.

The study of the MSD degeneracy in the strong gravitational lensing measurement of H0 is a main part
of the work of this thesis, and we will extensively return back to this point in Ch. 4.

Other H0 measurements from gravitational lensing come from galaxy clusters [Gri+18; Gri+24]. Given
the uncertainties on the cluster modelling, such measurements precision is order 10% as the current
TDCOSMO measurement [Bir+20], making it compatible with both CMB/LSS and SH0ES.
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Chapter 2

Gravitational Lensing

According to Einstein’s general relativity, light follows null geodesics in spacetime. In the presence of
massive bodies, spacetime curvature causes light rays to bend toward the massive body responsible for
the distortion. This phenomenon, known as gravitational lensing, has several observable consequences,
such as the formation of multiple images of the same source, distortions of images, and magnifications
or demagnifications of light curves.

Depending on the magnitude of the spacetime curvature and the geometry of the gravitational lensing
system, gravitational lensing can be classified into three main types:

• Strong lensing. When the deflection of light is on the order of arcseconds, noticeable effects such as
multiple images, arcs, and Einstein rings can be observed (with sufficiently powerful telescopes).
Strong lensing typically requires a very massive lens, with mass M ∼ 1013 − 1015M⊙ (e.g., galaxy
clusters or massive galaxies), and cosmological distances on the order of Gpc. Common sources
for strong lensing include distant quasars and supernovae.

• Weak lensing. When the deflection is much smaller, the effects of gravitational lensing can still be
detected statistically by observing coherent distortions and deformations of background sources.
Weak lensing is a powerful tool for studying the distribution of DM and LSS in the universe.

• Microlensing. Even when light deflection and image distortion are too small to be directly ob-
served, gravitational lensing can still produce measurable, time-dependent magnifications of back-
ground objects (if amplification is strong enough). A typical microlensing system involves a source
star in another galaxy and a lensing star within the Milky Way.

Most of the material of this thesis will focus on strong gravitational lensing; we will touch on aspects of
weak lensing in Sec. 2.4 and Sec. 4.3.

In the following, we review the basics of gravitational lensing, propaedeutic for understanding the main
results presented in this thesis. In Sec. 2.1, we derive the lens equation from the geodesic deviation
equation in the perturbed FLRW perturbed metric in Newtonian gauge; in Sec. 2.2, we show the basics
consequences of the lens equation, together with discussion of time delays and the MSD; in Sec. 2.3,
we extend the lens equation to the multiple sources case, together with LSS effects accounted in the
tidal approximation; in Sec. 2.4, we discuss the external convergence expectation values, building on
the results of Sec. 1.1.6.

2.1 The lens equation derivation

Consider a bundle of neighbouring light rays xµ(λ, b⃗), where b⃗ labels the ray (⃗b could be a vector of three
parameters representing for example the two angles at which the light-ray is observed and its phase,
see Ref. [SEF92]) and λ is the affine parameter along that ray. The tangent vector to a light ray labelled
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by b⃗ is

kµ =
dxµ

dλ
. (2.1)

We call the displacement vector of neighbouring geodesics along a direction b⃗ as

ξµ = bi ∂xµ

∂bi . (2.2)

The ray bundle xµ(λ, b⃗) should be continuos and differentiable in both λ and b⃗; in particular, the
geodesic deviation vector should obey

D
Dλ

ξµ = ξν∇νkµ ,
D

Dλ
:= kµ∇µ , (2.3)

where ∇µ is the covariant derivative. This condition is a sort of generalization of the fact that second
partial derivatives should commute, schematically ∂

/
∂b ∂x

/
∂λ = ∂

/
∂λ ∂x

/
∂b ; the geodesic deviation

equation reads
D2ξµ

Dλ2 = kρkσ∇ρ∇σξµ = Rµ
ρσνkσkρξν , (2.4)

and we exploited kµ∇µkν = 0 (which is the geodesic equation). Using the Sachs formalism [JES61;
Sac62], given an observer uµ along the light ray bundle, we can define screen vectors sµ

A, A = 1, 2, which
project on the screen perpendicular to both uµ and kµ, which satisfy

sµ
Auµ = sµ

Akµ = 0 , gµνsµ
Asν

B = δAB ; (2.5)

defining ξA := ξµsµ
A, with the parallel transport condition kν∇νsµ

A = 0 for the screen vectors, the
geodesic deviation equation becomes

d2ξA

dλ2 = RABξB . (2.6)

We can split RAB into a Ricci-term and a Weyl-term as in

R =

(
ΦRicci 0

0 ΦRicci

)
+

(
−Re ΨWeyl Im ΨWeyl
Im ΨWeyl Re ΨWeyl

)
, (2.7)

where
ΦRicci = −1

2
Rµνkµkν , ΨWeyl = −1

2
(sµ

1 − isµ
2 )(s

σ
1 − isσ

2 )Cµνρσkνkρ , (2.8)

where Cµνρσ is the Weyl tensor (see Eq. (C.6) for definition). The approximation which is usually em-
ployed is to split the cosmological contribution to RAB and the deflector contribution, to be treated
respectively with the FLRW metric Eq. (1.5) and the flat Newtonian metric

ds2 = −dt2 (1 + 2Φ) + (1 − 2Φ)dxi dxi . (2.9)

In the following, we stick with this approximation. In App. B, we see how such approximation can be
seen as a leading order expansion in the simple example of the Kottler metric, which is the simplest
exact metric encompassing both expansion of the Universe and the presence of a point mass.

FLRW part. Using the FLRW metric, we have that the Weyl tensor Cµνρσ is zero; using Einstein equa-
tions for a perfect fluid, together with k2 = 0, we have from Eq. (2.8)

ΦRicci = −4πGTµνkµkν = −4πGω2 ∑
i
(ρi + Pi) , (2.10)
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where ω := −uµkµ is the frequency of the light ray as seen by the observer uµ. For a universe with just
matter and a cosmological constant, the previous reads

ΦRicci = −4πGρmω2 = −4πGρm,0(1 + z)5 , (2.11)

where on the last step we exploited the result ρm = ρm,0(1+ z)3 and, via appropriate choice of the affine
parameter for the light ray, we can have

−kµuµ =
1
a
= 1 + z . (2.12)

The geodesic equation then reads

d2ξA

dλ2 = −4πGρm,0(1 + z)5ξ A . (2.13)

With the affine parameter normalization Eq. (2.12), since for a comoving observer uµ = (1, 0, 0, 0), we
have

−kµuµ = k0 =
dt
dλ

=
1
a

=⇒ dt =
dλ

a
; dt = a dη = a dω =⇒ dλ = a2 dω . (2.14)

So (dots indicate derivatives with respect to t)

d2

dω2
ξa

a
=

1
a

d2ξa

dω2 − ξaaḢ = −κ
ξa

a
, (2.15)

where on the last step we exploited the Friedmann equations,

Ḣ =
ä
a
− H2 = −4πGρ0(1 + z)3 +

κ

a2 , (2.16)

together with
d2ξa

dω2 = a2 d2ξa

dλ2 = −4πGρ0(1 + z)3ξa . (2.17)

We thus end up with (
d2

dw2 + κ

)
ξA

a
= 0 . (2.18)

Perturbation contribution. From the metric Eq. (2.9), which has non-zero ΨWeyl, one, with similar
procedure as before, finds [Bar10]

d2

dw2
ξA

a
= −2∂iΦ . (2.19)

The full geodesic deviation equation. The equation for the geodesic displacement, defining ξ i =
a fκ(w)βi, i = 1, 2, reads (

d2

dw2 + κ

)
fκ(w)βi = −2∂iΦ , (2.20)

where βi will be the displacement angle of the light ray. The Green function of the previous is

G(w, w′) = fκ(w − w′)Θ(w − w′) , (2.21)

where Θ is the Heaviside function. We impose the initial conditions

fκ(w = 0)βi(w = 0) = 0 ;
d fκ(w)βi

dw

∣∣∣∣
w=0

= θi , (2.22)
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so that at the observer position, the rays coincide and arrive at an angle θ⃗. Then,

fκ(w)βi(w, θ⃗) = fκ(w)θi − 2
∫ w

0
dw′ fκ(w − w′)∂iΦ( fκ(w)βi(w′), w′) . (2.23)

We can express the previous using angular variables derivatives ∂i
β = fκ(w)∂i to obtain

βi(w, θ⃗) = θi − 2
∫ w

0
dw′ fκ(w − w′)

fκ(w) fκ(w′)
∂i

βΦ(βi(w′), w′) . (2.24)

Thin lens approximation. In typical strong gravitational lensing systems, there is a significant sep-
aration of scales: the distances between the observer, lens, and source are on the order of Gpc, while
the physical size of the lens is on the order of kpc. This large separation of scales suggests the use
of the so-called thin lens approximation. If we assume that we have just a thin lens at w = wl, then
Φ(β(w′), w′) = Φ̃(β(wl))δ(w′ − wl), where Φ̃ is the projection of Φ over the thin lens plane. Then,

βi(w, θ⃗) = θi − 2
fκ(w − wl)

fκ(w) fκ(wl)
∂i

βΦ̃ ; (2.25)

with w = ws, we can express the previous using the lensing potential Ψ(⃗θ), defined as

Ψ(⃗θ) := 2
fκ(ws − wl)

fκ(ws) fκ(wl)

∫ w+
l

w−
l

dw Φ = 2
Dls

DlDs

∫
Φ(Dl⃗θ, l)dl , (2.26)

where on the last step we reconduce to the familiar form of the lensing potential with angular diameter
distances; we exploited DA(zj, zi) = fκ(wj − wi)/(1 + zj) (Eq. (1.25)) and dw = (1 + zl)dl (l is meant
to represent the proper distance near the lens plane and transverse to it). We defined Dl := DA(zl, 0),
Dls := DA(zs, zl) and Ds := DA(zs, 0).

Then, setting the displacement angle α⃗ via

∇θ⃗Ψ(⃗θ) = α⃗(⃗θ) , (2.27)

we recover the familiar lens equation
β⃗ = θ⃗ − α⃗(⃗θ) . (2.28)

Exploiting the Poisson equation for Φ, we have (recall that the usual Poisson relation is found with
proper distance derivatives)

∇2
θΨ(⃗θ) = 2κ(⃗θ) , κ :=

Σ(⃗θ)
Σcr

, Σ :=
∫

ρ(Dl⃗θ, l)dl , Σcr :=
Ds

4πGDlDls
, (2.29)

where κ(⃗θ) is the convergence, Σ(⃗θ) is the column density and Σcr is the critical column density.

2.2 Strong gravitational lensing basics

Typical angular displacement are of order 10−5 rad. With such small angles, one can linearize the lens
equation Eq. (2.28) and describe distortions of images lying in the source plane due to the lens with

Aij :=
∂βi

∂θj
= δij − ∂i∂jΨ , (2.30)
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where we also exploited Eq. (2.29). The isotropic deformation is encoded in the trace,

1
2

tr A = 1 − 1
2
∇2Ψ = 1 − κ ; (2.31)

the non-isotropic deformations are encoded in the non-diagonal elements of A: calling γ the shear and
φ the angle of preferred stretching, we can write

A = (1 − κ)

(
1 0
0 1

)
− γ

(
cos 2φ sin 2φ
sin 2φ − cos 2φ

)
. (2.32)

The determinant of A is connected to changes of volume (it is the Jacobian of the lens mapping Eq. (2.28)),
so we can define the magnification due to lensing as

µ :=
1

det A
=

1
(1 − κ)2 − γ2 . (2.33)

From Eq. (2.29), we can write the lensing potential as a function of the convergence exploiting the 2D
laplacian Green function

G(r) =
1

2π
ln r (2.34)

(r here denotes the 2D radial coordinate), as

Ψ(⃗θ) =
1
π

∫
d2θ′ ln |⃗θ − θ⃗′|κ(θ⃗′) , (2.35)

and consequently, using Eq. (2.27), we can also write the deflection angle in terms of the convergence as

α⃗(⃗θ) =
1
π

∫
d2θ′

θ⃗ − θ⃗′

|⃗θ − θ⃗′|2
κ(θ⃗′) . (2.36)

Notice that, in case of spherical lenses (κ(⃗θ) = κ(θ)), the previous simplifies considerably; in fact, in that
case Eq. (2.27) becomes

1
θ

∂θψ + ∂2
θψ =

1
θ

α + ∂θα = 2κ =⇒ α =
2
θ

∫ θ

0
θ′κ(θ′)dθ′ . (2.37)

The Schwarzschild lens model. Different lens models are characterized by assuming a functional
form for the convergence profile, κ(⃗θ). The simplest model is the point lens model, also called Schwarzschild
model since it coincides with discussing gravitational lensing in the Schwarzschild metric (compare the
following with the results in App. B, putting H = 0 there). We can characterize a point mass with mass
M, sitting at the position x = 0, with the density profile

ρ(x⃗) = MδD(x⃗) ; (2.38)

the connection with the Schwarzschild lens comes from the relation rSc = 2GM, where rSc is the
Schwarzschild radius. Then the convergence reads

κ(⃗θ) =
2πrScDlDls

Ds
δD(Dl⃗θ) , (2.39)
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which, from Eq. (2.36) and Eq. (2.35), using the change of variable rule for the 1D Dirac delta δD(Ax) =
δD(x)/|A|, implies the displacement angle and lensing potential

α⃗(⃗θ) = 2
rSc

|⃗θ|
Dls

DlDls
, Ψ(⃗θ) = 2rSc

Dls

DlDls
ln |⃗θ| . (2.40)

The power-law model. Another simple but yet one of the most used models in gravitational lensing
is the Power Law (PL) model. It assumes a density profile of the form

ρ(x) =
Σcr

DlθE

3 − γ

2
√

π

Γ
(γ

2

)
Γ
(

γ−1
2

) ( x
DlθE

)−γ

, (2.41)

where Γ is the Euler gamma function. This profile has two parameters: the PL slope γ and the nor-
malization, fixed here by θE, the Einstein angle. The rather cumbersome prefactor is chosen such that
formulas for lensing quantities greatly simplify, as we will see shortly. The surface density of this profile
is

Σ =
3 − γ

2
Σcr

(
θ

θE

)1−γ

, (2.42)

resulting with the displacement angle, convergence and lensing potential

α⃗(⃗θ) =

(
θ

θE

)1−γ

θ⃗ , κ(⃗θ) =
3 − γ

2

(
θ

θE

)1−γ

, Ψ(⃗θ) = θ
γ−1
E

θ3−γ

3 − γ
. (2.43)

When considering an elliptic density profile, the expressions for lensing quantities become nasty. The
usual approximation employed in the gravitational lensing literature is to introduce the ellipticity at the
level of the convergence, rather than on the density. In practice, an elliptical PL profile is assumed to
have the convergence [KSB94; Bar98]

κ(⃗θ) =
3 − γ

2


√

qθ2
1 + θ2

2/q

θE

1−γ

, (2.44)

where q is the axis ratio of the minor and major axes of the elliptical profile.

2.2.1 Time delays

The time a light ray takes to reach the observer from a source can be found using Fermat principle. In
particular, as far as light propagation is concerned, we can think gravitational field to effectively behave
as a medium with refraction index n = 1/(1 + 2Φ) ≃ 1 − 2Φ (at first order in Φ); moreover, calling s
the deflected path of the light ray, we can think about the actual path light takes on the geodesic ds as
ds = cos(α̂)dl, with dl the non-deflected path, and α̂ the instantaneous deflection angle. We then have,
in the thin lens approximation

T =
∫ ds

n
=
∫ n dl

cos α̂
≃
∫

dl (1 − 2Φ)

(
1 +

α̂2

2

)
≃
∫

dl − DlDs

Dls
Ψ +

1
2

∫
α̂2 dl ; (2.45)

in the last equality, the first term is the time in unperturbed path, the second term represents the Shapiro-
time delay and the third term comes from the geometric difference between the straight path l and the
bent path s. Hence, we can write the light travel time as

T = Tunperturbed + TShapiro + Tgeom . (2.46)
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Now, Fermat principle states that the actual path a light ray takes is the one which makes the travel time
stationary with respect to infinitesimal changes in the path which keeps the extrema of the path itself
fixed [SEF92]. In the small angle approximation (which for typical gravitational lensing systems always
holds, since θ ∼ 10−5), such path can be characterized by simply the observed angle θ⃗, with fixed β⃗, and
the actual path would correspond to the lens equation. Hence, Fermat principle states that

∇θT(β⃗, θ⃗) = 0 = −DlDs

Dls
∇θΨ(⃗θ) +∇θTgeom(β⃗, θ⃗) . (2.47)

But ∇θΨ(⃗θ) = α⃗(⃗θ), hence, from the lens equation Eq. (4.13)

∇θTgeom(β⃗, θ⃗) =
DlDs

Dls
(⃗θ − β⃗) =⇒ Tgeom =

DlDs

2Dls
(θ2 − 2⃗θ · β⃗) . (2.48)

The time delay between two different images i and j ends up being (since the time delay arises at the
lens, we have to consider also the gravitational redshift factor 1 + zl)

∆Tij = D∆t

(
θ2

i − θ2
j + 2β⃗ · (⃗θj − θ⃗i)

2
+ Ψ(⃗θj)− Ψ(⃗θi)

)
, D∆t := (1 + zl)

DlDs

Dls
. (2.49)

The time delay distance Ddt ∝ 1/H0 is sensitive to the Hubble constant, hence time delays, together
with a lens model to extract the ∆tij/D∆t factor, can be used to infer the Hubble constant [Ref64]. An
explicit formula for this factor, assuming the validity of (1.22), is

D∆t =
1

H0Ω1/2
Λ,0

r′(zs, zl)r′(zs, 0)
r′(zl, 0)

, (2.50)

where

r′(z2, z1) :=
∫ z2

z1

(
Ωm,0

ΩΛ,0
(1 + z′)3 + 1

)−1/2

dz′ . (2.51)

2.2.2 Mass sheet degeneracy

The mass distribution κ(θ) and each of the distributions κλ(θ) := λκ(θ) + (1 − λ), together with an
isotropic scaling of the source plane coordinates β⃗ → λβ⃗, yields exactly the same dimensionless observ-
ables, i.e., image positions, image shapes, magnification ratios, etc. This is the MSD. One can in fact
easily verify that this transformation leaves the lens mapping Eq. (2.28) invariant. Some examples of
quantities that are not invariant under the MSD are:

• The absolute magnifications. Using the fact that, for κ = 1 everywhere, we have Ψ(θ) = θ2/2 =⇒
α⃗ = θ⃗, we obtain (prime quantities refer to the MSD-transformed model)

A′
ij = δij − λ

∂α′
i

∂θj
= δij − λ

∂αi

∂θj
− δij + λδij = λAij =⇒ µ′ = µ/λ2 ; (2.52)

knowing the absolute magnification of a source can break the MSD.

• The time delays; they scale as ∆t′ij = λ∆tij, in fact,

∆T′
ij

D∆t
= λβ⃗ · (⃗θj − θ⃗i) + λ(Ψj − Ψi) +

1
2
(θ2

i − θ2
j ) +

1
2
(1 − λ)(θ2

j − θ2
i )

=⇒ ∆T′
ij = λ∆Tij ;

(2.53)
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if one exploits Eq. (2.50) to measure H0, then one has

Dinferred
∆t = ∆Tmeasured

ij /
(

β⃗ · (⃗θj − θ⃗i) + Ψj − Ψi +
1
2
(θ2

i − θ2
j )

)model

(2.54)

which implies
Dinferred

∆t
′
= Dinferred

∆t /λ → H′
0 = λH0 . (2.55)

The MSD represents a possible serious systematic bias in the measurement of H0 coming from time
delays, as different degenerate models, given the same ∆tmeasured

ij , yield different H0 measurements
as can be seen from Eq. (2.55). We will extensively return back to this point in Ch. 4.

2.3 Multiple lens equation

We now generalize the lens equation Eq. (2.28) to the case of multiple sources, by taking into account
LSS effects. This will be relevant for the discussion in Sec. 4.3.

Suppose we have multiple planes where strong gravitational lensing deflection takes place; in particular,
suppose we have N main deflector planes located at different wj, j = 0, . . . , N − 1,

Φ(β⃗(w), w) =
N−1

∑
j=0

Φ̃(β⃗(wj), wj)δ(w − wj) + Φt(β⃗(w), w) , (2.56)

where Φt(β⃗(w), w) is the weak gravitational potential associated to LSS. We can approximate

Φt(β⃗(w), w) ≃ Φt(0, w) + βi∂
β
i Φt(0, w) . (2.57)

Such an approximation goes with the name of tidal approximation, where the LOS part between dif-
ferent main deflector planes are seen as tidal planes. Within this approximation, we can write, from
Eq. (2.24), the lens equation integral up to the first deflector sitting at w0 as

βi(w0) = θi − 2
∫ w0

0
dw′ fκ(w0 − w′)

fκ(w0) fκ(w′)
∂

β
i Φt(0, w′)− 2

∫ w0

0
dw′ fκ(w0 − w′)

fκ(w0) fκ(w′)
∂

β
i ∂

β
j Φt(0, w′)β j(w′) ; (2.58)

the second term on the RHS of the previous is an unobservable overall shift on the displacement angle
(independent on θ⃗), which can be reabsorbed in the source coordinates. Define

Aij(w2, w1) := δij − Mij(w2, w1) := δij − 2
∫ w2

w1

dw′ fκ(w2 − w′) fκ(w′ − w1)

fκ(w2 − w1) f 2
κ (w′)

∂
β
i ∂

β
j Φt(0, w′) . (2.59)

We expect Mij terms to be small since we are dealing with weak fields, hence we will consider only
terms at first order in this quantity; in particular, substituting (for w′ < w0)

βi(w′) = θi − 2
∫ w′

0
dw′′ fκ(w′ − w′′)

fκ(w′) fκ(w′′)
∂

β
i ∂

β
j Φt(0, w′′)β j(w′′) , (2.60)

in Eq. (2.58), we see that at first order in Mij, we should retain only the θi term of the previous, ending
up with

βi(w0) = Aij(w0, 0)θj . (2.61)

For w > w0, the situation changes due to the presence of the first strong deflector; from the full Φ
of Eq. (2.57), where we don’t use the tidal approximation for the strong deflector (just the thin lens
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approximation), we have, up to w1,

βi(w1) =θi − 2
∫ w1

0
dw′ fκ(w1 − w′)

fκ(w1) fκ(w′)
∂

β
i ∂

β
j Φt(0, w′)β j(w′)− 2

fκ(w1 − w0)

fκ(w1) fκ(w0)
∂

β
i Φ̃(β⃗(w0))

=Aij(w1, 0)θj − 2
fκ(w1 − w0)

fκ(w1) fκ(w0)
∂

β
i Φ̃(β⃗(w0))

+ 2
∫ w1

w0

dw′ fκ(w1 − w′)

fκ(w1) fκ(w′)
∂

β
i ∂

β
j Φt(0, w′)

[
2

fκ(w′ − w0)

fκ(w0) fκ(w′)
∂

β
i Φ̃(β⃗(w0))

]
,

(2.62)

where on the last step we substituted β j(w′) inside the integral with the term

βi(w′) =

 θi for w ≤ w0 ,

θi − 2
fκ(w′ − w0)

fκ(w0) fκ(w′)
∂

β
i Φ̃(β⃗(w0)) for w > w0 ,

(2.63)

so that we always remain at first order in Mij. For later convenience, we define

α⃗j(β⃗(wj)) :=
fκ(wN − wj)

fκ(wN) fκ(wj)
∂

β
j Φ̃(β⃗(wj)) , Cij :=

fκ(wi − wj) fκ(wN)

fκ(wN − wj) fκ(wi)
; (2.64)

with these definitions, the displacement angles α⃗j(β⃗(wj)) are normalized with respect to the final source
sitting at wN .

Notice that we can rewrite the term in square brackets in Eq. (2.62) as

2
fκ(w′ − w0)

fκ(w0) fκ(w′)
∂

β
i Φ̃(β⃗(w0)) =

fκ(w′ − w0) fκ(w1)

fκ(w′) fκ(w1 − w0)
C10α0i(β⃗(w0)) , (2.65)

and we finally end up with [BK96]

βi(w1) = Aij(w1, 0)θj − Aij(w1, w0)C10α0j
(

Aij(w0, 0)θj
)

. (2.66)

The reasoning for the inclusion of the deflection in the other main deflector planes is very similar, lead-
ing to the multiple sources lens equation

β⃗(wj) = A(wj, 0)⃗θ −
j−1

∑
i=0

A(wj, wi)Cji⃗αi(β⃗(wi)) . (2.67)

Time delays with LSS and multiple sources. The time delay between image solutions of Eq. (2.66)
can be computed by exploiting the Fermat principle [SEF92; Sch97; Sch19], similar to what we did in
Sec. 2.2.1. First, we can try to recover the term of the time delay which depends on the lensing potential
only. Note that, from the metric Eq. (2.9), we can write, for a main deflector at redshift zi

dt
dl

= 1 − 2Φ =⇒ ∆TShapiro
i = −2

∫
∆li

Φ dl , (2.68)

where l is the proper distance at redshift zi and ∆li is the extension of the deflector. When summing
over all the lenses, the time delay as seen by the observer at w = 0 reads

∆TShapiro = −2 ∑
i
(1 + zi)

∫
∆li

Φ dl , (2.69)



28 Chapter 2. Gravitational Lensing

where the factor (1 + zi) takes into account cosmological redshift effects. With the definition Eq. (2.64)
and the corresponding ∇β⃗Ψi = α⃗i(β⃗), we can write

Ψi = 2
fκ(wN − wi)

fκ(wN) fκ(wi)

∫
∆wi

Φ dw = 2
DNi

DN Di

∫
∆li

Φ dl , (2.70)

where we exploited Eq. (1.25) for the angular diameter distances and dw = (1 + zi)dl. We thus can
write Eq. (2.69) as

∆TShapiro = −∑
i

Di
dtΨi(β⃗i) , Di

dt := (1 + zi)
DN Di

DNi
. (2.71)

The Fermat principle states that, up to an affine transformation, the lens equation for a single source
can be obtained by taking the gradient ∇θ⃗ of the light travel time function T(⃗θ, β⃗) and setting it to zero.
Eq. (2.71) can then be used to understand what is the correct prefactor (the affine parameter) entering
the light travel time function. For a single lens system, we see that from the function

∆T(⃗θ, β⃗) = Ddt

(1
2

θ⃗T (I − M(ws, 0)− M(wl, 0) + M(ws, wl)) θ⃗

− β⃗T (I − M(wl, 0) + M(ws, wl)) θ⃗ − ψ((I − M(wl, 0))⃗θ)
)

,
(2.72)

one indeed recovers Eq. (2.66) using ∇θ⃗∆T(⃗θ, β⃗) = 0, recalling the definition ∇θ⃗Ψ(⃗θ) = α⃗(⃗θ). The
generalization to multiple lens planes, found recursively via ∇β⃗i

∆T({β⃗i}, β⃗N) = 0 to yield the i + 1-th
equation of the multiple lens equation Eq. (2.67), reads [Sch19]

∆T(⃗θ, {β⃗i}) =
N−1

∑
i=0

Di
dt

2Ci+1,i

(
B⃗⊤

i A−1
i+1,i Ai+1A−1

i B⃗i − Ψi(β⃗i)
)

, B⃗i := (A−1
i+1,i Ai+1A−1

i β⃗i − A−1
i+1,i β⃗i+1) ,

(2.73)
where we used the shorthands Aij := A(wi, wj), Ai := A(wi, 0).

2.4 External convergence and shear

The matrices M(w2, w1) introduced in the previous section encode external convergence and shear com-
ing from LSS between comoving distance w1 and w2. To make this apparent, we can write them in the
following way

I − M(w2, w1) =:
(

1 − κ(w2, w1) + γ1(w2, w1) γ2(w2, w1)
γ2(w2, w1) 1 − κ(w2, w1)− γ1(w2, w1)

)
, (2.74)

where κ(w2, w1), γi(w2, w1) are the external convergence and shears between metric comoving distances
w1 and w2. Explicitly,

κ =
1
2
(M11 + M22) , γ2 = M12 , γ1 =

1
2
(M11 − M22) . (2.75)

We want now to find an expression for κ(w2, w1) given a cosmology.

To simplify the notation, we define

qkl(w) := Θ(w − wl)Θ(wk − w)
fκ(wk − w) fκ(w − wl)

fκ(wk − wl)
(1 + z(w)) ; (2.76)
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recall
∇2

θ⃗
Φ

w2 = ∇2
x⃗Φ = 4πGa2ρmδ =

(
3H2

2
− 4πGρΛ

)
δ =

3H2
0 Ωm,0

2
a−3 , (2.77)

from which we have

k(w2, w1; θ⃗) =
3H2

0 Ωm,0

2

∫
dw q21(w)δ((⃗θ, w), w) , (2.78)

where w labels both the spatial and the time coordinate, and z is the redshift. From this expression, it is
clear that the mean value ⟨κ⟩ = 0 due to homogeneity and isotropy, so we are driven to deal with

〈
k(wi, wj; θ⃗)k(wl , wm; θ⃗′)

〉
=

9H4
0 Ω2

m,0

4

∫
dw

∫
dw′ qij(w)qlm(w′)

×
〈

δ((⃗θ, w), w)δ((⃗θ′, w′), w′)
〉

;
(2.79)

we now pass to Fourier space and use the power spectrum expression〈
δ(⃗k, w)δ(⃗k′, w′)

〉
= (2π)3δD(⃗k + k⃗′)Pδ(k, w, w′) , (2.80)

(notice that k⃗ is a 3D vector, so here w is meant to denote just the time dependence) to arrive at

〈
k(wi, wj; θ⃗)k(wl , wm; θ⃗′)

〉
=

9H4
0 Ω2

m,0

4

∫
dw

∫
dw′ qij(w)qlm(w′)

×
∫ d3k

(2π)3 Pδ(k, w, w′)e−i⃗k⊥(wθ⃗−w′ θ⃗′)e−ik3(w−w′) ,
(2.81)

where k3 denotes the component of k⃗ along the line of sight and k⃗⊥ the transverse one. To simplify this
expression, we can use the expansion

ei⃗k·⃗x = (4π)∑
l,m

ilY∗
lm(k̂)Ylm(x̂)jl(kx) , (2.82)

where Ylm are spherical harmonics and jl are spherical Bessel functions. We can write (exploiting
Ylm(−x̂) = (−1)lYlm(x̂))

e−i⃗k⊥(wθ⃗−w′ θ⃗′)−ik3(w−w′) = ei⃗k·n̂′w′
e−i⃗k·n̂w

= (4π)2 ∑
lml′m′

ilil′(−1)l′Y∗
lm(k̂)Ylm(n̂)jl(kw)Y∗

l′m′(n̂′)Ylm(k̂)jl′(kw′) . (2.83)

Upon the solid angle integration on the variable k⃗, we can exploit the spherical harmonics orthogonality
relation to end up with∫

dΩk ei⃗k·n̂′w′
e−i⃗k·n̂w = (4π)2 ∑

lm
Y∗

lm(n̂
′)Ylm(n̂)jl(kw)jl(kw′) . (2.84)

The correlator will then read〈
k(wi, wj; θ⃗)k(wl , wm; θ⃗′)

〉
=

9H4
0 Ω2

m,0

2π

∫
dw

∫
dw′ qij(w)qlm(w′)

×
∫

dk k2Pδ(k, w, w′)∑
lm

Y∗
lm(n̂

′)Ylm(n̂)jl(kw)jl(kw′) .
(2.85)
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In the case where the typical length scale change in w of the power spectrum is much larger than the
oscillations in Bessel functions, then one can exploit the relation∫ ∞

0
dx x2 jl(ux)jl(vx) =

π

2u2 δD(u − v) , (2.86)

to end up with (evaluating Pδ at l/w, where the l-th Bessel function peaks)

〈
k(wi, wj; θ⃗′)k(wl , wm; θ⃗)

〉
=

9H4
0 Ω2

m,0

4

∫
dw

qij(w)qlm(w)

w2 ∑
lm

Y∗
lm(n̂

′)Ylm(n̂)Pδ

(
l
w

, w
)

. (2.87)

This corresponds to the Limber’s approximation [Lim53]. A different expression comes from assuming
the possibility to set n̂ = n̂′ (same LOS approximation). To marginally test how good this approximation
could be, we can split

exp
(

i⃗k · (n̂′w′ − n̂w)
)
= exp

(
i⃗k · n̂(w′ − w)

)
exp

(
iw′⃗k · (n̂′ − n̂)

)
, (2.88)

where the correction is given by the last exponential term of the previous. Considering a small angular
displacement, it is easy to see that we can write n̂′ − n̂ = δ̂nδθ, with δ̂n a versor perpendicular to n̂.
Then, the entity of the correction will be given by exp

(
iδ̂nδθwk

)
; in particular, the largest correction will

be given by the part of the integral at large w and k. For a typical weak lensing setting, we can set w ∼
103 Mpc and k ∼ 102 Mpc−1 as the possible large correction region values (for larger k, the integrand kills
the correction anyway). With typical source displacements of δθ ∼ 10−6 rad, we have that the exponent
is of the order of 10−1, making the exponential always very near unity. Notice that with this assumption,
the result we obtain is identical to the one that is obtained with the flat sky approximation [BS01].

Assuming then n̂ = n̂′, we can use

∑
m

Y∗
lm(n̂)Ylm(n̂) =

2l + 1
4π

, j0(| p⃗ − p⃗ ′|r) =
∞

∑
l=0

(2l + 1)jl(pr)jl(p′r)Pl(cos θ) , (2.89)

where here cos θ = 1 (θ is the angle between p⃗ and p⃗′), and Pl(1) = 1 for all l. We end up with the
following external convergence expectation value

〈
κ2(w2, w1)

〉
=

9H4
0 Ω2

m,0

2
1

(2π)2

∫
dw

∫
dw′ q21(w)q21(w′)

×
∫

dk k2 j0(k(w − w′))Pδ(k, w, w′) .
(2.90)

The non-equal time power spectrum Pδ(k, w, w′) can then be computed using Eq. (1.75). The discussion
of this section will be relevant for the work Ref. [Teo+22], which will be the topic of Sec. 4.3.
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Chapter 3

Ultralight Dark Matter

ULDM is a well-motivated DM candidate, potentially arising in high energy completions of the standard
model of particle physics. It is generically produced in the early universe via the vacuum misalignment
mechanism, and is stable on cosmological timescales [PWW83; AS83; DF83; SW06; Arv+10; Mar16]
and the scenario of particle mass as low as m < 10−20 eV has been discussed extensively in the litera-
ture [HBG00; Hui+17; Hui21; Fer21]. A plethora of axion-like particles spanning a range of masses may
occur in string theory [SW06; Arv+10; Mar16], motivating the possibility of several ULDM fields, each
contributing a fraction of the DM budget.

Compared to CDM, ULDM leads to novel behaviour on distances comparable to or smaller than its
de-Broglie wavelength

λ =
2π

mv
∼ 6 pc

(
1 × 10−20 eV

m

)(
2 × 102 km s−1

v

)
, (3.1)

where v is the characteristic velocity of a system. On such scales, the ULDM wave-like nature is man-
ifest. This distinct wave behaviour makes possible to constrain the ULDM mass-fraction parameter
space using gravitational probes alone, without relying on model-dependent assumptions (e.g. self-
interactions or couplings to the standard model).

This wave behaviour results in a suppression of power in cosmological perturbations, leaving observ-
able imprints on the CMB anisotropy power spectrum, galaxy clustering [Lag+22], and the Lyman-alpha
forest [Ir17; Arm+17; Kob+17; Leo+19]. ULDM wave-like density fluctuations can also lead to astro-
physical effects inside galaxies, such as dynamical heating and dynamical friction [Hui+17; Lan+20;
DC+23], leading to constraints using systems like dwarf and ultra-faint dwarf galaxies [Zim+24; TCB25;
DK22].

Another prominent feature of ULDM in galaxies is the formation of cored profiles in the inner part of
the dark matter halo [SCB14; Sch+14; Hui+17]. These cores, called “solitons" in the ULDM literature, are
the ground state solution of the Schrödinger-Poisson equations, obeyed by ULDM in the non-relativistic
regime. They are consistently seen in simulations, and some of their key features are understood theo-
retically [Cha11; CD11; LPT18; GHPW15; BOFT19; BOFT21; CSX24; CSX23].

Gravitational lensing offers another probe of ULDM. Magnification anomalies can be used to constrain
the amount of substructure present in a galaxy [Koo05; Xu+13; VK09; Veg+23], including substructure
due to ULDM [Lar+22; Pow+23]. Gravitational lensing is also sensitive to ULDM cores via time delays,
as we will explain in Ch. 5.

In the following, we describe basic features of the ULDM paradigm, to be used in Refs. [BT21b; BT25;
TCB25; Blu+25], works this thesis is based on. We start deriving the equations ULDM obeys to, i.e. the
Schrödinger-Poisson Equations (SPE), in Sec. 3.1; we describe the main features of ULDM we briefly
introduced above in Sec. 3.2 and discuss the various constraints of the ULDM paradigm in Sec. 3.3.



32 Chapter 3. Ultralight Dark Matter

3.1 The Schrödinger-Poisson equations for ULDM

In the most minimal model, ULDM is a scalar field ϕ minimally coupled to gravity. Its action reads

S =
∫

d4x
√
−g
(
−1

2
gµν∂µϕ∂νϕ − 1

2
m2ϕ2

)
; (3.2)

the metric we assume is the first order perturbed flat Robertson-Walker metric in Newtonian gauge (see
also App. C.3.1), neglecting tensor and residual vector modes,

ds2 = −(1 + 2Φ)dt2 + a2(t)(1 − 2Φ)dx⃗2 . (3.3)

By varying the action with respect to the field, one can obtain the equation of motion

1√−g
∂µ(
√
−ggµν∂νϕ) = m2ϕ . (3.4)

To first order in Φ and neglecting its time variation (weak field limit), recalling
√−g = (a6(1 + 2Φ)(1 −

2Φ)3)1/2 ≃ a3(1 − 2Φ), we have

−3H(1 − 2Φ)∂0ϕ − (1 − 2Φ)∂2
0ϕ + (1 + 2Φ)

∇2ϕ

a
= m2ϕ , (3.5)

where H = ȧ/a.

ULDM is a Bose system with very high occupation number in phase space; we can thus approximate
it using a single wave function describing a classical field, since all interactions besides gravity can be
neglected. Quantum corrections δϕ̂ are expected to be completely negligible, since

δϕ̂ ∼ 1√
N

, N ∼ ρm

m(mv)3 ∼ 1084
( ρm

0.4 GeV cm−3

)(1 × 10−20 eV
m

)4

, (3.6)

where 0.4 GeV cm−3 is the inferred DM density in the Milky Way on radial scales of around 10 kpc. In
other words, we are assuming the validity of mean field theory, where the mean values of operators are
large compared to the root variance around those values due to quantum corrections, this root variance
going as ∼ 1/

√
N .

We want to describe ULDM in galactic systems, where typical particle velocities v ≪ 1, meaning we are
in the Non Relativistic (NR) regime; due to this reason, it will be useful to write the field with respect to
the NR field ψ

ϕ =
1√
2m

(
ψe−imt + ψ∗eimt) , (3.7)

where we factored out the fast variations coming from the mass m, exploiting the dispersion relation

E ∼
√

m2 + p2 ≃ m
(

1 +
v2

2

)
; (3.8)

ψ is a complex scalar field, with the dimensions of a mass square (since the real scalar field ϕ must
have dimensions of a mass). Plugging the previous in (3.5), neglecting terms exploiting the NR limit
condition |∂0ψ|/(m|ψ|) ∼ v2 ≪ 1, we obtain the Schrödinger-like equation

i∂0ψ +
3
2

iHψ = −∇2ψ

2ma2 + mΦψ . (3.9)
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In the following, since we are primarily interested in galactic dynamics (length scale ∼ 100 kpc), we can
safely neglect the Hubble term and universe expansion effects, so we will set a = 1 and H = 0.

To obtain the equation for the gravitational potential, we can use the 00 Einstein equation in the weak
field limit, which reads (from Eq. (C.41) with a(t) = 1):

∇2Φ = 4πGδT00 ; (3.10)

notice that Φ is sourced only by the fluctuations over the ULDM cosmological background; the cosmo-
logical background will just enter Friedmann equations, as can be seen in the derivation of Sec. C.3.1.

The energy momentum tensor reads

Tµν = − 2√−g
δS

δgµν
= ∂µϕ∂νϕ − gµν

(
1
2

gγδ∂γϕ∂δϕ +
1
2

m2ϕ2
)

, (3.11)

which yields δT00 = |ψ|2 −
〈
|ψ|2

〉
in the NR limit.

In the end, we end up with the Schrödinger-Poisson Equations (SPE)

i∂0ψ = −∇2ψ

2m
+ mΦψ , (3.12)

∇2Φ = 4πG(|ψ|2 −
〈
|ψ|2

〉
) . (3.13)

The SPE can be generalized to the n fields ψi case, each with mass mi, plus a possible source of external
gravitational potential Φext (possibly coming from stars or other DM components), not sourced by ψi,
for which back-reaction is neglected. Such a generalization brings us to

i
∂ψi

∂t
= − 1

2mi
∇2ψi + mi(Φ + Φext)ψi , (3.14)

∇2Φ = 4πG ∑
i
(|ψi|2 − ⟨|ψi|2⟩) . (3.15)

3.2 Features of ULDM

Cores. The ground state solution of the SPE, called soliton, is a cored solution. Soliton formation
within ULDM haloes has been identified in numerical simulations by different groups [GUL04; SCB14;
Sch+14; SNE16; VN16; Moc+17; VNS18; LPT18; EN19; Che+21; Sch+20], and is consistent with analytic
considerations which show that the soliton is an attractor solution of the equations of motion [Cha11].
We now study the features of this solution.

To find the soliton solution, write ψ as

ψ(x⃗, t) =
m√
4πG

e−iγmtχ(x⃗) , (3.16)

where γ is an eigenvalue of the problem. Assume spherical symmetry and define the dimensionless
radius x̃ := xm, then the SPE become

∂2
x̃χ +

2
x̃

∂x̃χ = 2(Φ + Φext − γ)χ , (3.17)

∂2
x̃Φ +

2
x̃

∂x̃Φ = χ2 . (3.18)
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We include the static background gravitational potential Φext, coming e.g. from stars and from other
(non-ULDM) contributions to the DM. Such a background potential will be relevant for the setting de-
scribed in Ch. 5. The solution is fixed by a single parameter that we can take to be the value of χ at r = 0.
We thus define the solution χλ(r) via

χλ(r = 0) = λ2
s , (3.19)

with a real parameter λs. It is convenient to use the scaling relation [Bar+18]

χλ(r; Φext(·)) = λ2
s χ1(λsr; λ−2

s Φext(λ
−1
s ·)) , (3.20)

meaning that in numerical investigations, it is always enough to compute χ1. For clarity, in Eq. (3.20)
we explicitly note how the external potential enters the solution.

The ground energy state solution correspond to the one with no nodes, which happens to be a cored
solution with characteristic core radius of order astrophysical scales. It is possible to easily solve these
equations numerically, by assuming χ(0) = λ2

s as initial condition, together, for consistence with the
form of the equations, with ∂x̃χ = ∂x̃Φ = 0; the initial condition for Φ(0) can be found by selecting
the value that allows for a no-node solution with χ(x̃ → ∞) → 0, whereas γ is fixed by imposing
Φ(x̃ → ∞) → 0. Numerical calculations for the Φext = 0 soliton, which we call the self-gravitating
soliton, show that, for λ2

s = 1, γ1 ≃ −0.69, where the subscript 1 indicates the solution corresponding to
the initial condition λ2

s = 1. Further details of the soliton solution can be found in App. A.2. The mass
of the χ1 self-gravitating soliton is

M1 =
∫

d3x |ψ2| =
M2

pl

m

∫ ∞

0
dx̃ x̃2χ2

1(x̃) ≃ 2.79 × 1011
( m

10−21eV

)−1
M⊙ . (3.21)

A good measure of the core size is the core radius, defined as the one where the density drops by half.
It reads

rc1 ≃ 8.2 × 10−4
( m

10−21 eV

)−1
pc . (3.22)

We have Mλ = λsM1, rcλ = λ−1
s rc1, so their product is independent of λs, and yields

Mλrcλ ≃ 2.27 × 1010
( m

10−21 eV

)−2
kpc M⊙ , (3.23)

which allows us to rewrite

rcλ ≃ 0.3
( m

10−21 eV

)−2
(

M
109 M⊙

)−1

kpc . (3.24)

rcλ is a good measure of the core size, which indeed reaches astrophysical scales as anticipated.

It can be useful to write down an analytic approximation for the self-gravitating soliton density, first
used in Ref. [Sch+14],

ρλ(r) =
1.9
(

10−21 eV
m

)2(100 pc
rcλ

)4

(
1 + 0.091

(
r

rcλ

)2
)8 M⊙pc−3 . (3.25)
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The energy can be computed as, with x′ := mλsr

Eλs =
m2M2

PL
4π

λ6
s

∫ d3x′

m3λ3
s

(
1
2

∣∣∇′χ1(x′)
∣∣2 + Φ1(x′)|χ1|2(x′)

2

)

=⇒ Eλs = λ3
s E1 =

λ3
s

3
γ1M1 ;

(3.26)

the last equality is obtained using the virial theorem, Epot = −2Ekin, valid for the stationary SPE [Hui+17].

For a non-self gravitating soliton, with Φext ̸= 0, Eq. (3.25) must be modified, depending on the form of
Φext. We will see an example in Ch. 5.

Fluctuating density field. The validity of the wave description implies that the density field itself
experiences wave phenomena like interference. In general, a wavefunctions can be expressed as a su-
perposition of eigenmodes ψj with amplitudes aj (we can take aj to be real)

ψ(x⃗, t) = ∑
j

ajψj(x⃗)eiφj e−iωjt , (3.27)

where ωj is the energy associated to the eigenmode ψj and φj is a random phase. This field configuration
corresponds to the density

ρ(x⃗) = |ψ|2 = ∑
j

∣∣aj
∣∣2∣∣ψj(x⃗)

∣∣2 + ∑
j ̸=k

ajakψjψ
∗
k ei(φj−φk)e−it(ωj−ωk) , (3.28)

where the first term in the rightmost hand side is the average density, and the last term is the interference
term.

The ULDM fluctuating density field has important phenomenological consequences. In particular, the
kinetic properties of the fluctuating ULDM field can be seen as equivalent to a classical N body system
composed of quasi-particles with effective mass MQP [Hui+17; BOFT19]

MQP = ρλ3
dB ∼ 2 × 106 M⊙

(
ρ

0.01 M⊙/pc3

)(
10−21 eV

m

)3(10 km s−1

σ

)3

, (3.29)

where σ is the velocity dispersion. From this analogy, one can use the expression for quantities obtained
in kinetic theory for N body systems and convert then to expressions valid for ULDM by substituting
m → MQP; for example, the relaxation time of a ULDM halo reads [BOFT19]

trel ∼
m3σ6

G2ρ2 ln ΛC
, (3.30)

where ΛC is the Coulomb logarithm. For typical m and σ values, MQP is much larger than the typical
mass of stars within a galaxy. A consequence of this fact is that quasi-particles inject energy on a stellar
system. Such a process is called dynamical heating, and it will be the primary way we use to give a
constraint on the allowed ULDM particle mass in Sec. 6.1. The fluctuating density field can be seen to
be also the responsible of soliton quasinormal mode oscillations [GUL04; CSX23] and soliton random
walk [LHY21], which also contribute to stars dynamical heating.
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“Quantum pressure” and small scales suppression. We can recast the SPE as continuity and Euler
equation from fluid dynamics, using the so-called Madelung formulation [Mad27]

ψ =

√
ρ

m
eiθ , v⃗ =

1
m
∇θ =

1
2m|ψ|2i

(ψ∗
i ∇ψi − ψi∇ψ∗

i ) , (3.31)

to obtain

∂tρ +∇ · (ρv⃗) = 0 , (3.32)

∂tv⃗ + (⃗v ·∇)⃗v = −∇Φ +
1

2m2∇
(
∇2√ρ
√

ρ

)
. (3.33)

We remark that such a formulation does not describe vortices [Hui+21], which are configurations where
the density vanishes in one point (where the Madelung formulation Eq. (3.31) loses its meaning).

Notice that Eqs.(3.32), (3.33) are completely classical, and that we can loosely identify, in analogy with
how the Euler equation Eq. (1.48) looks like,

1
2m2

∇2√ρ
√

ρ
∼ Pquantum , (3.34)

which is usually called quantum pressure. This is unfortunately a misnomer on multiple levels. One, as
we remarked, the equations are classical, so there is no real quantum behaviour. Second, it is not really
a pressure, since it does not come from the isotropic part of the Tij tensor. Nevertheless, this name gives
intuition on its effects: it acts like an outward pressure, which slows down gravitational collapse, and
whose origin can be traced back to the uncertainty principle (one cannot compress too much matter in
a small volume: the more it is done, the more the position of particles becomes precise, and hence the
more the velocity dispersion has to increase).

To understand at least qualitatively this effect of resistance to gravitational collapse (which will end
up in small scales power spectrum suppression), we can consider to expand Eqs. (3.32), (3.33) in ρ =
ρ̄m(1 + δ), with |δ| ≪ 1, and |⃗v| ≪ 1. At first order in δ and v⃗, we have

˙⃗v = −∇Φ +
1

2m2∇
∇2δ

2
, δ̇ +∇v = 0 ; (3.35)

taking the derivative of the latter and using the former, together with the Poisson equation1

∇2Φ = 4πGρ̄δ , (3.36)

we have
δ̈ − 4πGρ̄δ +

1
4m2∇

4δ = 0 . (3.37)

The previous is solved by
δ = A1ei(ωt−⃗k·⃗x) + A2e−i(ωt−⃗k·⃗x) , (3.38)

with
ω2 =

1
4m2 k4 − 4πGρ̄ ; (3.39)

this defines the so called Jeans scale
kJ = (16πGρ̄)1/4m1/2 . (3.40)

1The Newtonian potential Φ is sourced only by the fluctuations, see Sec. 1.1.4. The mean density ρ̄ sources the expansion
of the universe (in Friedmann equations).
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On perturbations with scales k < kJ, gravity dominates, ω is imaginary and we have a exponentially
increasing mode (gravitational collapse), whereas for scales k > kJ, quantum pressure dominates, the
solutions in Eq. (3.38) are just waves, and collapse is halted. This last regime is responsible for the small
scale power suppression of ULDM.

3.3 ULDM constraints

The main features of ULDM we described in the previous section were used to put constraints on the
allowed mass and abundance of ULDM.

On the cosmology side, the ULDM suppression of small scales can be tested by looking at Lyman-
alpha forest data. From it, ULDM with m ≲ 10−21 eV is in tension with data [Ir17; Kob+17; Arm+17;
Leo+19]. Lyman-alpha forests are also sensitive to mixed ULDM and CDM scenario. Denoting with αχ

the cosmological ratio between ULDM and total DM density, Ref. [Kob+17] found αχ ≲ 0.2 for 10−23 ≲
m/eV ≲ 10−21. Suppression of small scales can be probed also with CMB and LSS; Ref. [Lag+22]
constrained ULDM fractions in the very light regime, in particular αχ ≲ 0.3 for m ∼ 10−25 eV and
αχ ≲ 0.1 for 10−32 ≲ m/eV ≲ 10−26.

For m ≲ 10−21 eV, the ULDM core prediction is in tension with observations of the rotation curves of
low-surface-brightness galaxies, if a single ULDM species makes up the full DM budget [Bar+18; BBS22;
Ber+18], and if solitons are as massive as the relation discussed in Ref. [Sch+14] predicts (in Sec. 6.2, we
will investigate such relation, showing we substantially agree with Ref. [Sch+14]).

Dynamical heating-based analyses [Zim+24; TCB25] give comparable constraints to cosmology, m ≳
10−21 eV. Note the strong constraints from ultrafaint dwarf galaxies from Ref. [DK22] (see also Ref. [MN19;
CSC21]), m ≳ 10−19; if confirmed to be reliable, it would be the strongest constraint on ULDM to date.

Many other studies have attempted to constrain ULDM using cosmological or astrophysical probes.
While we do not aim to provide a comprehensive list, we note that the majority of these works are
consistent with the bound m ≳ 10−21, eV.

To summarise, observational constraints on the magnitude of such effects bounds the particle mass of
a ULDM candidate m that comprises all of DM to satisfy m ≳ 10−21 eV. Among such constraints, this
thesis adds the constraint m ≲ 5 × 10−25 eV via star dynamical heating in dwarf galaxies, discussed in
Sec. 6.1, and proposes a method to constrain αχ ≲ 0.15 fractions in the mass range 10−25 ≲ m/eV ≲
10−24 via gravitational lensing time delays, discussed in Ch. 5.
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Chapter 4

The Mass Sheet Degeneracy in Time Delay
Cosmography

As we already explained in Sec. 2.2.1, the MSD is a well-known mathematical degeneracy arising in
lensing mass model reconstructions, which critically affects time-delay predictions. Since time delays
can be used to measure H0 [Ref64; Koc02b; Koc06], it is important to understand to which extent such a
degeneracy affects this measurement.

In particular, given how much the accounting of the internal MSD affected the systematic error in the
H0 measurement in Ref. [Bir+20] (see Sec. 1.3), it is important to understand what are the physical re-
alizations of such a mathematical degeneracy. These physical realizations can be summarized in the
aforementioned internal MSD, and external MSD. In the former, the mass sheet arises from mass dis-
tribution at the same redshift of the main deflector; in the latter, the mass sheet comes from the mass
along the LOS. In this chapter, we discuss the effects of these different types of MSD as presented in
Refs. [BT21b; Teo+22; TB23].

In Sec. 4.1, we discuss the possibility that an internal MSD comes from a cored dark matter profile in
the lensing galaxy halo itself, the type of MSD which affected the TDCOSMO result the most [BT21b];
in Sec. 4.2, we discuss the internal MSD induced by the dark matter halo of the host group, and an
interesting discrete degeneracy happening for this setting [TB23]; in Sec. 4.3, we finally discuss the LSS
effects as external MSD in the interesting context of multiple source systems [Teo+22].

4.1 Internal lens component

Consider a lensing reconstruction model κ0(θ) for the convergence of the lens. An internal MSD coming
from unaccounted core components in the DM halo of the lensing galaxy, which we will call core-MSD,
can be constructed from κ0(θ) by adding the core component κc(θ) while rescaling the original model:

κ(θ) = κc(θ) + (1 − κc(θE))κ0(θ) . (4.1)

Here θE is defined by α0(θE) = θE, where α0(θ) is the deflection angle due to κ0(θ). It is thus the Einstein
angle of the model κ0(θ). At the same time, the source plane coordinates are rescaled as β = (1 −
κc(θE))β0. In other words, we define a core-MSD as a MSD as presented in Sec. 2.2.1 with λ = 1− κc(θE).
On angular scales θ ≫ θE it is assumed that κc(θ) → 0.

Eq. (4.1) is an approximate MSD if κc(θ) is nearly constant up to |θ| that is sufficiently larger than |θE|.
To be quantitative, we can define the correction δE via:

α(θE) =: θE (1 + δE) , (4.2)
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where α(θ) is the deflection angle of the full model. δE quantifies the relative imaging error in the vicinity
of θ ≈ θE, the angular range where lensing analyses have the most constraining power. For simplicity,
in this estimate we assume the system to be spherically symmetric, so that α(θ) = 2θ

∫ 1
0 dz zκ(zθ) (from

Eq. (2.37)). Using Eq. (4.1) we then have

δE = 2
∫ 1

0
dz z (κc (zθE)− κc(θE)) =

αc (θE)

θE
− κc (θE) . (4.3)

While this error estimate was given for a spherical lens, it gives a good approximation of the imaging
error also for the non-symmetric systems arising in realistic analyses, as we will verify when discussing
a core-MSD given by ULDM in Ch. 5.

Consider the possibility that a lens galaxy harbours a core component, leading to a true convergence
profile resembling Eq. (4.1) with κc(θE) > 0. In this case, both the null model κ0(θ) and the core-MSD
model κ(θ) would give a good description of the imaging data. However, the true value of H0 would
differ from the inferred value in the null model by:

H0,inferred − H0,true

H0,true
≡ δH0

H0
≈ κc(θE). (4.4)

A good core-MSD able to give a order 10% shift in H0 will then have to come from a core component
whose convergence κc satisfies Eq. (4.4) and which produces an imaging error, possibly quantified by
δE in Eq. (4.3), which is below the sensitivity of imaging capabilities. As we will show in Ch. 5, ULDM
in the very light mass regime (although while not comprising the full DM budget) can form cores with
these requirements.

4.1.1 Core-MSD and stellar kinematics

Stellar kinematics measurements can in principle break the MSD, and are the limiting observational
factor to a core-MSD shift of H0 discussed previously. The basic observable is the luminosity-weighted
velocity dispersion along the line of sight, σlos, given by Eq. (1.93). The core-MSD model enters Eq. (1.93)
via the mass profile, M(r) = Mc(r) + (1− κc)M0(r), where M0(r) comes from the null model and Mc(r)
from the core. The dispersion of the full model is related to that of the null model, σ2

los,0, via

σ2
los

σ2
los,0

= 1 − κc (1 − δc) , δc :=
1
κc

σ2
c

σ2
los,0

, (4.5)

where σ2
c is the velocity dispersion due to the core itself. In general, all of σ2

los,0, σ2
c , σ2

los, and δc depend
on the measurement point θ. In Eq. (4.5), the term δc parametrises the deviation from the perfect MSD
limit. It becomes small for θc ≫ θ, but may be quantitatively relevant once we consider a finite core,
and once kinematics data probing θ not much smaller than θc is used.

To see this, consider an isothermal PL profile (Eq. (2.43) with γ = 2) for the null model, for which
M0(θ) = 2ΣcrD2

l θEθ. We also take the isotropic limit of the K in Eq. (1.94), and consider the Hernquist
profile for the luminosity density, n∗(r) = n0r4

∗/
[
2πr(r + r∗)3]. The parameter r∗ is related to the

commonly used effective radius re via re ≈ 1.8r∗ [Her90]. With these simplifications, and using the core
parametrization

ρ(r) =
ρ0

(1 + a2r2)2b , (4.6)
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(such a form mimicks the soliton profile in an external background, see Ch. 5 ), we have

δc(θ) =
πθ2

3θEθc
f
(

θc

θ
,

θ∗
θ

)
≈ 0.31

(
10′′

θc

)(
1′′

θE

)(
θ

0.5′′

)2 f
(

θc
θ , θ∗

θ

)
f (20, 0.5)

, (4.7)

where

f (yc, y∗) =

2Γ(2b)√
πΓ(2b− 1

2 )

∫ ∞
1 dy

√
y2−1

(y+y∗)
3 2F1

(
3
2 , 2b, 5

2 ,− y2

y2
c

)
∫ ∞

1 dy
√

y2−1

y2(y+y∗)
3

. (4.8)

TDCOSMO-IV [Bir+20], in considering the effect of an “internal MSD", have assumed in practice the
perfect MSD limit δc = 0 in their kinematics analysis of TDCOSMO and SLACS systems. The approxi-
mation was tested using a mock system with θe = 0.2′′ and several core radii1. However, the parametric
breaking of the MSD, captured by Eq. (4.7), was not explored for different values of θe or the baseline θE
and system redshifts. As Eq. (4.7) suggests a strong dependence on the kinematics observation point, θ,
it is important to check to what extent the MSD limit is expected to hold across different systems.

For TDCOSMO systems [Mil+20; Bir+20], the kinematics constraints were based on a single effective
measurement centred on θ = 0 and averaged over an aperture A, weighted by the surface brightness
Σ∗(θ). To be more precise, the observationally accessible dispersion σlos is given by Eq. (1.96), which we
can rewrite as [Suy+10; BAR16]

⟨σlos⟩2 =

∫
A d2θ[Σ∗(θ)σ2

los(θ) ∗ P ]∫
A d2θ[Σ∗(θ) ∗ P ]

, (4.9)

where P is the seeing. It is natural to define

(⟨σlos⟩)2

(⟨σlos,0⟩)2 = 1 − κc (1 − ∆c) , (4.10)

∆c =

∫
A dθθΣ∗(θ)σ2

los,0(θ)δc(θ) ∗ P∫
A dθθΣ∗(θ)σ2

los,0(θ) ∗ P
. (4.11)

From this expression and the previously quoted results, the correction term ∆c can be evaluated numer-
ically. It depends on θc, θ∗ (equivalently θe), the aperture A, and the seeing P . The main point to explore
is how ∆c reacts to different values of θe and θc.

In Fig. 4.1 we plot ∆c vs. θe for different values of θc. The null model is defined with θE = 1′′. The
aperture is defined to be a circular region of radius 1′′ (a simplification of the aperture in [Bir+20]). For
simplicity we neglect the seeing, setting the Full Width Half Maximum (FWHM) of P to zero.

TDCOSMO systems typically have θE ∼ 1′′, and from the imaging analysis we know that θc ≳ 5θE or
so. Some TDCOSMO systems have θe ∼ θE ∼ 1′′ (Fig. 16 in [Bir+20]); for such systems, ∆c can exceed
30%. SLACS systems have even larger values of θe, some reaching θe ∼ 2.5θE, and Fig. 4.1 shows that
the MSD limit may be violated at the O(1) level. The effect should be even more important for SLACS
systems with resolved kinematics (see Figs. 15 [Bir+20]). This is manifest, to some extent, in Fig. B3
in [Bir+20]. The calculation in Fig. 4.1 does not include the effect of a finite PSF, velocity anisotropy, lens
ellipticity, etc. In Fig. 4.2, we repeat a similar calculation using a full mock system that includes all of
these effects, using lenstronomy [BAR16; BA18a; Bir+21]. The result of a full computation is compatible
with that in Fig. 4.1 numerically to 50% or so.

1The core toy model in [Bir+20] was different from the core we considered, Eq. (4.6). The kinematics effect is approximately

matched between the two models for θ
(toy)
c ≈ 0.5θ

(here)
c .
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FIGURE 4.1: The finite-core correction ∆c, modifying the MSD limit in the kinematics anal-
ysis (see Eqs. (4.10-4.11) and text). Here we neglect the seeing, the aperture is defined to be

a circular region of radius 1′′, and the null model has θE = 1′′.
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FIGURE 4.2: Plotting σ dispersion, for a mock lens and the influence of a core parametrized
via Eq. (4.6), using lenstronomy. Differently from Fig. 4.1, here we use realistic seeing,

apertures, and use a Osikpov-Merrit anisotropy profile, Eq. (1.86).
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If a real physical core component is behind the lensing H0 tension, then the kinematics constraints
must be considered with care, because the MSD limit could introduce large systematic errors. In gen-
eral, the breaking of the MSD manifests in a smaller deviation of ⟨σlos⟩ from the null model: instead
of δ ⟨σlos⟩ / ⟨σlos⟩ = −0.5κc we have δ ⟨σlos⟩ / ⟨σlos⟩ = −0.5κc(1 − ∆c), with ∆c > 0. This calls into
question the kinematics analysis of some TDCOSMO systems and certainly of resolved SLACS systems
in [Bir+20].

The point that assuming the perfect MSD limit is not conservative was first made in Ref. [BT21b]. After
the release of that work, TDCOSMO implemented a finite-core parametrization of the core-MSD in their
modelling, see e.g. Ref. [Sha+23].

4.2 Group dark matter halo: the flexion degeneracy

On scales in between cosmology and lens internal structure, massive galaxies like the lenses of [Rus+20;
Bir+19; Sha+20; Che+19; Won+20; Mil+20] are often members of a group2, and the dark matter halo of a
host group may act to some extent as an internal MSD. This host group dark matter halo induced MSD is
yet another possible source of systematic bias in time-delay cosmography. Ref. [Wil+16; Wil+17] studied
the impact of host and LOS groups on lensing systems. Among the systems considered, PG1115+080,
RXJ1131-1231, HE0435-1223, and WFI2033-4723 featured in the H0 campaign of [Mil+20]3. Interestingly,
PG1115+080 yields a high central value of H0 (81+8

−7 km/s/Mpc) [Mil+20]; at the same time, this lens
resides in a massive group, inducing convergence κg ≈ 0.2 [Wil+17], where we denoted with κg the
convergence of the host group at the main lens location. The group convergence goes directly into
the inference of H0, via δH0/Htruth

0 ≈ −δκg, where δκg = κtruth
g − κmodel

g is any error in the model
determination of κg, and δH0 = Htruth

0 − Hmodel
0 . We do not know if the lensing results for PG1115+080

are indeed biased by its group modelling, but clearly, it is important to understand to what accuracy
can lensing analyses determine κg.

With the example of PG1115+080 in mind, we here show numerical mock data analysis of a gravitational
lens in a NFW halo, targeted at the study of such a group-induced MSD. We find that the posterior like-
lihood of the lensing reconstruction problem exhibits three disjoint minima in Fig. 4.4,4.5. These minima
reflect an approximate discrete degeneracy, related to the transformation properties of a dominant flex-
ion term under coordinate rotations around the primary lens. This degeneracy affects the prediction
for κg, thereby biasing the H0 prediction, if time delays are used for measuring H0. In particular, false
minima in the posterior landscape have an H0 inference which is biased up.

We describe in Sec. 4.2.1 how the host group can be seen as a core-MSD discussed in Sec. 4.1 and how
the discrete flexion degeneracy arises; we describe our mock setup, based on the PG1115+080 system,
in Sec. 4.2.2 and describe the main results in Sec. 4.2.3; we explain why the flexion degeneracy biases up
H0 in Sec. 4.2.4. We describe the kinematics constraints for the host group in Sec. 4.2.5 and make further
discussions of our results in Sec. 4.2.6,4.2.7,4.2.8 and summarize in Sec. 4.2.9.

4.2.1 Host group as a core-MSD

To show the influence of a displaced group in a gravitational lens system and explain the discrete de-
generacy we find, it is convenient to adopt complex notation for 2D angle vectors on the sky [SK95;
SE08], defining, e.g.,

θ = θ1 + iθ2, β = β1 + iβ2 , (4.12)

2Ref. [Wil+16] finds that half of their sample of 26 galaxy lenses can be associated with a group.
3At least two additional systems from [Mil+20] (SDSS1206 [Bir+19] and DES J0408 [BG+20]), do not feature in [Wil+16;

Wil+17], but are known to also be associated with host groups. Thus at least 6 out of the 7 lensed quasars from [Mil+20]
involve a group.
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FIGURE 4.3: Illustration of the mock setup. Contours show log10 of the convergence for the
primary lens and the NFW halo in black and red, respectively �.

and so on. We show more details of the complex notation in App. D.2. With this formalism, the lens
equation can be written as

β = θ − αl(θ)− ∆α(θ)− κextθ − γextθ
∗ . (4.13)

Here, αl(θ) is the deflection angle due to the primary lens, ∆α(θ) is the deflection due to the host group
or cluster, and β is the source position. The external convergence and shear, κext and γext, contain a
combination of different LOS contributions, see Sec. 2.4.

For a group located at center of mass position eiϕh, with h ≫ |θ|, ∆α can be expanded as a power series
in θ (see Ref. [SE08] and App. D.2):

∆α(θ) = ∆β + ∆κ θ + ∆γ θ∗ +
1
4

F∗θ2 +
1
2

Fθθ∗ +
1
4

Gθ∗2 + . . . . (4.14)

In the case of an axisymmetric group halo profile, it is possible to decompose the expansion coefficients
as

∆β = ∆β0eiϕ, ∆γ = ∆γ0e2iϕ, F = F0eiϕ, G = G0e3iϕ, (4.15)

where ∆β0, ∆γ0, F0, G0 are real numbers that depend on h but not on ϕ. Note that ∆κ is independent on
ϕ.

Of the expansion coefficients in Eq. (4.14), ∆β is degenerate with β, which is a free parameter in the
modeling, and has no effect on time delays. ∆κ is degenerate with κext, a free parameter.4 Varied along
the MSD, the combination ∆κ+ κext is invisible to imaging, but affects time delays. ∆γ is degenerate with
γext, a free parameter. Thus, as far as imaging data is concerned, the leading order effect that constrains
the group comes from the MSD-invariant combinations F/(1−∆κ − κext) and G/(1−∆κ − κext), related
to what is known in the literature as reduced flexion [GB05; Bac+06].

The most important point to notice in the expansion Eq. (4.15) is the phase degeneracy of the G term.
This degeneracy means that models of the halo in which the direction to the group’s center is changed
by ϕ → ϕ ± 2π/3 yield identical G terms. Although the rotated models do not reproduce the truth
value of the F term, the G degeneracy can produce isolated local minima in the posterior likelihood.
MCMC algorithms which are not suited for multimodal posterior scans may remain stuck in a local
minimum which does not contain the true values. We call such minima false minima. In these minima,
the inference of H0 will be biased up, as we show in Sec. 4.2.3.

4A cosmological prior can sometimes be imposed on κext, by comparing the system’s field to N-body simulations [Hil+09].

https://github.com/lucateo/Group_Halo_Degeneracy/blob/main/mock_setup.ipynb
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FIGURE 4.5: Corner plots of Bayesian parameter inference of the mock system represented
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shows a parameter inference with zeus [KBP21], particularly suited for scanning multi-
modal posteriors. One can see the full posterior landscape, with the false minima included.



4.2. Group dark matter halo: the flexion degeneracy 47

FIGURE 4.6: The field of PG1115+080 (image from SIMBAD [Wen+00]). The primary lens,
GL, is marked by a cross, surrounded by the quasar images. White ellipse shows the 68%
CL prior derived in [Wil+16] and used in [Che+19] to constrain the group’s center of mass.
Green and blue ellipses give a rough illustration of the X-ray emission associated to the
group, found in [Gra+04] and [Fas+08], respectively, using different subtraction schemes

for the quasar emission.

4.2.2 Illustration with mock data: mock setup

The host group is often modelled explicitly if the system is known to reside in a group (see e.g. [Mil+20;
Mom+06; Wil+16; Wil+17]). We now study such modelling using mock data. Our implementation is
based on the package lenstronomy [BA18b; BAR15; Bir+21].

We chose PG1115+080 as a reference object to guide our study. Ref. [Mil+20] inferred H0 = 81+8
−7 km/s/Mpc

from this system, quite high compared to the CMB value [Agh+20]. At the same time, the system is
known to reside in a group [Wil+17] with σlos = 390+50

−60 km/s (an earlier study found σlos = 440+90
−80 km/s

[Mom+06]), estimated to induce κg ∼ 0.2. The group’s projected center of mass is not far from the pri-
mary lens (h of the order of 10′′). This suggests that flexion terms are probably not negligible for this
system, distorting the image on scales ∆θ ∼ κgθ2

E/h ∼ 0.01′′. An image of the field is shown in Fig. 4.6.

We consider the following mock setup. For the primary lens, we consider an elliptic power-law density
profile with 3D slope γ = 2.17, Einstein angle θE = 1.08′′, and ellipticity parameters e1 = −0.2, e2 =

0.05, corresponding to q = (1 − e)/(1 + e) ≈ 0.66, where e =
√

e2
1 + e2

2. For the group, we consider
an elliptic NFW profile [JS02; VfYG17] with e1 = −0.07, e2 = 0.03, compatible with the findings of
Ref. [Sch+21]. Fig. 4.3 illustrates the setup, including the truth position of the group halo center of mass.
This setup could mimic PG1115+080 (Fig. 4.6) if the BGG – or the X-ray blob found by Ref. [Gra+04] –
happens to indicate the group’s center of mass position.

Following Ref. [Che+19], we choose our inference pipeline to include only a simple spherical group
model, ignoring group halo ellipticity in the modelling.

External priors: tracer galaxy kinematics and theoretical input from N-body simulations

As in Ref. [Che+19], we include external priors on the group halo, dictated by cosmological N-body
simulations and by kinematics data. We defer most of the details to Sec. 4.2.5. However, we would like
to point out a potential inaccuracy in the kinematics analyses of some previous works.

Galaxy groups are often assumed to follow the NFW density profile [NFW97],

ρ(r) =
ρsR3

s
r(r + Rs)2 . (4.16)
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In terms of the parameters ρs and Rs, the LOSVD of tracer galaxies (with number density assumed to
follow the same profile as the dark matter density) can be expressed as

σ2
los(θ) = GρsR2

s f
(

θ

θs

)
, (4.17)

where f (a) is a dimensionless function derived in Sec. 4.2.5.

While Eq. (4.17) (averaged as needed within some aperture cut of the observations) gives the correct
translation between LOSVD data and the NFW model parameters, Ref. [Che+19] (after [KG00; Won+11])
considered a different expression as a proxy for the LOSVD data:

σ̄2 =
GMvir

3Rvir
, (4.18)

where Rvir and Mvir = M(Rvir) are the virial radius and virial mass, and cvir = Rvir/Rs is the NFW
concentration parameter. In Sec. 4.2.5 we show that identifying the quantity σ̄2 with the observable σ2

los
introduces an error of up to ∼ 20% (the precise error depends on the analysis aperture).

One reason for introducing the auxiliary quantities Rvir and Mvir, is that N-body simulations provide
theoretically-motivated priors that are often presented in terms of these quantities [ENS01; MDB08].
These cosmological priors are, however, quantitatively and conceptually decoupled from the kinematics
data interpretation. Instead, as we review in Sec. 4.2.5, the cosmological priors dictate a certain redshift-
dependent relation between the NFW parameters ρ0 and Rs. There is no obstacle to implement this
theoretical prior while still maintaining the correct kinematical expression, Eq. (4.17).

In our main implementation of the MCMC, we set the standard deviation for σlos to 120 km/s. This
doubles the nominal uncertainty quoted by [Wil+17] for the group of PG1115+080, but we believe that
such cautionary procedure is reasonable. To be clear, we are not suggesting to doubt the observational
LOSVD from [Wil+17]. Rather, the uncertainties we worry about concern the theoretical interpretation
within simplified halo models. The systematic error due to using σ̄ instead of σlos, as done in [Che+19],
is of the order of δσ2

los/σ2
los ∼ 20%, so δσlos/σlos ∼ 10%, or δσlos ∼ 40 km/s, quite comparable to

the “bare" observational uncertainty. There are additional plausible errors: the group is likely to be
aspherical [Sch+21], the velocity distribution need not be isotropic, and the group may not be fully
virialised. Each of these could cause systematic shifts of tens of percent in the kinematics interpretation.

For completeness, in Sec. 4.2.5 we check how a LOSVD uncertainty of 60 km/s changes the results. We
find the difference to be quantitatively insignificant for our main results.

4.2.3 Group halo mock: results

First, to obtain a global view of the posterior “landscape", we run the zeus MCMC algorithm [KB21;
KBP21], which is designed to cope with multiple likelihood minima. We show the main result in the
top-left panel of Fig. 4.7. Notice the 3 disjoint minima in the posterior likelihood in the cnfw

x − cnfw
y

panel, where cnfw
x,y are the angular coordinates of the halo center of mass. The origin of this threefold

degeneracy is the ϕ → ϕ ± 2π/3 degeneracy of the flexion G term. This run has no prior on cnfw
x and

cnfw
y .

The local minima could trap an MCMC, if the scanning algorithm is not suited to probe multimodal
posteriors. To see this, we repeat the analysis, this time using the emcee algorithm [FM+13]. The results
are shown in the top-right and bottom panels of Fig. 4.7. Indeed, emcee tends to discover only one of
the local minima, missing the others. In the top-right and bottom-right panels, emcee converges on
a biased group halo position. The biased local minima yield an H0 posterior that is on the high side,
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FIGURE 4.7: Mock analysis. Truth set-up: elliptic group located at cnfw
x = 18′′, cnfw

y = −10′′.
Top left panel: zeus run, exposing the global likelihood landscape. Other panels: emcee
runs, falling into different local minima. The emcee runs are initiated with different priors
for the position of the group center, keeping the same Gaussian standard deviation of 16′′.

See also Fig. 4.8 �.

https://github.com/lucateo/Group_Halo_Degeneracy/tree/main
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FIGURE 4.8: Illustration of the three posterior likelihood minima probed by the MCMC
inference. Contours show log10 convergence isocontours, for the 3 group halo solutions
(red, orange, and blue, respectively). Dots and stars highlight the inferred source position
and the center of the group prior, respectively. Green squares denote the position of the
images. The parameter values used in the plot are read from the emcee run best fit, see

Fig. 4.7 �.

pulling H0 above its truth value by ∼ 3σ and ∼ 1.8σ, respectively. The convergence pattern associated
to the three minima is shown in Fig. 4.8.

Performing more MCMC runs, we find that emcee consistently converges into just one of the minima,
missing the others. The choice of the minimum found by emcee mostly depends on the initial position
of the MCMC walkers in the cnfw

x − cnfw
y parameter space. In our runs, the initial walker allocation is

guided by a Gaussian prior with a similar 68% confidence level radius as that used in [Che+19] (see
Fig. 4.6), and with centers shown by star symbols in Fig. 4.8.

After performing a series of numerical trials we emphasize that, at least for the given, rather broad (but
realistic) width of the prior, the starting point of the MCMC walkers appears to be a more significant
factor in determining which of the three minima traps the chain, than the prior center itself. These
considerations coincide if the MCMC walkers are initiated at the prior center.

Given the above discussion, we can make a rough estimate of the probability of the MCMC to fall into
a displaced minimum, by matching it with the probability of the group center prior to be nearer a false
minimum than the truth one. In Sec. 4.2.7 we estimate this probability from mock realizations of samples
of tracer galaxies. The result depends on the analyses aperture, the number of galaxies in a sample, and
the underlying group profile. For 13 members in the NFW profile, with an aperture of ∼ 10Rs (i.e.,
around 3 virial radii), the false minimum probability we find is ∼ 10%.

We comment that X-ray data may help to pinpoint the centroid of a massive group, resolving the three-
fold degeneracy. For example, Ref. [Gra+04] found an X-ray blob that appears to be centered around the
BGG of the host group of PG1115+080 (green contour in Fig. 4.6). If the X-ray emission can be associated
with the group’s centroid, it may provide a narrower prior than that derived from tracer galaxies. The
X-ray analysis may be complicated by blending with the lensed quasar: using a different method to

https://github.com/lucateo/Group_Halo_Degeneracy/blob/main/mock_setup.ipynb
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mask the quasar, Ref. [Fas+08] found a shifted, more extended, and brighter group emission. Even so,
it seems plausible that X-ray data could help narrowing the group’s centroid prior5.

It is natural to ask whether the discrete modeling bias tends to come along with an anomalously large
external shear estimate. While this could indeed happen, and might serve as a useful “alarm bell" if the
H0 bias is larger than 10% or so, our numerical examples also show false minima solutions with accept-
able values of external shear. For example, Fig. 4.10 shows a false minimum solution with ∼15% bias
in H0 but with external shear values that are compatible with those found in [Che+19] for PG1115+080
(see Figs. 7,8 there).

Finally, we emphasize again that PG1115+080 was selected to guide our mock specifically because of its
massive, near-by group association. This set-up, while we believe it deserves study on its own right,
may be an un-representative outlier among lensed quasar systems, and it is therefore natural to ask
just how uncommon it is. A detailed analysis of the fraction of systems that may exhibit flexion de-
generacy is beyond the scope of this work, but in Sec. 4.2.8 we attempt a crude estimate using the data
from [Wil+17]. Our results suggest that detectable flexion distortion from LOS groups (including, not
limited to, the host of the primary lens) may affect ∼ 10% − 30% of lensed quasar systems.

4.2.4 Why is H0 biased up?

As we explained, the three-fold approximate degeneracy manifest in Fig. 4.5 is due to the behavior under
rotations of the G flexion. The F flexion, however, behaves like a vector. Hence, when the inference falls
into a wrong minimum, it attempts to minimize the difference between the truth F deflection and the
wrong-minimum inference value of F. This can be achieved by keeping Geff the same, but reducing Feff
as much as possible, where

Feff =
F0

1 − ∆κ
, Geff =

G0

1 − ∆κ
, (4.19)

are the reduced flexion terms (for clarity, here we omit the cosmological term κext). To see this point,
denote the reduced flexion of the inference model by Feff, and denote the truth flexion by F(truth)

eff
6. We

expect the MCMC to minimize

∣∣∣F(truth)
eff − Feffe

2inπ
3

∣∣∣ = ∣∣∣F(truth)
eff

∣∣∣
√√√√1 − 2

Feff

F(truth)
eff

cos
(

2nπ

3

)
+

(
Feff

F(truth)
eff

)2

, (4.20)

with n = ±1 selecting the position of the false minimum. Since cos(±2π/3) = −1/2, the above expres-
sion is minimized for Feff = 0.

Consider the PL model, Eq. (2.41). In this model, we have (see App. D.2.2) Feff/Geff = (γg − 3)/(γg + 1),
where γg is the power law exponent associated with the group halo. Therefore, for 1 < γg < 3 (the range
of interest), decreasing |Feff| at fixed Geff entails increasing γg, while adjusting the other parameters of

the model so as to keep Geff constant. Now, we have (see Eq. (D.55)) Geff = −γ2
g−1

3−γg

∆κ
h(1−∆κ)

. The γg-

dependent factor,
γ2

g−1
3−γg

, increases with increasing γg; to compensate for this and keep Geff constant, the

factor ∆κ
h(1−∆κ)

needs to decrease. For small ∆κ ≪ 1, this means that near any one of the displaced
likelihood minima, the MCMC will attempt to decrease ∆κ/h in comparison to its truth value. Part of

5In principle, X-ray luminosity measurements can also constrain the group’s velocity dispersion and mass. In practice,
however, the limited accuracy of X-ray luminosity measurements [Fas+08], combined with the observed scatter in luminosity–
mass or luminosity–dispersion correlations [Lov+21], suggests that the corresponding constraints may not lead to significant
improvement over kinematics alone.

6The truth and model values of the G term are assumed to approximately coincide, G(truth)
eff ≈ Geff.
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this adjustment entails decreasing the model value of ∆κ, which therefore biases H0 high, as ∆H0/H0 ≈
−
(

∆κ(truth) − ∆κ(model)
)

.

In Fig. 4.9 we show triangle plots in which the cosmological prior on cvir is not included. We do this
exercise in order to investigate the impact of this prior on the results. The main point to notice is that
omitting the cvir prior, the bias on H0 becomes somewhat more pronounced (compare Fig. 4.8, that
includes this prior). At the same time, without this prior, the best fit result for Rs in displaced (false)
posterior likelihood minima is driven to small values. This point is shown by a comprehensive triangle
plot in Fig. 4.10.

In Fig. 4.11 we show triangle plots in which the kinematics prior is enforced with a standard deviation
of 60 km/s on σlos. These results can be compared to Fig. 4.8 from the main text, where, as noted in
Sec. 4.2.2, the standard deviation on σlos was taken as 120 km/s. We do not find a significant difference.

Fig. 4.12 gives a more complete perspective on the degeneracies and the global structure of the likelihood
as exposed by a zeus run.

4.2.5 Kinematics constraints for host group

Here we review constraints on a host group, obtainable by measurements of a sample of galaxy mem-
bers. We only consider spherical systems with an isotropic velocity distribution. We start with a PL
mass and tracer galaxy distribution, and go on to consider the NFW profile.

Power law

We start with the PL profile of Eq. (2.41). The circular velocity is

v2
circ(R) =

GM(R)
R

=
4πGρ0(DlθE)

γ

3 − γ
R2−γ , ρ0 =

Σcr

DlθE

3 − γ

2
√

π

Γ
(γ

2

)
Γ
(

γ−1
2

) . (4.21)

The circular velocity is not directly measurable. What is measurable is the LOSVD [BT08], Eq. (1.93),

σ2
los(R) =

8πGρ0(DlθE)
3R3−γ

(3 − γ)Σ∗(r)

∫ ∞

1

dy√
y2 − 1

∫ ∞

y
dx n∗(xr)x1−γ , (4.22)

where we remind that n∗ and Σ∗ are the galaxy number density and surface density, respectively. If the
galaxy number density is distributed similarly to the mass density in the group, n∗(r) ∝ (r/(DlθE))

−γ,
we find (valid for 3

2 < γ < 5
2 ):

σ2
los(θ) =

Γ2 (γ
2

)
Γ
(
γ − 3

2

)
4
√

π Γ2
(

γ−1
2

)
Γ (γ)

Ds

Dls
θE

(
θ

θE

)2−γ

. (4.23)

For γ = 2, σ2
los =

Ds
Dls

θE
4π =

v2
circ
2 .

The relation σ2
los = Ds

Dls

θE
4π is sometimes adopted by lensing analyses. However, the expressions for σ2

los
depend on a series of simplifying assumptions, including: PL mass distribution; same PL galaxy number
distribution; virial state (following Jeans equation); spherical symmetry; isotropic velocity distribution;
and to satisfy σ2

los = Ds
Dls

θE
4π , the specific case of the SIS. We do not expect those assumptions to hold

precisely for individual galaxy groups. Lensing analyses would be prudent to assign a larger systematic
uncertainty than the “bare" observational uncertainty on σ2

los.



4.2. Group dark matter halo: the flexion degeneracy 53

cnfw
x  = 19.89+9.47

44.15

40

20

0

20

40

cnf
w

y

cnfw
y  = 12.62+39.02

4.91

40 20 0 20 40

cnfw
x

64

72

80

88

H
0

40 20 0 20 40

cnfw
y

64 72 80 88

H0

H0 = 71.59+5.64
4.76

cnfw
x  = 23.27+7.49

6.86

24

18

12

6

cnf
w

y

cnfw
y  = 11.71+3.37

3.60

10 20 30 40

cnfw
x

64

72

80

88
H

0

24 18 12 6

cnfw
y

64 72 80 88

H0

H0 = 71.85+4.34
4.03

cnfw
x  = 30.70+6.02

7.23

30

25

20

15

10

cnf
w

y

cnfw
y  = 18.17+3.52

3.99

50 40 30 20

cnfw
x

72

80

88

96

10
4

H
0

30 25 20 15 10

cnfw
y

72 80 88 96 10
4

H0

H0 = 83.25+4.31
3.78

cnfw
x  = 2.84+1.07

1.07

24

32

40

48

cnf
w

y

cnfw
y  = 40.58+5.94

6.47

8 6 4 2 0

cnfw
x

66

72

78

84

90

H
0

24 32 40 48

cnfw
y

66 72 78 84 90

H0

H0 = 77.43+3.36
3.03

FIGURE 4.9: Mock analysis: zeus run (upper-left) and emcee runs, all with a kinematics
prior but no cvir prior. We note that in false minima fits, the inferred θs (not shown here) is

driven to very low values �.

https://github.com/lucateo/Group_Halo_Degeneracy/tree/main
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FIGURE 4.10: emcee run, multi-parameter view, corresponding to the run in the bottom-
left panel of Fig. 4.9. The absence of a cvir prior causes the inference to pull towards low
values of Rs near a displaced minimum. The parameter ρ̃0 is defined as κ̃/θs (which is

independent on Rs) �.

https://github.com/lucateo/Group_Halo_Degeneracy/blob/main/mock.ipynb
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FIGURE 4.11: Mock analysis: emcee runs using a standard deviation of 60 km/s on σlos.
These results can be compared with Fig. 4.8, in which the uncertainty in σlos was doubled

�.

https://github.com/lucateo/Group_Halo_Degeneracy/blob/main/mock.ipynb
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FIGURE 4.12: Mock analysis: zeus run, comprehensive view �. A cautionary comment is
needed: the run has not converged. The main point of this run is to qualitatively show the

three minima structure. No quantitative results are obtained from this run.

https://github.com/lucateo/Group_Halo_Degeneracy/blob/main/mock_zeus.ipynb
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To explore one of those effects, consider varying γ in the relation between σ2
los and θE. For non-SIS

systems, σ2
los(θ) depends on θ, and a relevant observable is the brightness-weighted average of σ2

los in
some aperture θA. We can compare such averaged LOSVD to the SIS relation:

⟨σ2
los⟩A

Ds
Dls

θE
4π

=
1

Ds
Dls

θE
4π

∫ θA
0 dθθs∗(θ)σ2

los(θ)∫ θA
0 dθθs∗(θ)

=
3 − γ

5 − 2γ

√
πΓ2 (γ

2

)
Γ
(
γ − 3

2

)
Γ2
(

γ−1
2

)
Γ (γ)

(
θA

θE

)2−γ

. (4.24)

We illustrate Eq. (4.23) in Fig. 4.13.

NFW

For the NFW profile, assuming again that the tracer galaxy density follows the mass density, we can
write:

σ2
los(θ) = Gρ0R2

s f
(

θ

θs

)
, f (a) =

8πa
∫ ∞

1
dyy√
y2−1

∫ ∞
ya

dx
x3(1+x)2

(
ln (1 + x)− x

1+x

)
2
∫ ∞

0
dz√

a2+z2(1+
√

a2+z2)2

. (4.25)

Some of these integrals can be done in closed form, but that is not particularly illuminating. The function
f (θ/θs) is shown in Fig. 4.14.

Assuming the NFW model, a kinematics prior should use Eq. (4.25) (aperture-averaged as needed)
to translate a LOSVD measurement into a constraint on the combination of ρ0 and Rs appearing in
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FIGURE 4.15: Aperture-averaged LOSVD for NFW, compared to the quantity σ̄2 =

GMvir/(3Rvir). Red line: using Eq. (4.25) in Eq. (4.24), replacing Ds
Dls

θE
4π by σ̄2, with

cvir = 3.5. Red shaded band: varying cvir → 3.5 × 10±0.14. Dots: direct calculation of
σ2

los from mock groups, assuming 13 tracer galaxies per realization (see Sec. 4.2.6). Blue
line (somewhat hidden under the red) and blue shaded band: mean and 1σ region for the

mocks.

the equation. However, analyses in the literature took a somewhat different route. Ref. [Che+19] (af-
ter [KG00; Won+11]) considered the following expression as a proxy for the LOSVD of the NFW profile:

σ̄2 =
GMvir

3Rvir
, (4.26)

where Rvir = cvir Rs, Mvir = M(Rvir), and cvir is the NFW concentration parameter, for which it is
possible to extract a theoretical prediction from N-body simulations [MDB08]. Namely, instead of using
the physical relation, Eq. (4.25), to convert the measured LOSVD into a constraint on the group halo
model, Ref. [Che+19] made the identification σ2

los → σ̄2, and then used Eq. (4.26) to constrain Mvir and
Rvir. The dependence of the RHS of Eq. (4.26) on cvir can be clarified by noting that

σ̄2 = Gρ0R2
s

4π

3cvir

(
ln(1 + cvir)−

cvir

1 + cvir

)
. (4.27)

The dependence is not strong: the factor 4π
3cvir

(
ln(1 + cvir)− cvir

1+cvir

)
is equal to {0.89, 0.85, 0.80, 0.62}

when varying cvir = {3, 4, 5, 10}, respectively. However, it is noteworthy that this dependence is not
physical, but rather introduced artificially. The red solid line in Fig. 4.15 compares the physical aperture-
weighted LOSVD to the quantity σ̄2, using cvir = 3.5, relevant for low-redshift massive galaxies.

The meaning of Fig. 4.15 is that using Eq. (4.26) and identifying σ2
los → σ̄2 can introduce a systematic

error. The magnitude of the error depends on the aperture and on the value adopted for cvir, but can
amount to ∼ 20%.

Kinematical and cosmological priors

Here we describe our attempt to define a kinematics+cosmology prior, following a similar procedure as
used in [Che+19] for PG1115+080.

The first step taken by [Che+19] is to identify σlos → σ̄.

The next step is to invoke theoretical expectations based on N-body simulations. Following App. A
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of [Won+11], the virial mass and the virial radius of the halo are related to a characteristic redshift-
dependent overdensity:

Mvir =
4π

3
R3

vir∆c(z)ρc(z) , (4.28)

where ∆c(z) = 178(ρm(z)/ρc(z))
0.45 is the expected halo overdensity at the virial radius and ρc(z)

and ρm(z) are the cosmological critical density and matter density at redshift z [ENS01]. Combining
Eqs. (4.28) and (4.26) turns σ̄ into separate priors on Rvir and Mvir:

Rvir =
3σ̄

2
√

πG∆cρc
, Mvir =

9σ̄3

2
√

πG3∆cρc
. (4.29)

Next, Ref. [Che+19] adds a prior on cvir, using the Mvir − cvir relation from Ref. [MDB08]:

log10 cvir ≈ 0.97 − 0.09 log10

(
Mvir h

1012M⊙

)
. (4.30)

Treating cvir as a function of σ̄ via Eqs. (4.30) and (4.29) right, one has now produced separate priors on
the parameters ρs and Rs:

ρs =
∆cρcc3

vir
3

(
ln(1 + cvir)−

cvir

1 + cvir

)−1

, Rs =
Rvir

cvir
. (4.31)

The uncertainty can be estimated by combining the observational uncertainty on σlos and the theoretical
scatter on the Mvir − cvir relation; the latter is taken in Ref. [Che+19] as ±0.14 on the log10 cvir expression
in Eq. (4.30).

In practice, our implementation of these priors in the MCMC mock analysis is as follows:

1. The parameters that are directly sampled by the chain, defining the posterior likelihood space, are
angular variables that are linearly proportional to ρs and Rs. In each step of the calculation, we
translate the sampled value of ρs into an expected value of cvir, using Eq. (4.31).

2. Having obtained cvir, we convert Eq. (4.30) into an equation for Rvir, replacing Mvir by Rvir using
Eq. (4.28). Now, we implement the estimated theoretical scatter of ±0.14 dex on cvir in the Mvir −
cvir relation, to define a range of acceptable values for Rs via Rs ⊂ Rvir/(10+0.14, 10−0.14). In the
chain, we discard sampled values of Rs that fall outside of this range. This step therefore enforces
a redshift-dependent correlation between ρs and Rs. Up to this point, we made no connection to
kinematics.

3. Finally we come to the kinematics. Using Eq. (4.27), we convert the model point represented by ρs
and Rs, along with the central value of cvir, into a model prediction for σ̄. This prediction is then
compared to the measured value of σlos using the nominal observational uncertainty to obtain a
likelihood factor.

4.2.6 Sample variance

Sample variance is the dominant nominal source of uncertainty in σ2
los, given that typically only a hand-

ful of galaxies are measured as tracers of the group. Ref. [Wil+17] used bootstrap to estimate sample
variance directly from the measured sample of galaxies; here, we complement this route by generating
random sets of Ng galaxies tracing an NFW halo.

The realizations are drawn from an equilibrium phase space distribution function f (r, v). For a spherical
halo with a statistically static distribution function, we have f (r, v) = f (E(r, v)), see Eq. (5.25). We
calculate f (E) numerically, and use it to draw samples of Ng tracer galaxies that fall within projected
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aperture θA. The results of this exercise for Ng = 13 (as in PG1115+080) and for different apertures are
shown as blue dots in Fig. 4.15. For each value of θA/θs we generate 100 mock samples. For each sample
we calculate σ2

los directly as the variance of LOS velocity across the Ng galaxies. The mean and standard
deviation of σ2

los are shown by the thick blue line and shaded region.

The variance we find for σ2
los in Fig. 4.15 is roughly consistent with sample variance of a normal distribu-

tion: δσ2
los

σ2
los

≈
√

2
Ng−1 ≈ 0.4 for Ng = 13. For comparison with Ref. [Wil+16], we also calculate uncertainty

estimates for σ2
los using the bootstrap method. As a rule, the bootstrap method provides a slightly

lower uncertainty estimate than the variance found with mock realizations, but the difference is small:
whereas direct sample variance predicts ∆σ2

los/σ2
los ≈ 0.4, bootstrap predicts ∆σ2

los/σ2
los ≈ 0.35. Thus, we

reproduce the sample variance-dominated uncertainty estimate of Ref. [Wil+17] for PG1115+080.

4.2.7 Estimating the probability of an MCMC to fall into a displaced minimum

As noted in Sec. 4.2.3, at least for a wide group centroid prior (as derived in Ref. [Wil+17] for PG1115+080),
trial and error with emcee [FM+13] suggests that the initial placement of the walkers is a key factor in
deciding which likelihood minimum will attract the fit. We can (roughly) estimate the probability of
falling into a wrong minimum by the probability for the walker placement to start off closer to a false
minimum than to the truth one. Let us assume that the initial placement of the walkers is chosen to
coincide with the prior’s center (this seems like a natural choice). In this case, the probability to fall into
a wrong minimum is roughly given by the probability of the group centroid prior to be nearer a false
minimum than the truth one.

We can estimate this probability using mock samples of tracer galaxies as in Sec. 4.2.6. Consider a
sample of Ng galaxies, and choose a random member to be the “primary lens". From the same sample,
derive a group center prior as the center of mass of the members. In general, of course, the prior center
does not coincide with the center of the halo used to generate the mock.7 Now, draw a line connecting
the primary lens with the true halo center, and another line connecting the primary lens with the prior
center: the prior center is closer to a false minimum if the smaller angle between these lines is larger
than 60o.

The result of this calculation depends on the number of member galaxies Ng, the group halo profile, and
the analysis aperture. For Ng = 13 in the NFW model with an aperture of 10 Rs (around 3 virial radii),
we find the wrong minimum probability to be ∼ 10%.

It should be clear that the simple estimate we described here ignores a range of possible selection effects,
both natural (such as mass segregation, and the bias of more massive group members to become primary
lenses) as well as analysis-specific (such as luminosity-dependent contamination and incompleteness).
Such effects can probably modify our estimates at the O(1) level, but should not change the order of
magnitude of the result.

4.2.8 How common is the flexion degeneracy?

PG1115+080 is proof of concept that lensing set-ups like the one we analyzed are observationally rele-
vant. But since PG1115+080 was selected specifically because of its massive, near-by group association,
this set-up may be quite uncommon. Most of the lensed quasars analyzed for time-delay cosmography
may either not be associated with LOS groups; or, if they are, may lie far from the group’s projected
center of mass, making flexion terms less important than for PG1115+080. A detailed analysis of the
fraction of systems that may exhibit flexion degeneracy is beyond the scope of this work. Nevertheless
we can make a crude estimate using the data from [Wil+17], as follows.

7The statistical distribution of the mismatch, which goes to defining the prior width, can be estimated either by bootstrap,
as done in [Wil+17] for the actual data, or by repeated mocks. We test both, and find them to be compatible.
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Tab. 1 in Ref. [Wil+17] lists reconstructed properties of LOS groups (including primary lens host where
exists) of their 26 lens systems. For each LOS group, estimated values of Mvir and Rvir are quoted,
along with the measured LOSVD, denoted there by σgrp. We insert Mvir into Eq. (4.30) to estimate cvir;
then use σgrp, Rvir, and cvir in Eq. (4.27) to estimate ρ0. Using the quoted group redshift to calculate the
relevant value of Σcr, Eq (D.46) allow us to obtain ∆κ. For each system, we estimate the rough mag-

nitude of the flexion by the root-mean-square
√

∑
i
(∆κi/hi)

2, including all LOS groups i, and estimate

the corresponding deflection angle near the primary lens by ∆θ ∼
√

∑
i
(∆κi/hi)

2θ2
E, taking θE = 1′′ for

definiteness.

Of the 26 systems considered in [Wil+17], PG1115+080 does indeed come up with the highest flexion
estimate of ∆θ ∼ 0.02′′. The next highest system is HE0435, with ∆θ ∼ 0.005′′. Altogether, 3 systems (7
systems) out of the 26 have ∆θ ≳ 0.0025′′ (∆θ ≳ 1 mas).

Numerical experiments with mock analyses mimicking the main features of the pipeline of [Mil+20]
suggest that flexion terms are quantitatively important in the fit if the flexion-induced deflection angle
is larger than ∼ 0.001′′. Very roughly, we can expect that flexion degeneracy should be a concern in the
same parametric regime. It is interesting to note that all of the 4 systems that take part in both of the
cosmography [Mil+20] and kinematics [Wil+17] campaigns, turn out to exhibit ∆θ ≳ 0.001′′.

4.2.9 Summary of the flexion host-group discrete degeneracy

In this section (Sec. 4.2), which contains the main findings of Ref. [TB23], we showed an approximate
threefold discrete modelling degeneracy, associated with rotating the assumed position of the group
centroid by an angle of 2π/3 around the primary lens. This produces a posterior likelihood with three
disjoint minima. MCMC algorithms that fail to expose this structure may fall into a false minimum. The
inferred value of H0 found in a false minimum is systematically biased high. Using numerical mock data
experiments motivated by the PG1115+080 system, we demonstrated that the H0 bias can reach ∼ 10%.
Bayesian cosmography analyses should explore the full posterior likelihood landscape. Awareness of
this possible three disjoint minima structure, if not already there, is needed, to be able to reach a precise
and accurate H0 determination from time delays.

The choice of the minimum detected by the MCMC can strongly depend on the starting position of the
walkers in the space of group centroid coordinates. If the starting point is chosen as the centroid prior
center, then the probability for the MCMC to land in a displaced minimum may be rather small. For
a sample of 13 tracer galaxies (relevant for PG1115+080) with an aperture of about 3 virial radii in an
NFW halo, this probability is ∼ 10%.

Our analysis suggests the following recommendations.

1. Bayesian cosmography analyses should explore the full posterior likelihood landscape. Awareness
of this possible three disjoint minima structure, if not already there, is needed. As an example, the
zeus algorithm can expose the full structure, while emcee tends to detect only one local minimum.
The choice of the minimum seems to be dictated by the starting position of the walkers in the
algorithm and/or the presence of Gaussian priors on the coordinate centers of the halo, cnfw

i (a
displaced Gaussian prior with respect to the truth will tend to fall into a minimum which does not
contain the true cnfw

i ).

2. Tracer galaxy kinematics and group centroids are the only handles in constraining the MSD asso-
ciated with the group, hence it is important to use them to constrain the parameters of the halo
model in the correct way. We pinpoint that, given the simplistic assumption Eq. (4.26) which re-
lates the kinematics measurement with halo parameters, one should take into account the scatter
in this relation, effectively increasing the uncertainty on σlos.
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3. X-ray data may help to pinpoint the centroid of a massive group, resolving the degeneracy.

4. As an aside, we note that some cosmography analyses (e.g. [Che+19]) used an incorrect kinematics
prior to constrain the group model. The error in the interpretation of tracer galaxy velocity disper-
sion depends on the analysis aperture, and can reach ∼ 20%. A correct version of the kinematics
prior is reviewed in Sec. 4.2.5.

The number of strong lensing time delay systems is expected to increase by more than an order of
magnitude in the near future [OM10; Lia+15; Dob+09], an important step towards possibly reaching
a few percent lensing determination of H0 [BT21a]. This program could be further assisted by many
resources [Tre+18; Bac+20; Bla+20; Abe+09; Gar+06]. Our study highlights some pitfalls (and suggests
solutions) that need to be taken into account if the precision goal for H0 should also be accurate.

4.3 Large scale structures and multiple source systems

The prospects for time delay cosmography will greatly benefit from various upcoming surveys [Tre+18;
Bac+20; Bla+20] and with the JWST [Gar+06], that will sharpen constraints on lens stellar kinemat-
ics [BT21a; Yı+21]. Notably, LSST is expected to give us a sample of O(100) double-source-plane galaxy-
scale lenses [Man+18], among O(104) lensed quasars and O(100) lensed supernovae Ia on conservative
estimates [OM10; Lia+15; Dob+09]. Multiple source systems are particularly interesting, since they can
give us more information on galaxy lens profiles, and possibly they can allow us to mitigate the effect
of degeneracies like the MSD. The prospects coming from these new data call for proper assessing of
degeneracies in strong gravitational lensing.

In [Teo+22], we discussed the effects of LSS on the line of sight contribution to the H0 measurement,
together with a discussion of the advantage that multiple source systems might have in fighting the de-
generacies entering the measurement of H0. In this section, we report the main results of Ref. [Teo+22].
We describe the multiple source MSD in Sec. 4.3.1; we investigate the possibility to constrain the exter-
nal convergence via stellar kinematics in Sec. 4.3.2; we point out what is really observable in multiple
source systems, connected to Einstein angle ratios between multiple sources, in Sec. 4.3.3 and Sec. 4.3.4;
we give estimates of the external convergence factors entering such observables in Sec. 4.3.5; we apply
our findings to some real systems in Sec. 4.3.6 and summarize in Sec. 4.3.7.

4.3.1 The multiple source MSD

We will take the multiple lens equation Eq. (2.67), but we will neglect the multiple deflectors influence
α⃗i for i > 0 to focus on LSS effects. Deflectors influence add complexity to the model, and does not
change the main conclusions discussed in the following. Hence, we take Eq. (2.67) in the form [Mir91;
KS93; BK96; KKS97; McC+14; Sch19; FLU21]

β⃗i = (1 − κs
i )(I + Γs

i )⃗θ − (1 − κls
i )(I + Γls

i )Ci0⃗α0((1 − κl)(I + Γl)⃗θ) , (4.32)

where we used several shorthands, β⃗i = β⃗(wi, 0), κr
i are external convergence factors for source i, κs

i =
κ(wi, 0), κls

i = κ(wi, wl) and

Γr
i = −

(
γr,i

1 γr,i
2

γr,i
2 −γr,i

1

)
, (4.33)
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is the reduced shear matrix, and the superscript r = l, s, ls indicates observer-lens, observer-source, and
lens-source lines of sight, the source labelled by i. Time delays between image A and B become

∆ti
AB =Di

dt ∆τi
AB , (4.34)

∆τi
AB =

1
2

θ⃗T
A

(
I − Ms

i − Ml + Mls
i

)
θ⃗A − β⃗T

(
I − Ml + Mls

i

)
θ⃗A − ψi((I − Ml)⃗θA)− {A ↔ B} . (4.35)

Compared with the internal convergences κi, which have κi (⃗θE,i) = O(1), the weak lensing terms are
O(0.1),O(0.01).

In the generic multiple source case, with LSS effects, we can rewrite a more generic MSD transformation,
by allowing Mls

i and Ml to also be adjusted, alongside an adjustment of the intrinsic lens model and the
modelled source coordinates:

Ms
i 7−→ Ms,λ

i = λsMs
i + (1 − λs)I , (4.36)

Mls
i 7−→ Mls,λ

i = λlsMls
i + (1 − λls)I , (4.37)

Ml 7−→ Ml,λ = λlMl + (1 − λl)I , (4.38)

β⃗i 7−→ β⃗λ
i = λs β⃗i , (4.39)

α⃗0(⃗θ) 7−→ α⃗λ
0 (⃗θ) = λs λ−1

ls α⃗0(λ
−1
l θ⃗) , (4.40)

ψ0(⃗θ) 7−→ ψλ
0 (⃗θ) = λs λ−1

ls λlψ0(λ
−1
l θ⃗) . (4.41)

Here λs, λls, and λl are independent parameters. Note that Eq. (4.36) (for example) amounts to κs
i 7−→

κs,λ
i = λsκ

s
i + (1 − λs), Γs

i , 7−→ Γs,λ
i = λsΓs

i .

Inserting Eqs. (4.39-4.41) into Eq. (4.34), we see that the dimensionless time delay ∆τAB of the trans-
formed model changes according to:

∆τAB 7−→ ∆τλ
AB = λsλ−1

ls λl∆τAB , (4.42)

which implies the H0 bias
H0 7−→ Hλ

0 = λsλ−1
ls λlH0 . (4.43)

It is clear that the availability of multiple sources does not break the MSD, due to the modelling de-
generacy of Eqs. (4.36-4.41) (similar conclusions, with a different version of the MSD with intermedi-
ate sources acting as additional strong lenses for background sources, can be found in Refs. [McC+14;
Sch19].).

External convergence in single source. In an imaging analysis, if only a single source is available (say
i = 1), one can use Eqs. (4.36-4.38) with the choice

λs =
1

1 − κs , λls =
1

1 − κls , λl =
1

1 − κl , (4.44)

to eliminate all of κs, κls, and κl from the modelling. For this reason, the task of extracting lensing in-
formation in imaging data is often performed ignoring external convergence [Rus+20; Sha+20; Che+19;
Won+20; Mil+20; Bir+19].

Suppose we denote the fit result for the “intrinsic deflection angle" in such an analysis by α⃗model(⃗θ).
By “eliminating external convergence from the equations", we mean that the fit looks for a deflection
angle model α⃗model(⃗θ) which goes to zero at large |⃗θ|, possibly up to a uniform shear term Γs⃗θ. Eq. (4.40)
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implies that α⃗model(⃗θ) is related to the true underlying physical intrinsic deflection angle by

α⃗model(⃗θ) =
1 − κls

1 − κs α⃗((1 − κl)⃗θ) , (4.45)

where κs,ls,l are the true physical values of the weak lensing terms. Given a measurement of the physical
image time delays, and deriving the dimensionless time delay ∆τmodel

AB from α⃗model, one can extract an
inferred result Hmodel

0 , which is related to the truth value H0 by [Bir+20]

Hmodel
0 =

1 − κls

(1 − κs)(1 − κl)
H0 . (4.46)

The usual challenge of the weak lensing MSD for cosmography is to constrain the correction factor
(1 − κls)/[(1 − κs)(1 − κl)] ≈ 1 + κs + κl − κls.

Stellar kinematics is sensitive to the intrinsic mass-per-radius (M(R)/R) of the lens, and can be used to
partially resolve the MSD. Refs. [Rus+20; Bir+19; Sha+20; Che+19; Won+20; Mil+20] used kinematics to
constrain the MSD, but in these works, weak lensing was only parameterised in terms of κs, omitting κls

and κl. The omission of κls and κl biases the inferred value of H0.

Ref. [Mil+20] presented a treatment of systematics in recent cosmographic analyses. There, the following
expression was used to correct for the weak lensing MSD8:

Hinferred
0 = (1 − κext)Hmodel

0 . (4.47)

The terms κls,l where effectively set to zero in the modelling, as they were ignored in both kinematics
and imaging. From Eq. (8) in Ref. [Mil+20], as we will show in next section,

1 − κext :=
1 − κs

1 − κls . (4.48)

This expression coincides with the discussion in Ref. [BAR16], cited by [Mil+20] for the treatment of
kinematics, if we set κl = κls → 0, in which case κext → κs.

4.3.2 Stellar kinematics and LSS

In this section we show how stellar kinematics is sensitive to κext, Eq. (4.48). The stellar kinematics
velocity dispersion is expected to obey the spherical Jeans equation Eq. (1.83). It is possible to reduce
the Jeans equation to angle variables only; assuming r = Dl,effθ, where θ is the angle in the sky an
observer on Earth sees, we have

1
n∗

d(n∗σ2
r (Dl,effθ))

dθ
+ 2βani(Dl,effθ)

σ2
r (Dl,effθ)

θ
= −G

M(Dl,effθ)

Dl,effθ2 ; (4.49)

Now, we have to distinguish two cases:

• Observer aware of weak lensing effects (truth, case 1): he will take correctly into account weak
lensing effects and write Dl,eff = Dl(1 − κl), moreover he will use the correct expression for M(R),
obtained by the correct lens equation

β⃗ = (1 − κs)⃗θ − (1 − κls)⃗α((1 − κl)⃗θ) . (4.50)
8See discussion around Eqs.(7-8) and Eq. (16) in [Mil+20].
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• Observer not aware of weak lensing effects (case 2): he will write Dl,eff = Dl, and he will attempt
to recover the mass with the wrong model (wrong model quantities are expressed with a tilde)

⃗̃β = θ⃗ −⃗̃α(⃗θ) , ⃗̃α(⃗θ) =
1 − κls

1 − κs α⃗((1 − κl)⃗θ) , (4.51)

resulting with a mass inference M̃ ̸= M.

To understand the connection between M̃ and M, we can write, exploiting Eq. (2.36),

⃗̃α(⃗θ) =
1 − κls

1 − κs
1
π

∫
d2θ′

(1 − κL)⃗θ − θ⃗′

|(1 − κl)⃗θ − θ⃗′|2
κ(⃗θ′)︸ ︷︷ ︸

=⃗α((1−κl )⃗θ)

=
1
π

∫
d2θ′′

θ⃗ − θ⃗′′

|⃗θ − θ⃗′′|2
(1 − κls)(1 − κl)

1 − κs κ((1 − κl)⃗θ′′)︸ ︷︷ ︸
=κ̃(⃗θ′′)

(4.52)

where we changed variables in the second step, θ⃗′ = (1 − κl)⃗θ′′. This implies

κ((Dl(1 − κl)⃗θ) =

∫
drz ρ(rz, Dl(1 − κl)⃗θ)

Σcr
= Dl(1 − κl)

∫
dθz ρ(θz, Dl(1 − κl)⃗θ)

Σcr

=
1 − κs

(1 − κls)(1 − κl)
κ̃(⃗θ) =

1 − κs

(1 − κls)(1 − κl)
Dl

∫
dθz ρ̃(θz, θ⃗)

Σcr
,

(4.53)

which implies

ρ(θz, Dl(1 − κl)⃗θ) =
1 − κs

(1 − κls)(1 − κl)2 ρ̃(θz, θ⃗) . (4.54)

This straightforwardly translates into

M(Dl(1 − κl)θ) = (Dl(1 − κl))3
∫

dΩ2

∫ θ

0
θ′2 dθ′ ρ(θz, Dl(1 − κl)⃗θ) =

(1 − κs)(1 − κl)

1 − κls M̃(Dl⃗θ) . (4.55)

The two Jeans equation observer one and two will write respectively are

(1)
1
ρ∗

d(ρ∗σ2
r (Dl(1 − κl)θ))

dθ
+ 2βani(Dl(1 − κl)θ)

σ2
r (Dl(1 − κl)θ)

θ
= −G

M(Dl(1 − κl)θ)

Dl(1 − κl)θ2 , (4.56)

(2)
1
ρ∗

d(ρ∗σ̃2
r (Dlθ))

dθ
+ 2βani(Dlθ)

σ̃2
r (Dlθ)

θ
= −G

M̃(Dlθ)

Dlθ2 , (4.57)

one can see that
σ2

r ((1 − κl)Dlθ) =
1 − κs

1 − κls σ̃2
r (Dlθ) ; (4.58)

in particular, the κl dependence drops. The same applies for σ2
los, Eq. (1.96), as can be trivially shown.

Eq. (4.58) tells us that stellar kinematic is sensitive to κext as defined in Eq. (4.48).

Combining Eqs. (4.48), (4.47), and (4.46), we conclude that in Ref. [Mil+20] the relation between the
inferred value and the truth value of the Hubble parameter was biased by the following factor:

Hinferred
0
H0

=
1 − κs

1 − κls
1 − κls

(1 − κs)(1 − κl)
≈ 1 + κl. (4.59)
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We should note that although we considered the LOSVD as an observable, in practice it is not di-
rectly measured. Various observational effects such as luminosity weighting, point spread function,
etc., must be taken into account. Moreover, there are important theoretical uncertainties due to the ve-
locity anisotropy, and also due to the actual lens halo density profile, which must be marginalized over
in the likelihood.

4.3.3 Multiple sources and LSS

If multiple sources are available, then the MSD requires a simultaneous adjustment of the weak lensing
variables for all sources. In particular, the κs,ls

i parameters for all sources i must be adjusted together,
following Eqs. (4.36,4.37). Therefore, in the multi-source scenario, a certain combination of external
convergence terms is measurable from the imaging data. A quick way to see what this measurable com-
bination is, is by assuming that the analysis pipeline attempts to fit the two systems i and j separately
and independently, omitting external convergence from the equations using Eq. (4.45). The outcome of
such a procedure are two independent fits for the effective deflection angle, the results of which should
be related by an over-all factor:∣∣∣⃗αmodel

j−1 (⃗θ)
∣∣∣∣∣∣⃗αmodel

i−1 (⃗θ)
∣∣∣ = Cj0

Ci0

1 − κls
j

1 − κls
i

1 − κs
i

1 − κs
j
≈

Cj0

Ci0

(
1 + δκs

ji − δκls
ji

)
, (4.60)

where δκr
ji := κr

j − κr
i . Assuming Einstein rings θE,i for the various sources can be distinguished, then

one can substitute the previous with

θE,j

θE,i
≈

Cj0

Ci0

(
1 + δκs

ji − δκls
ji

)
. (4.61)

The left hand side of Eq. (4.60) is measurable, and the Ci0 factors are known, so the combination (κls
j −

κls
i )− (κs

j − κs
i ) is, in principle, measurable.

Unfortunately, as this combination of terms is invariant under the MSD, it cannot resolve the MSD
impact on the H0 inference.

4.3.4 Multiple sources and the core-MSD

Uncertainties in the intrinsic mass profile of the lens, discussed in Sec. 4.1, could pose a more serious
problem to time-delay measurements of H0, than that posed by weak external convergence. Specif-
ically, an extended cored density component in lens galaxies would act similarly to external conver-
gence [SS13b; BCS20], but could, in principle, cause a much larger effect. This scenario could occur in
the ULDM model, as we will discuss in Ch. 5.

The core term is mathematically identical to a redefinition of the observer-source external convergence.
Considering Eq. (4.1), we see that at the level of the modeling of imaging data, the core component is
indistinguishable from the shift

Ms
i → Ms

i + (I − Mls
i )(I − Ml)Ci0κc0 . (4.62)

We will think of the internal core convergence κc0 as a small parameter, albeit potentially somewhat
larger than cosmological weak external convergence terms. We have in our mind κc0 ≈ 0.1, which
would bias up H0 measurements by 10%.
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Expressed in terms of convergence and shear parameters, at leading order in weak lensing terms, we
have

κs
i → κs

i + Ci0κc0(1 − κls
i − κl) , (4.63)

Γs
i → Γs

i − Ci0κc0

(
Γls

i + Γl
)

. (4.64)

With this understanding one can see that imaging data alone cannot directly separate a core component
from weak lensing. One must resort to kinematics analyses, or to theoretical considerations that could
limit the plausible weak lensing effect. We focus on the latter.

It is worthwhile to highlight a key difference between convergence and shear. Under Eqs. (4.36-4.38),
which deal purely with the modeling of external weak lensing, shear is adjusted multiplicatively, while
convergence receives an additive correction. This feature is modified in Eqs. (4.63-4.64), but a key part
of it remains manifest: the addition of the core adjusts Γs via an additive term, however that additive
term is itself proportional to the shear terms Γls + Γl. As a result, even if κc0 is somewhat larger than
typical weak lensing effects (e.g. κc0 ≈ 0.1), this still only amounts to a relative correction of ∼10% in
Γs. Constraining such a small effect observationally or theoretically would be challenging. This point
is important because certain combinations of weak lensing shear terms can, in principle, be measured
directly from imaging data [Bir+17; FLU21]. For convergence, Eq. (4.63) suggests a potentially large
additive readjustment of κs, if κc0 is larger than typical weak lensing effects. However, if only one
source is available (i = 1), then it could be difficult for imaging data alone to constrain κc0.

With a core-MSD, Eq. (4.60) can be rewritten, inserting Eq. (4.63) into Eq. (4.60), and neglecting the small
correction factor 1 − κls

i − κl ≈ 1 in Eq. (4.63), as:

Ci0

Cj0

∣∣∣⃗αmodel
j−1

∣∣∣∣∣⃗αmodel
i−1

∣∣ ≈ 1 + (κs
j − κs

i )− (κls
j − κls

i ) + κc0
(
Cj0 − Ci0

)
. (4.65)

At a first glance in Eq. (4.65), one could hope that multiple source systems could resolve the core-MSD
ambiguity, because the last term on the right hand side contains the large additive term ∝ κc0. However,
a second glance reveals a setback: in Eq. (4.65), κc0 appears multiplied by the factor Cj0 − Ci0, which in-
volves ratio of angular diameter distances (see Eq. (2.64));. Unfortunately, the angular diameter distance
is a non-monotonous function of redshift; moreover, the sources of typical strong lensing systems are
often located between z ∼ 1 and z ∼ 2.5, that is, around the shallow maximum of DA(z, 0). As a result,
in many systems of interest, the difference Cj0 − Ci0 ∼ O(0.1) is much smaller than unity. This “dilutes"
the efficiency at which imaging data in multiple source systems could constrain the internal MSD.

Fig. 4.16 illustrates our point. We show two examples of the curve C20 − 1. The blue line is inspired
by the multiple source system of the cluster lens MACS1149.5+2223 [Gri+18; Gri+20]. The primary lens
(cluster) redshift is zl ≈ 0.5. Time-delays are measured for a type Ia supernova (source 1) at z1 ≈ 1.5.
Fig. 4.16 shows C2 − 1 as function of a second source redshift z2. (Actual additional sources of this
system are distributed between z2 ∼ 1.2 and z2 ∼ 3.7.) The orange line is inspired by the galaxy lensing
system DES J0408-5354 [Sha+20], zl ≈ 0.6, with time-delays measured to a quasar at z1 ≈ 2.3.

Because Cj0 − Ci0 is a small number, the κc0 term in Eq. (4.65) could be diluted down to the natural
scale of weak cosmological convergence. To detect (or constrain) an internal core, it therefore becomes
crucial to estimate the magnitude of weak differential convergence. We will use the method outlined in
Sec. 1.1.6.

Before we move on, let us make a rough assessment of the precision by which the LHS of (4.65) can
actually be measured. Note that most of the information in the lensing data comes from the angular
range θ ∼ θE, where for simplicity of this estimate we can consider spherically symmetric systems
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FIGURE 4.16: The angular diameter distance combination C2, appearing in lensing analyses
with multiple sources. Code: �.

and drop the vector notation on θ. Using the fact that α(θE) = θE, the relative uncertainty by which
|⃗αj−1/⃗αi−1| can be measured is of similar size as the quoted precision on the ratio of Einstein angles,
|θEj/θEi|. For typical TDCOSMO systems, this precision is at the level of ∼ 1%. Of course, this quoted
precision corresponds to the main source considered by the analysis (usually, the source for which time-
delays are measured). What we actually need is the differential convergence, and the precision on that
would be dominated, given two sources i = 1, 2, by the source for which the precision on θE,i is poorest.

4.3.5 External convergence influence estimate

The typical angular separation of multiply-lensed sources in galaxy lensing campaigns is in the ballpark
of arcseconds. This means that the proper transverse distance between the relevant geodesics is smaller
than ∼ 10 kpc, which is a small separation with respect to LSS. In the following, we will therefore
compute the cosmological correlators at the same line of sight, n̂ = n̂′. With this simplification, the
integral for the variance of differential convergence, building on what we showed in Sec. 2.4, reads

〈
(κ(wl , wm; n̂)− κ(wn, wo; n̂))2〉 = 9H4

0 Ω2
m,0

2(2π)2

∫
dw

∫
dw′

× qlmno(w, w′)
∫

dk k2 j0(k(w − w′))Pδ(k, w, w′) ,
(4.66)

with

qlmno(w, w′) := qlm(w)qlm(w′) + qno(w)qno(w′)− 2qlm(w)qno(w′) , (4.67)

with qij(w, w′) defined in Eq. (2.76). The quantities we are mostly interested in the following are〈
(δκs

ij)
2
〉
=
〈
(κ(wi, 0; n̂)− κ(wj, 0; n̂))2〉 , (4.68)

and

〈
(κs)2〉 = 9H4

0 Ω2
m,0

2(2π)2

∫
dw

∫
dw′ qsoso(w, w′)

∫
dk k2 j0(k(w − w′))Pδ(k, w, w′) . (4.69)

(We remind the reader that the indices o,s denote observer, source respectively.) Analogous formulas
hold for

〈
(δκls

ij )
2
〉

and
〈
(κls)2〉, 〈(κl)2〉. The line of sight integrals invoke the power spectrum of matter

https://github.com/lucateo/Comments_MSD/blob/main/Notebooks/delta_kappa_nonlinear.ipynb
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System σlin σhalofit σTDCOSMO κTDCOSMO
ext

DES0408-5354 0.0109 0.0390 0.0380 −0.0397+0.0421
−0.0242

HE0435-1223 0.0088 0.0299 0.0342 0.0040+0.0363
−0.0215

PG1115+080 0.0089 0.0303 0.0330 −0.0054+0.0358
−0.0209

SDSS1206+4332 0.0092 0.0313 0.0410 −0.0037+0.0402
−0.0215

B1608+656 0.0076 0.0251 0.0903 0.1026+0.0949
−0.0451

RXJ1131-1231 0.0037 0.0110 0.0433 0.0695+0.0480
−0.0260

WFI2033-4723 0.0087 0.0295 0.0660 0.0591+0.0863
−0.0442

TABLE 4.1: Comparing our external convergence estimates with ray tracing results from
the literature. We show the external convergence variance using linear theory (Eq. (1.70))
on the second column and non-linear approximation (Eq. (1.75)) on the third column. The
ray tracing results from the TDCOSMO collaboration (available here) are shown in the last
two columns (κs variance on the fourth, κs mean and the 16th and 86th percent quantiles

on the fifth).

density perturbations δ, computed at non-equal times w, w′, which we will evaluate using the ansatz
Eq. (1.75). A cutoff on the maximum k on the k integral must be

TDCOSMO derives Bayesian priors for external convergence by using ray-tracing through the Millen-
nium simulation [Spr+05], on LOSs which are chosen to match the galaxy density observed in each
strong lensing system of interest [Hil+09; Suy+10; Suy+13]. We can use these numerical results to com-
pare with our analysis (Eq. (4.69)).

In Fig. 4.17 and Tab. 4.1 we compare our computation (linear, obtained using Eq. (1.70) for the power
spectrum; and non-linear, obtained using Eq. (1.75)) with ray tracing results from the TDCOSMO col-
laboration available here. Fig. 4.18 shows the results obtained in Ref. [Suy+10] for the probability dis-
tribution of external convergence, averaging over all LOSs (that is, not restricting to fields containing
strong lensing systems). Notice that we introduce a cut-off in the k integral at some kcutoff. We choose
kcutoff = 10 Mpc−1, where individual galaxies and baryonic effects most likely lead to a breakdown of
the HALOFIT result. Note that similar smoothing is implicitly used in the ray-tracing simulations when
the gravitational potential is estimated from the distribution of matter. Changing kcutoff by a factor of
2 up or down affects our results at the level of a few tens of percent, which is comparable to other
theoretical uncertainties in our equations.

Our non-linear analysis (incorporating HALOFIT and the non-equal time approximation) reproduces
the variance in κs to within about 30% accuracy for the systems which have a mean value of κs compat-
ible with zero (first 4 systems in Tab. 4.1, top 4 panels in Fig. 4.17). Some systems, however, are found
in [Suy+10] to be biased with a mean κs that is significantly off zero (last 3 systems in Tab. 4.1, bottom 3
panels in Fig. 4.17). This probably reflects excess structure along the LOS, typical of systems in crowded
fields. For these systems, our calculation not only misses the bias, but also underestimates the spread in
κs, by up to a factor of ∼ 4. Thus, indeed, the simplified computation from the previous section can only
be used to provide a rough estimate of the magnitude of weak lensing effects, and ray tracing analyses
on the lines of Refs. [Suy+10; Tih+18; Fas+06; Gre+13] are probably mandatory on a system by system
study.

4.3.6 Examples of multiple source systems

A key point of our analysis is that the availability of multiple sources in a lensing system can only resolve
the core-MSD degeneracy to the extent, that the core-induced term, κc0(Ci0 − Cj0), is significantly larger
than the natural expectation for the weak cosmological differential convergence term, δκs

ij − δκls
ij , in

Eq. (4.65).

https://github.com/TDCOSMO/hierarchy_analysis_2020_public/tree/master/TDCOSMO_sample/TDCOSMO_data
https://github.com/TDCOSMO/hierarchy_analysis_2020_public/tree/master/TDCOSMO_sample/TDCOSMO_data
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FIGURE 4.17: Comparing the probability distribution obtained in ray tracing [Suy+10]
(blue bar histograms) with our computation, in linear theory (solid orange) and with
the non-linear approximation (solid green: kcutoff = 10 Mpc−1, dashed green: kcutoff =

5 and 20 Mpc−1). We remark that our results cannot reproduce the bias on the external con-
vergence (nonzero mean seen in some of the blue bar histograms), since our computation
is equivalent to an average over all LOSs, differently from the ray-tracing analysis TD-
COSMO performs, which is calibrated to match the richness of the actual lensing systems.
A fairer comparison between our computation and typical TDCOSMO results, obtained by

averaging over many LOSs, is shown in Fig. 4.18. Code: �.

https://github.com/lucateo/Comments_MSD/blob/main/Notebooks/delta_kappa_nonlinear.ipynb
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FIGURE 4.18: Comparing the distribution of the system B1608+656, when the average in
the Millennium Simulation is done over all LOSs, with our estimates. Code: �.
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FIGURE 4.19: The angular diameter function C2 − 1, C2 ≡ C20, weighted by a factor
κc1 ≡ 1 − λ = 0.1 (chosen to mimic a resolution of the lensing H0 tension), compared
with the cosmological RMS weak differential convergence δκ. Top: redshift parameters
chosen to resemble the TDCOSMO system DESJ0408-5354 [Sha+20]. Bottom: parameters
chosen to resemble the MACS J1149.5+2223 cluster system [Gri+18; Gri+20]. In both pan-
els, the function C2 − 1 vanishes at the redshift of the primary source (the source to which
time-delays are measured). Vertical red lines mark the redshifts of secondary sources, that

one could try to use to resolve the core-MSD. Code: �.

https://github.com/lucateo/Comments_MSD/blob/main/Notebooks/delta_kappa_nonlinear.ipynb
https://github.com/lucateo/Comments_MSD/blob/main/Notebooks/delta_kappa_nonlinear.ipynb
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DESJ0408-5354

As noted earlier, this galaxy lensing system has a primary lens at zl ≈ 0.6, and main source (lensed
quasar-host galaxy) at z1 ≈ 2.3, and a secondary source at z2 ≈ 2.2. A TDCOSMO analysis of this
system, fitting an elliptic power-law density model for the lens (without allowing for a core compo-
nent), inferred a value of H0 which was ≈ 11% higher than the CMB/LSS result [Sha+20]. Thus, a core
component at κc0 ≈ 0.1 could completely resolve the lensing H0 tension for this system [BCS20; BT21b].

The question arises, whether the presence of the second lensed source for this system could resolve
the core-MSD associated with κc0. To address this question, in the top panel of Fig. 4.19 we plot (blue
line) the function Ci0 − 1 for this system, weighted by the factor κc0 ≡ 1 − λ = 0.1. To demonstrate
the confusion with weak external convergence, following Eq. (4.65) we superimpose a band with width
chosen as the RMS value of δκs

i0 − δκls
i0 for the system. The red vertical line marks the redshift of the

actual secondary source.

We conclude that multi-source imaging data for DESJ0408-5354 [Sha+20] is unlikely to help in constrain-
ing the core-MSD proposal sufficiently to solve the lensing H0 tension.

MACS J1149.5+2223

As noted earlier, the lens in MACS J1149.5+2223 [Tre+16; Gri+18; Gri+20] is a galaxy cluster at zl ≈
0.54. The main source is a type-Ia supernova at z1 ≈ 1.5. Six additional multiply-imaged sources are
distributed in redshift in the range zi ≈ 1.2 to zi ≈ 3.7.

In the bottom panel of Fig. 4.19 we show that for the secondary sources in MACS J1149.5+2223 [Gri+18;
Gri+20], weak differential convergence should significantly (although, perhaps, not entirely) mask the
presence of an internal MSD. We thus expect that adding differential convergence as nuisance param-
eters for the secondary sources (that is, the sources additional to the SNIa host, to which time delays
were specified in the mock of [Gri+20]) would significantly increase the uncertainty on the impact of the
MSD as compared to the preliminary results in the appendix of [Gri+20].

4.3.7 Summary of the multiple sources MSD with LSS

In this section we discussed some issues related to the MSD, as presented in Ref. [Teo+22]. Regarding
the use of kinematics, Sec. 4.3.2, we noted that the relation between kinematics constraints and imaging
data involves a combination of weak lensing terms that includes all of the observer-source, observer-
lens, and source-lens segments of the LOS. Neglecting the source-lens and observer-lens convergence
terms – a common practice in current analyses – could lead to a bias of the order of a few percent in the
inference of H0 from time delays. It is possible to account for the effect by adding the observer-lens term
as nuisance parameter in the combined imaging+kinematics likelihood.

As we review in Sec. 4.3.1, the MSD is not broken by the availability of multiple sources in the imaging
analyses. In Sec. 4.3.3 and Sec. 4.3.4 we considered what multiple sources do allow one to measure,
which is differential convergence between different sources. Interestingly, weak differential external
convergence complicates attempts to resolve the internal MSD, even if the internal core effect is pa-
rameterically larger than the weak lensing terms. The problem is that multiple sources are only useful
against the internal MSD to the extent that they come with significantly different angular diameter dis-
tances; in practice, however, the angular diameter distances in typical multi-source systems used in
cosmography are similar to the 10% level.

In Sec. 4.3.5 we used a non-perturbative calculation of cosmological external convergence, described in
Sec. 2.4, that allows us to provide rough estimate of the expected size of the effect, as well as estimates
of statistical correlations between different convergence terms. Our calculation suggests (what we think
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is) a natural approximate way to account for non-linear matter power spectra entering in correlation
functions at different values of the cosmic time variable.
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Chapter 5

AxionH0graphy

As we explained in Sec. 4.1, a core-MSD could introduce an important bias in the strong gravitational
lensing measurement of H0.

In Refs. [BT21b; BT25] we consider the possibility that physical realizations of cores entering into the
core-MSD may come from ULDM, in the form of the solitons discussed in Sec. 3.2. However, if instead
of using time delays to measure H0, one assumes a H0 prior, then time-delays can be used to probe the
presence of such ULDM cores. We call such a way to look for ULDM cores AxionH0graphy. We show
that time-delay cosmography can be used to put constraints on the ULDM paradigm in the mass range
10−25 ≲ m/eV ≲ 10−24 for cosmological ULDM to DM fractions αχ ≲ 0.15.

In Sec.5.1, we explain to which extent ULDM cores can work as an approximate MSD; in Sec. 5.2, we
see how ULDM cores would affect the H0 prediction for TDCOSMO [Mil+20] systems; in Sec. 5.3 we
illustrate our main point regarding the AxionH0graphy effect via a mock system; in Sec. 5.4 we perform
numerical simulations to check the predictions based on the theoretical expectations of Sec. 5.2.1; we
summarize in Sec. 5.5.

5.1 ULDM cores as approximate MSD

As mentioned in Sec. 4.1, there are two conditions that a ULDM core should satisfy to behave as an
approximate MSD and give a order 10% shift on the inferred H0: imaging error due to the approximate
nature of the core-MSD should be small enough, and a big enough central convergence. We thus need
to require

δE ≲ 0.01 , (5.1)

1 − λ = κc(θE) ∼ 0.1 =
δH0

H0
, (5.2)

where δE was defined in Eq. (4.3). These translate into, using the properties of the soliton profile
Eq. (3.17)

m ≲ 10−24 eV
(

1 ′′

θE

)3/2(1 Gpc
Dl

)(
δH0/H0

0.1

)−1/2

. (5.3)

These estimates make us focus on the O(0.1) ULDM fraction on the mass range m ≲ 10−24 eV. In
particular, we will need to consider a soliton in the presence of an external gravitational potential Φext.
The other O(0.9) DM fraction can be thought as standard CDM, or for definiteness just a m ≫ 10−24 eV
axion.

Fig. 5.1 shows a typical setting of a massive elliptical (the lens galaxy) with a subdominant ULDM com-
ponent, which forms a cored structure which is large enough to act as a core-MSD, and big enough
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FIGURE 5.1: ULDM soliton core as a possible 10% H0 bias on the gravitational lensing
measurement. Green dash-dotted and red dotted lines show the density profiles of a cold
dark matter NFW and a stellar component, respectively. The blue dashed line shows a
soliton with m = 2 × 10−25 eV and M ≈ 1.4 × 1012 M⊙, producing a shift δH0/H0 ≈ 0.1.
Such a soliton comes about from an ULDM component with a cosmological fraction of
order 10% with respect to the whole dark matter budget. The halo parameters resemble

the TDCOSMO system DESJ0408 [Sha+20].

to give a 10% shift on the inferred H0. Parameters are chosen to resemble the TDCOSMO system
DESJ0408 [Sha+20].

A ULDM soliton could produce the κc term in Eq. (4.1). It is convenient to introduce an approximation
with which properties of the soliton can be derived analytically. We choose

χ1(r) ≈
1

(1 + a2r2)b , (5.4)

where the coefficients a and b are fitted numerically to the exact solution. For a self-gravitating soliton
(the limit Φext → 0), we obtain a ≈ 0.23 and b ≈ 3.9. When Φext ̸= 0, the coefficients a and b depend on
λs and Φext via the combination λ−2

s Φext(λ−1
s r), as detailed in Eq. (3.20).

With the approximation of Eq. (5.4), the soliton mass is

Mλ =
λs

Gm

∫
dr r2χ2

1(r) ≈
λs

Gm

√
π

a3

Γ
(
2b − 3

2

)
4Γ (2b)

. (5.5)

The convergence, displacement angle, and lensing potential are:

κλ(θ) ≈
λ3

s m
4πGΣcr

√
π

a
Γ
(
2b − 1

2

)
Γ (2b)

1(
1 + θ2

θ2
c

)2b− 1
2

, (5.6)

αλ(θ) ≈ κλ(0)
2θ2

c
(4b − 3)θ

1 −
(

1 +
θ2

θ2
c

) 3
2−2b

 , (5.7)

ψλ(θ) ≈ κλ(0)
θ2

2 3F2

[{
1, 1, 2b − 1

2

}
, {2, 2};− θ2

θ2
c

]
, (5.8)

where we defined the core angle

θc =
1

λsamDl
, (5.9)
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and where pFq

[⃗
a, b⃗; z

]
is the generalised hypergeometric function1. In the MSD limit, θc ≫ θ, one can

verify that κλ(θ) ≈ κλ(0), αλ(θ) ≈ κλ(0)θ, and ψλ ≈ κλ(0)θ2/2.

Adopting the soliton as our core-MSD component, we set κc(θ) ≡ κλ(θ) in Eq. (4.1). From Eqs. (4.3)
and (4.4) we get

δH0

H0
≈ κλ(0)(

1 + θ2
E

θ2
c

)2b− 1
2

, (5.10)

and

δE ≈

(
1 + θ2

E
θ2

c

)2b− 1
2 −

(
2b − 1

2

) θ2
E

θ2
c
− 1(

2b − 3
2

) θ2
E

θ2
c

δH0

H0
. (5.11)

For θE ≪ θc we have δE ≈
(
b − 1

4

) θ2
E

θ2
c

δH0
H0

. This shows how imaging uncertainties, roughly summarised
by δE, constrain the shift δH0/H0 at given soliton core angle θc.

In next section we calculate how the soliton profile is distorted in the presence of a PL background. We
find that Eq. (5.4) is still a good approximation, sufficient for our needs; the effect of the background
density is to modify the numerical values of the coefficients a and b.

We comment on the parameter space of the model. As noted in the beginning of this section, at a fixed
value of the ULDM particle mass m, the soliton is a single-parameter function. While the scaling pa-
rameter λs from Eq. (3.19) is convenient for analytical expressions, in making contact with observations
we prefer to use the total soliton mass M, substituting λs → λs(M, m) using Eq. (5.5). (The detailed
matching, but not the basic procedure, is slightly modified with a background potential as explained in
Sec. 5.1.1.) All other properties of the core (the convergence, for example) then depend only on m and
M. The full parameter space is therefore covered when we analyse our results in terms of m and M.

5.1.1 Power law background

Here we consider how an external mass distribution affects the soliton profile written in the form of
Eq. (5.4). The background is taken to be a pure PL. Lensing analyses have often adopted this approx-
imation, which leads to results for H0 that are consistent with more realistic composite DM+stars halo
models [Mil+20]. In a realistic analysis, the halo is axi-symmetric to accommodate quad geodesics, and
we include axi-symmetry when we analyse mock data in Sec. 5.3. For simplicity, however, in mod-
elling the impact of the external potential on the structure of the soliton we assume spherical symmetry.
This approximation is justified by the disk galaxy study of Ref. [Bar+19], which showed that the soliton
remains nearly spherical even with significant a-sphericity of the background.

To simplify matters further we set γ = 2 in Eq. (2.41), close to the slopes inferred for the galaxies in
Tab. 5.1. The external potential is then given by:

Φext(r) = A ln r + const , (5.12)
A = 2GΣcrDlθE . (5.13)

Note that the factor ΣcrDl = Ds/(4πGDls) is independent of H0. To gain some physical intuition, note
that if we define MPL(1/m) as the mass included in the PL profile up to a distance equal to the ULDM
Compton radius 1/m, then A = GMPL(1/m)m. Conveniently, for γ = 2, MPL(1/m)m is independent
on m.

1A rapidly converging expression is 3F2

[{
1, 1, 2b − 1

2

}
, {2, 2}; z

]
= 2

z(3−4b)

(
log(1 − z)− ∑∞

n=1
Γ( 5

2 −2b+n)
Γ( 5

2 −2b)
zn

(z−1)n n n!

)
.
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Because Φext breaks the scale invariance of the self-gravitating soliton, the coefficients a and b in the
approximation of Eq. (5.4) now depend on the combination A/λ2

s . We find that Eq. (5.4) still provides a
good fit for any value of A/λ2

s , with the fitting formula:

a(z) = 0.23
√

1 + 7.5z tanh (1.5z0.24) , (5.14)

b(z) = 1.69 +
2.23

(1 + 2.2z)2.47 , (5.15)

where z = A/λ2
s .

5.2 Constraints on ULDM from TDCOSMO systems

We are ready for a rough assessment of the lensing H0 tension in the ULDM model. In Fig. 5.2 we explore
δH0/H0 and δE as function of the ULDM particle mass m (x-axis) and soliton mass M (y-axis). The
different panels correspond to the different systems in Tab. 5.1, systems which feature in the TDCOSMO
campaign [Mil+20]. The information in the plot is as follows.

We begin with results that include the effect of a background (non-ULDM) external potential, modelled
as a pure PL, using the results in Sec. 5.1.1. For simplicity, the same PL index γ = 2 is used for all
systems, but the value of θE and δE for each system is as in Tab. 5.1. In the pale red shaded region, δE
exceeds its corresponding value from Tab. 5.1. This region is disfavoured by the imaging data. Along
the blue dashed line, δH0/H0 matches the value required to solve the H0 tension. The solid blue lines
delimit the uncertainty on δH0/H0 for each system. (Other curves in Fig. 5.2 correspond to theoretical
constraints and are explained later.)

We also show how the imaging constraints change if the external PL density is not included in the
soliton computation. The result is shown by the dark red shaded region. The imaging constraint is
generally weaker when the PL effect is not included, compared to when it is (i.e., the dark shaded region
is contained inside the pale region), because the background potential causes the soliton to contract
inwards at fixed m and M, decreasing θc and leading to stronger violation of the MSD.

The fact that the PL background analysis provides stronger imaging constraints, compared with the self-
gravity case, illustrates the sensitivity of the analysis to the detailed mass profile of the lens. However,
the soliton contraction is mostly driven by the cuspy PL mass distribution at small r ≪ RE, where the
lensing observables are not well constrained. In fact, the observed stellar surface brightness of the lenses
display cores rather than cusps on distances r ≪ RE, where the stellar density dominates over the DM.
As a result, physically-motivated composite stellar+DM halo models, adjusted to fit the stellar light
profile, predict a contraction effect on the soliton that is less significant than in the PL background. The
imaging constraint in these more realistic background models are closer to the self-gravitating soliton
result.

In Fig. 5.1 we show a soliton solution of the lensing H0 tension, using a composite stellar+DM model
that mimics the properties of the system DESJ0408. The solution has m = 2 × 10−25 eV and M ≈
1.4 × 1012 M⊙, marked in Fig. 5.2 by a circle (bottom-left panel). This solution has δH0/H0 ≈ 0.1 and
we have verified that it is compatible with the requirement |δE| < 0.01, valid for this system. The fact
that this solution would seem to be excluded in the PL background analysis is due to the exaggerated
soliton contraction in the PL case.

We can use the self-gravitating soliton case to understand the imaging constraints parametrically. In
this limit a ≈ 0.23 and b ≈ 3.9 can be used in Eqs. (5.5-5.11) and the H0 shift is

δH0

H0
≈ 2.9

λ3
s m

4πGΣcr
. (5.16)
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FIGURE 5.2: ULDM soliton as a bias to the lensing H0 measurement. Panels correspond to
different systems in Tab. 5.1. The dark red shaded region shows where δE exceeds its limits
from Tab. 5.1, computed neglecting the effect of an external mass distribution on the soliton.
The pale shaded region shows the same constraint, including the effect of an external PL
potential. Along the blue dashed line, δH0/H0 matches the value from Tab. 5.1, with solid
lines delimiting the uncertainty; this result also includes the PL background. (In J1206
and HE0435 the central value and/or lower limit of δH0/H0 are compatible with zero.)
The relaxation estimate of Eq. (5.23) is shown by green, pink, and purple bands for αχ =
0.2, 0.1, 0.05, respectively, using σ0 = ⟨σlos⟩. The band width is defined by the uncertainty
in ⟨σlos⟩. We truncate each constant-αχ band at small m according to the cosmological
constraints from Ref. [Lag+21]. The saturation estimate [(K/M)λ < 1.5(A/2)] is shown by

thick dashed grey line. The circle in the panel of DESJ0408 marks the set-up of Fig. 5.1.
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On the other hand, in the same self-gravity limit we have δE ≈ 3.6 (θE/θc)
2 δH0/H0. Demanding δE ≲

0.01, as in typical systems, and setting δH0/H0 ≈ 0.1, we should impose θc ≳ 6θE, or

λsm ≲
0.7

DlθE
. (5.17)

Combining Eqs. (5.16) and (5.17) we obtain,

self − gravity approximation : m ≲ 10−24 eV
(

Dls

Ds

) 1
2
(

1′′

θE

) 3
2
(

1 Gpc
Dl

)(
0.1

δH0/H0

) 1
2

. (5.18)

Again, the presence of an external potential (PL or composite) contracts the soliton inward to some
extent at fixed M and m, shifting the upper limit of Eq. (5.18) to somewhat lower m.

5.2.1 How much mass in a soliton?

To explain the lensing H0 tension, the ULDM soliton mass in the lens galaxy must be large enough. How
much ULDM is needed, and how does this requirement compare to the soliton predicted by numerical
and analytic considerations?

Numerical simulations have shown that the soliton grows by accreting ULDM from the surrounding
halo via gravitational dynamical relaxation, with a characteristic timescale

τrel ≈
√

2b
12π3

m3σ6

G2ρ2
χΛC

. (5.19)

Here, ρχ is the density of ULDM, σ is the velocity dispersion, ΛC is the Coulomb logarithm, and the
numerical factor b ≈ 0.7 was calibrated in numerical simulations [LPT18] (see also [EN19; Che+21;
Sch+20]). Below we will set

√
2b ≈ 1.

A first estimate of the maximal mass of a ULDM soliton that could form in a galaxy can be obtained by
calculating the ULDM mass contained inside the galactocentric radius Rg within which τrel(Rg) < tgal,
where tgal is the age of the galaxy. Near this radial boundary we expect that ρχ ≈ αχρm = αχρ0/(1− αχ),
where ρm is the total DM density (ULDM+non-ULDM) and ρ0 is the background density in non-ULDM
DM (αχ is the cosmological ULDM fraction). We can thus estimate Rg from solving

tgal ≈
1

12π3

m3σ6(Rg)

G2Λα2
χρ2(Rg)

. (5.20)

A rough upper bound on the mass of a soliton is then

M < αχ Mhalo(Rg) . (5.21)

For an isothermal power-law halo with ρ ∝ R−2 and constant σ ≈ σ0, we have σ2
0 ≈ c0GM(R)/R ≈

c0 4πGρ(R)R2 where we expect2 c0 ≈ 1/2. With this we have

R4
g ≈ 12π3 G2ΛCα2

χρ2(R)R4

m3σ6
0

tgal ≈
3π

4
ΛCα2

χ

c2
0m3σ2

0
tgal . (5.22)

2See [BT08], Ch.4.3. We keep track of the constant c0 here because in a realistic scenario it could vary by O(1), contributing
to the uncertainty in the relaxation estimate.
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On the other hand, M(Rg) ≈ σ2
0 Rg/(c0G), so using Eq. (5.21) the soliton upper bound reads

M <

(
α2

χ

m

)3/4
1
G

(
σ0

c0

)3/2 (3π

4
ΛCtgal

)1/4

. (5.23)

In Fig. 5.2 we show how the estimate of Eq. (5.23) compare with the imaging and H0 constraints. The
upper bound is shown by the green, pink, and purple bands, corresponding to αχ = 0.2, 0.1, and 0.05,
respectively. The upper and lower limits of each of the bands are obtained by setting σ0 = ⟨σlos⟩ in
Eq. (5.23) and using the upper and lower uncertainty estimates for ⟨σlos⟩ from Tab. 5.1. The age of each
lens galaxy (tgal in Eq. (5.23)) is taken as the FLRW time between z = 20 and the lens redshift zl.

We truncate each constant-αχ band at small m according to the cosmological constraints from Ref. [Lag+21].
We also adhere, roughly, to the limit of [Kob+17] by restricting to αχ ≤ 0.2 . Inspecting the result, it is
clear that the cosmological constraints on αχ play an important role in the scenario. While the imaging
constraints eliminate m ≳ 10−24 eV or so, the combination of the dynamical relaxation consideration
with the cosmological bounds [Kob+17; Lag+21] disfavours m ≲ 10−25. This defines the interesting
parameter space of the model to a rather narrow window.

Apart from the dynamical relaxation upper bound, another consideration comes from the saturation
of the growth of the soliton: while Eq. (5.23) estimates the maximal amount of ULDM mass that is
available for condensation into a soliton, it is possible that only a fraction of this total available mass
would actually condense. The soliton growth slows from M ∝ (t/τrel)

1/2 to M ∝ (t/τrel)
1/8 when the

specific kinetic energy of the soliton (kinetic energy per unit mass, (Ekin/M)) becomes comparable to
the specific kinetic energy in the surrounding halo. Both the M ∝ t1/2 growth phase and its saturation
into M ∝ t1/8 were observed in numerical simulations [EN19; Che+21; Sch+20], and are consistent with
the soliton–host halo relation originally discovered in [SCB14; Sch+14], and then shown to be equivalent
to (Ekin/M) equilibration in [Bar+18; Bar+19]. The reason for this saturation is that once the (Ekin/M)
threshold is crossed, the velocity dispersion at the outskirts of the soliton, and thus the dynamical time
scale τrel, becomes dominated by the gravitational potential of the soliton itself. This causes τrel to
depend on M with larger M corresponding to larger τrel, leading to self-regulation of the growth rate.

With the parameterization of Eq. (5.4) we can compute the soliton specific kinetic energy,(
Ekin

M

)
λ

= λ2
s

∫
dr r2 (∂rχ1)

2

2
∫

dr r2χ2
1

≈ λ2
s

3a2b2Γ (2b) Γ
(
2b − 1

2

)
Γ (2b + 2) Γ

(
2b − 3

2

) . (5.24)

In the limit of low-mass soliton, where the background gravitational potential completely dominates
the structure of χ, (Ekin/M)λ is independent of the parameter λs because the ULDM profile simply
reflects the wave function of an ULDM particle bound in the external potential. Indeed, using the PL
external potential in this limit gives (Ekin/M)λ ≈ A/2, consistent with the virial theorem3. We can
estimate the self-regulation threshold by letting the soliton mass grow until (Ekin/M)λ starts to exceed
the background-dominated result.

In Fig. 5.3 we illustrate the growth saturation limit, computed for the system RXJ1131 from Tab. 5.1. On
the x-axis we plot (Ekin/M)λ normalised to its asymptotic small-M value. On the y-axis we plot the
product Mλm25, where m25 corresponds to the ULDM particle mass via m25 = m/(10−25 eV). As noted
above, at small Mλ the value of (Ekin/M)λ becomes independent of Mλ (or equivalently, of λ). As Mλ

increases, the soliton self-gravity begins to dominate (Ekin/M)λ. In Fig. 5.3, we mark by a red dot the
value of Mλ at which (Ekin/M)λ exceeds the small-M result by 50%. From Eq. (5.5), we know that in the

3To be precise, the large-A/λ2
s limit of Eq. (5.24) gives (Ekin/M)λ → 0.454A. The small mismatch from 1/2 can be expected

given that Eq. (5.4) is merely an approximation for the soliton.
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FIGURE 5.3: Illustration of the soliton growth threshold, K ≡ Ekin (see text below
Eq. (5.24)).

self-gravitation limit the parameter λs fixes the combination Mλm; thus, the saturation limit also fixes
the combination Mλm. This is the reason why we use the product Mλm25 for the y-axis in Fig. 5.3.

With some arbitrariness, we will estimate the growth saturation limit (roughly) by imposing, for each
halo, (Ekin/M)λ < 1.5(A/2), similar to the illustration in Fig. 5.3. The result of this calculation is shown
by the thick dashed grey lines in Fig. 5.2.

For all of the systems of Tab. 5.1, the growth saturation limit is weaker than or comparable to the dy-
namical relaxation time-scale constraint obtained with ULDM fraction αχ = 0.2. This suggests that for
the range of m plotted in Fig. 5.2, ULDM solitons are still growing in the lens galaxies, and the limiting
factor for the soliton mass may be the total ULDM mass available within the dynamically relaxed region
of the halo. In Sec. 5.4, we perform dedicated simulations to test the estimates of the soliton mass arising
in (somewhat) realistic halos, confirming (with caveats discussed there) the AxionH0graphy effect.

Tab. 5.1 shows the values of δH0/H0 required to bring the different systems to accord with the CMB
result. We see that κc(θE) ≈ 0.1, with some variation between systems [Suy+17; Bon+19; Bir+19; Che+19;
Won+20], could have a large enough bias to bring the lensing H0 measurement back to the CMB value.

TABLE 5.1: Lens systems from [Mil+20]. Values for H0 (in km/s/Mpc) are from the PL fit
(Fig. 6 in [Mil+20]). The reference “true" H0 used to define δH0/H0 is taken from the CMB
result H0 = 67.36 ± 0.54 km/s/Mpc [Agh+20]. θE is in arcsec. ⟨σlos⟩ is in km/s. On the
last column we show twice the maximum relative error of the velocity anisotropy, useful

for comparison with δH0/H0.

δH0/H0 γ θE δE zl zs σP 2|δ ⟨σlos⟩ |/ ⟨σlos⟩
RXJ1131 0.13+0.05

−0.06 1.98 1.6 0.006 0.295 0.654 320 ± 20 0.125

PG1115 0.23+0.11
−0.10 2.18 1.1 0.02 0.311 1.722 280 ± 25 0.178

HE0435 0.06+0.07
−0.07 1.87 1.2 0.025 0.4546 1.693 220 ± 15 0.136

DESJ0408 0.11+0.04
−0.04 2 1.9 0.01 0.597 2.375 230 ± 27 0.235

WFI2033 0.08+0.05
−0.04 1.95 0.9 0.016 0.6575 1.662 250 ± 19 0.152

J1206 −0.01+0.08
−0.07 1.95 1.2 0.025 0.745 1.789 290 ± 30 0.207

5.3 Mock analysis

Our discussion of the imaging constraints was simplistic, in that we used the rough Einstein angle cri-
terion δE to constrain the possible shift to H0. In comparison, the likelihood function in real lensing
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FIGURE 5.4: Mock image and reconstruction. The model used for inference is PL + ULDM
core, with a Gaussian prior of H0 = 67.4 km/s/Mpc. Code: �.

analyses contains detailed extended source information as well as multiple modelling parameters, ex-
perimental seeing limitations, etc. We here present a numerical study of a mock system, including most
of these complications, using the gravitational lens model software package lenstronomy � [BA18b;
BAR15; Bir+21]. This numerical study serves two purposes. First, we introduce an implementation of
the ULDM module in lenstronomy, as detailed in App. D.1. Second, this exercise allows us to test the
accuracy of the simple δE criterion. We find that the naive δE criterion is slightly conservative compared
with a full analysis: for example, at fixed δH0/H0 ≈ 0.1, we find that a full numerical analysis yields a
constraint on θc (and therefore, equivalently, on m at fixed M) that is about a factor of 2 weaker than the
constraint we would obtain using the naive δE criterion.

The mock data is as follows. The truth model has the convergence of Eq. (4.1), with κ0 given by an
elliptic PL profile (so as to produce a quad image) and κc = κλ of a ULDM soliton with m = 10−25 eV
and M = 1.4 × 1012 M⊙. The parameters are chosen to produce an effective κλ(θE) ≈ 0.1 and θc ≈ 10′′.
The truth value of H0 is set to H0 = 67.4 km/s/Mpc, mimicking the CMB result [Agh+20]. In figure 5.4
we show the mock alongside a reconstructed image, done by running the MCMC using the core-MSD
model with a Gaussian prior on H0 set at its truth value.

To demonstrate the outcome of using an inference model which does not include a core component
(the case of, e.g. [Suy+17; Bon+19; Bir+19; Che+19; Won+20; Mil+20]), we run the MCMC using a pure
(elliptic) PL. Fig. 5.5 shows the posterior triangle plot obtained for this model. As expected, the MCMC
converges to H0 ≈ 75 km/s/Mpc, in a good fit without detectable imaging residuals. A lensing analysis
that does not utilise the core-MSD model would converge to this biased result.

In the top panel of Fig. 5.6 we re-run the MCMC, this time using the core-MSD model in the inference.
(For convenience in the implementation, we use 1/θc and κλ(θE), rather than m and M, as the sampling
parameters in the fit.) The MSD leads to a significant broadening of the H0 posterior, corresponding
to the κλ(θE)-H0 degeneracy. A low value of H0 ≈ 60 km/s/Mpc, accompanied by an M ≈ 1012 M⊙
soliton at m ≲ 10−25 eV, produces a comparably good fit as the original H0 ≈ 75 km/s/Mpc model with
a vanishing soliton (Fig. 5.5).

In the bottom panel of Fig. 5.6 we repeat the exercise, this time adding an external CMB prior on H0
coincident with the truth value of the mock. The posterior now converges to an upper limit of 1/θc ≃
0.13/(1′′) at 95% confidence level. This, together with the most probable value for κλ(θE), correspond
to M ≈ 9 × 1010 M⊙ and m ≈ 2 × 10−25 eV.

https://github.com/lucateo/ULDM-Strong-Lensing_H0/blob/main/Notebooks/Mock_analysis_uldm2uldm_H0_prior.ipynb
https://github.com/sibirrer/lenstronomy
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FIGURE 5.5: Lensing reconstruction and time delay analysis using mock data. Blue lines
mark the truth values. The truth model is PL background + ULDM core, with κλ(θE) ≈
0.1. The truth value of H0 used to produce the time delays is H0,true = 67.4 km/s/Mpc.
The model used in the inference is pure PL, without a core. The fit parameters are the
PL slope γ, the Einstein angle θ̃E, and the halo ellipticity q (not shown in the plot). The
PL fit converges on a false result H0,inferred ≈ 75 km/s/Mpc. Notice that this PL fit will
try to converge to the true Einstein angle of the mock, which can be derived by solving
θE = (1 − κλ(θ̃E))θ̃E + αc(θE) where θ̃E is the parameter we used to construct the mock; in

green we show this θE. Code: �.

To study how well Eq. (5.11) approximates realistic imaging constraints on the soliton, in Fig. 5.7 we
show δE as a function of 1/θc, computed using Eq. (4.2) for a specific value of κλ(θE). In this calculation,
α(θE) entering Eq. (4.2) is the deviation angle of the full core-MSD model, computed at a fixed angle cor-
responding to the peak posterior value of θE found in the pure PL MCMC run of Fig. 5.5. In green, we show
the value given by Eq. (5.11). We see that Eq. (5.11) leads to a bound on θc which is a factor of 2 or so
stronger (that is, more conservative) than the MCMC bound.

5.4 Simulations

The results of Ref. [BT21b], reported in Sec. 5.1, 5.2, 5.3, suggest the possibility to use time delay cos-
mography, together with a H0 prior, to detect or constrain ULDM cores presence in massive ellipticals.
In fact, if ULDM cores may cause an H0 shift as described in Fig. 5.2, then the same shift can be con-
verted as a signal for the presence of a core, if a prior on H0 is used. This is apparent in Fig. 5.6, where
a pipeline with an H0 prior manages to see a signal of the soliton presence in the mock system. We
can think of applying the same principle to actual imaging data. We call this method of searching for
ultralight axions via time-delay cosmography AxionH0graphy.

However, estimates on how much mass can actually relax in a solitonic core, based on Eq. (5.23), are
rather simplistic. For sharper theoretical predictions of the AxionH0graphy effect, on [BT25] we here
extended the analysis of Ref [BT21b] by using numerical simulations to study ULDM dynamics on the
relevant galactic scales. The following is based on Ref. [BT25]. We focus on 10−25 ≲ m/eV ≲ 10−24,
αχ ≈ 0.15 consistent with all other observational constraints, and TDCOSMO-like galaxies [Mil+20]:
massive ellipticals with M200 ≈ 1013M⊙ and lens and source redshift configurations typical in strong
lensing.

https://github.com/lucateo/ULDM-Strong-Lensing_H0/blob/main/Notebooks/Mock_analysis_uldm2PL.ipynb
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FIGURE 5.6: Lensing analysis for the same mock data as in Fig. 5.5, this time adding a core
component to the fit. The blue lines correspond to the true values used for the mock. Top:
Model inference with flat prior on H0. We remark that the mock is consistent with a no-core
solution; hence, the median value showed for 1/θc is an artefact of the finite range of the
prior. The MSD is manifest by the broadening of the H0 posterior distribution. Code: �.
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5.4.1 Simulation setup

We consider 10−25 ≤ m/eV ≤ 10−24, and simulate galaxy halos with halo mass Mhalo
200 varying around

1013M⊙, and cosmological ULDM fraction MULDM ≈ αχ Mhalo
200 , fixed to αχ = 0.15 in most of the analysis.

We use a pseudo-spectral Schrödinger-Poisson solver described in App. A.1, based on the method of
Ref. [LPT18], and implemented on a discretized grid with box length L ∼ 1 Mpc varying slightly be-
tween different simulations. This box length is chosen as compromise between our computational re-
sources and the need to resolve the wave dynamics of ULDM in Mhalo

200 ≈ 1013M⊙ halos, which have
R200 of a few hundred kpc.

Since ULDM makes-up only a subdominant fraction of the total DM, we need to implement also the
dominant CDM component, as well as the stellar mass component in the halo (in TDCOSMO-like lens
galaxies, the stellar mass is comparable to the DM mass near the projected Einstein radius). Our simu-
lations cannot yet handle cosmological initial conditions, nor approximate realistic stellar physics. We
therefore explore the sensitivity of the results to different approximate prescriptions for treating the
galaxy halo:

1. CDM and stars as static external potential: Our main results are obtained in a simple set-up, in
which we approximate the dominant CDM and stellar mass distributions of the lens galaxy by
fixed static external potentials. In this case, the numerical simulation includes only the ULDM
dynamics, subject to the influence of the external potential.

We approximate the CDM component, with mass MCDM = (1 − αχ)Mhalo
200 , as an NFW potential.

The NFW scale radius parameter Rs in simulations is taken from the mass-concentration relations
of [MDB08]. The stellar component is taken to follow a Hernquist potential [Her90].

https://github.com/lucateo/ULDM-Strong-Lensing_H0/blob/main/Notebooks/Mock_analysis_uldm2uldm_No_H0_prior.ipynb
https://github.com/lucateo/ULDM-Strong-Lensing_H0/blob/main/Notebooks/Mock_analysis_uldm2uldm_H0_prior.ipynb
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θc ≳ 10′′. Code: �.

2. CDM as a heavier field with mheavy ≫ m: Here we approximately implement CDM by adding to the
code another dynamical ULDM field, with a larger particle mass mheavy ≫ m; for simplicity, we
continue to refer to this component as “CDM". The two fields interact with each other only via
gravity. The approximation of CDM by a large-m Schrödinger field relies on the Vlasov-Poisson
correspondence [Moc+18]. We maintain sufficient numerical resolution to capture the de Broglie
wavelength of the more massive field [LHB19; MS21]. The highest mass we can afford to simulate
is mheavy = 10−23 eV. Hence the ratio between mheavy and the lighter “proper ULDM" m in our
analysis varies between 10 ≤ mheavy/m ≤ 100. In these simulations, the stellar component is
neglected. Thus these simulations cannot be used directly to study gravitational lensing results.
The goal of this analysis is to test the effect of backreaction of the subdominant ULDM field on the
dominant CDM.

Simulating the background halo CDM with a dynamical field allows us to also test the impact of
different initial conditions, notably the effect of galaxy mergers.

In all simulations, the ULDM density distribution is initialized approximately as an αχ-scaled copy of
the dominant CDM density profile. Initial conditions are defined via the Eddington procedure [WK93;
Lan+20], adapted to wave equations:

ψi(x) = (∆v)3/2 ∑
v⃗

√
f (E(x, v))eimi x⃗·⃗v+iφv⃗ , (5.25)

where ψi is the Schrödinger field associated to mi (the index i refers to the proper ULDM field m and also
to the mheavy implementation of “CDM", where relevant), φv⃗ is the random phase associated with the
Fourier component of velocity v⃗ = k⃗/mi, ∆v is the velocity resolution step available in the simulation,
and

f (E) = 2√
8π2

∫ √
E

0
dQ

d2ρ

dΨ2 (Q) , (5.26)

E = Ψ(r)− v2

2
, Ψ = −Φ + Φ(rmax) , (5.27)

https://github.com/lucateo/ULDM-Strong-Lensing_H0/blob/main/Notebooks/Mock_analysis_uldm2uldm_H0_prior.ipynb
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FIGURE 5.8: Σcr(zl, zs) in the (zl, zs) plane. TDCOSMO systems [Mil+20] are marked by
dots.

where ρ is the mass density of the simulated field, Φ is the total gravitational potential and Q =
√
E − Ψ.

Further details on the implementation of this initial condition are in App. A.6. The random phases φv⃗
cause interference patterns that make runs with different random seeds differ from each other on scales
smaller than λdB, even if they are designed to give the same density profile on average.

Unless stated otherwise, simulations begin at t = 0 and final results are read out at the Hubble time
t = tH = 1/H0.

5.4.2 Simulation results

Our simulations produce results in terms of mass density profiles. However, gravitational lensing de-
pends not only on the intrinsic density profile of the lens galaxy, but also on projection effects related to
the observer-lens-source configuration. In particular, mapping mass column density into lensing con-
vergence requires the critical density Σcr = Ds/ (4πGDlsDl), see Eq. (2.29). Fig. 5.8 shows Σcr in the
(zl, zs) plane (with the constraint zs > zl + 0.3). The seven lens systems from TDCOSMO [Mil+20] are
marked by white dots. Their Σcr ranges from 1.8 to 3.4, with a mean of 2.4×109 M⊙/kpc2. In presenting
results that require convergence, we either use a reference value of Σcr = 2 × 109 M⊙/kpc2, or refer to
specific examples from the TDCOSMO sample.

Static external CDM and stars

We begin with simulations in which the dominant CDM and stellar components of the lens galaxy are
approximated using static external NFW+Hernquist potentials. The dynamical ULDM has a cosmolog-
ical fraction of αχ = 0.15. The CDM NFW profile has Mhalo

200 ≈ 1013M⊙ with scale radius Rs ≈ 70 kpc.
The stellar Hernquist profile has a total mass of ≈ 7.5× 1011 M⊙ and scale radius ≈ 7 kpc. At r = 10 kpc
the enclosed stellar mass is roughly twice the enclosed DM mass, compatible with estimates for typical
TDCOSMO systems.

Fig. 5.9 shows the radially-averaged 3D mass density for m = 2 × 10−25 eV. We show H0 signal δH
(top number in blue) and imaging error δE (bottom number in red) for three redshift configurations
(zs, zl), corresponding to TDCOSMO systems4. Each redshift configuration maps to different projected
Einstein radius DlθE, indicated on the plot by thin vertical lines connected to the corresponding δH
and δE. Colormap inset shows ULDM convergence κc, using a typical reference value of Σcr = 2 ×

4From left to right in Fig. 5.9, these systems are RXJ1131, PG1115, and DESJ0408. Other TDCOSMO systems have (zl, zs)
combinations that place them in between these three in Fig. 5.9.
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FIGURE 5.9: Radially-averaged density. Here m = 2 × 10−25 eV, αχ = 0.15. Background
halo implemented as static NFW+Hernquist potentials. We show H0 signal δH (top num-
ber in blue) and imaging error δE (bottom number in red) for three redshift configurations
(zl, zs), corresponding to real TDCOSMO systems. Each redshift configuration maps to
slightly different projected Einstein radius Dl θE. Colormap inset shows ULDM conver-
gence κc using Σcr = 2 × 109 M⊙/kpc2 (grid units: kpc). Yellow spot marks the lens halo

center of mass.

109 M⊙/kpc2 to translate column density to lensing convergence (grid units: kpc). Yellow spot marks
the halo center of mass.

Fig. 5.9 showcases the AxionH0graphy scenario. ULDM is predicted to produce an MSD with κc(θE) of
a few percent, that would be essentially invisible in imaging and very challenging to detect via stellar
kinematics alone. Since the ULDM core falls off and joins the dominant CDM halo morphology after a
few tens of kpc, it would also be difficult to detect in weak lensing, while cosmological constraints allow
αχ = 0.15. Thus, if cosmography delivers ≲ 2% precision in inferred H0 [BT21a] when the MSD is not
modelled explicitly, then Fig. 5.9 demonstrates a physically-motivated scenario in which an ultralight
axion may be first discovered from an apparent H0 tension between the strong gravitational lensing
measurement and other probes, e.g. early universe ones.

Fig. 5.10 extends the results to m = (1, 2, 5, 10)× 10−25 eV (this contains again the result of Fig. 5.9 for
comparison).

For m = 10−25 eV (top-left panel) the core extends far beyond the Einstein radius, making the MSD
very precise. The ULDM-induced convergence is small – about a factor of 5 smaller than αχ – causing a
small H0 signal δH ≲ 3% that is still, however, somewhat larger than cosmography precision expected
in forecasts [BT21a]. It is interesting to also investigate the regime m < 10−25 eV, but our simulations do
not extend there because of our technical limitation in simulating a sufficiently large box.

m ≈ 2 × 10−25 eV (top-right panel, or Fig. 5.9) is a “sweet-spot" for AxionH0graphy with H0 signal
δH ∼ 10%.

For m = 5 × 10−25 eV (bottom-left) the spatial scale of interference patterns in the ULDM field, the
displacement of the ULDM core from the center of mass of the dominant CDM+stars halo [LHB19;
LHY21]; and the core radius itself, which are all of the order of λdB, approach the scale of the projected
Einstein radius for a TDCOSMO-like galaxy. This causes deviations from the MSD approximation, seen
in the bottom-left panel of Fig. (5.10) with δE ≳ 4%. In this regime the spherical approximation used in
Eq. (4.3) becomes less accurate. Mock data analysis is needed to investigate this regime quantitatively.
As a tentative rough estimate of the impact on imaging, noting that Eq. (4.3) is the spherical average of
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FIGURE 5.10: Same set-up as Fig. 5.9 (reproduced in the top-right panel), extended to m =
(1, 5, 10)× 10−25 eV (top-left, bottom-left, and bottom-right panels, respectively).
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FIGURE 5.11: Simulation results for m = 5× 10−25 eV, αχ = 0.15. Panels differ in the imple-
mentation of the CDM halo component, and in initial conditions. Left panel: CDM imple-
mented as static NFW potential. Middle panel: CDM implemented by another dynamical
field with mheavy = 10−23 eV. Right panel: CDM implemented as mheavy = 10−23 eV, initial-
ized as two halos that merge dynamically. Final time results are shown by thick bands that
contain the extreme values of the density field during the time t = tH ± 1 Gyr, capturing

the effect of core oscillations. Initial conditions are shown by dashed lines.

the difference between κc(⃗θ) and its value at θE, we can compare δE to the maximal variation in κc(⃗θ)

with respect to κc(θE), taken across the region |⃗θ| ≲ θE:

∆κc := max
|⃗θ|<θE

(|κc(⃗θ)− κc(θE)|) , (5.28)

where the coordinates are centered on the CDM halo center of mass. Choosing DlθE ≈ 10 kpc for the
boundary of the region, and using Σcr = 2 × 109M⊙/kpc for reference, we find ∆κc ≈ 0.09 for the
m = 5 × 10−25 eV simulation. Thus ULDM interference patterns and core displacement cause imaging
errors of comparable magnitude to those caused by the finite-core effect.

For m = 10−24 eV (bottom-right), the core radius is smaller than DlθE and the convergence map shows
that the MSD approximation is poor, violating Eq. (4.3) at the O(1) level.

Dynamical CDM via mheavy ≫ m

The middle panel of Fig. 5.11 shows simulation results for m = 5× 10−25 eV, where the CDM component
of the halo is simulated by a dynamical field with mheavy = 10−23 eV. Initial conditions are shown by
dashed lines. Final time results are shown by thick bands that contain the extreme values of the density
field during the time t = tH ± 1 Gyr. The thickness of these bands demonstrates the amplitude of core
oscillations and dynamical interference patterns. (Although we did not highlight this fact, comparable
core oscillations exist in the simulations of Fig. 5.10.)

For reference, the left panel of Fig. 5.11 shows results obtained with a fixed static NFW background,
which approximately matches the CDM initial conditions in the dynamical case. These simulations do
not include a stellar mass component: the goal is to investigate the impact of the dynamical background
on the ULDM core in a simple toy model.

To test the sensitivity of our results to initial conditions, notably major mergers, we also perform runs
initialized as two NFW halos of similar initial mass profiles that merge dynamically. The two halos
are initially separated by ≈ 100 kpc, at rest w.r.t. each other. The result is shown in the right panel of
Fig. 5.11.

Fig. 5.11 suggests that ULDM cores are not very sensitive to the details of CDM backreaction or halo
initial conditions. In all three panels, the ULDM core central density is similar to within about a factor
of two, with a similar core radius of about 20 kpc. Note that our simulations can only roughly resolve
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m
10−25eV

M200
1012 M⊙

ρsol(0)
103M⊙/pc3

Msol
1011 M⊙

rc
kpc

λdB
2kpc

rE
kpc 102δE 102∆κc δH ≈ κc(θE) Conditions

1 13.6 0.4+0.1
−0.0 2.6+1.1

−0.0 37+8
−0 45 8.4+3.1

−3.1 0.6+0.1
−0.2 0.3+0.1

−0.2 0.01+0.00
−0.01 1 halo, ext NFW

1 13.6 0.9+0.3
−0.2 3.4+1.1

−0.0 33+4
−0 45 8.4+3.1

−3.1 1.5+0.2
−0.6 0.4+0.3

−0.3 0.03+0.00
−0.01 1 halo, ext NFW + Hernq.

1 11.1 0.4+0.2
−0.1 5.3+6.6

−0.0 48+12
−2 48 4.4+2.2

−2.2 0.8+0.3
−0.2 0.1+0.1

−0.0 0.01+0.00
−0.00 1 halo, 2 fields

1 45.6 6.2+4.8
−2.0 33.2+0.0

−17.0 27+9
−2 30 26.7+9.0

−9.0 1.9+1.3
−0.2 7.6+6.3

−8.0 0.13+0.05
−0.08 1 halo, 2 fields

1 5.3 0.2+0.0
−0.1 4.0+0.0

−1.6 56+23
−0 62 4.8+1.8

−1.8 0.4+0.2
−0.1 0.0+0.0

−0.0 0.01+0.00
−0.00 2 halos, 2 fields

1 38.0 4.8+7.5
−1.0 38.2+7.4

−6.7 38+2
−10 32 18.3+4.7

−4.7 2.6+1.0
−0.6 5.1+6.3

−4.5 0.21+0.03
−0.10 3 halos, 2 fields

2 21.0 15.2+4.4
−6.7 7.7+3.2

−0.0 17+3
−0 20 15.7+5.0

−5.0 2.0+0.4
−0.7 5.5+2.6

−3.4 0.12+0.02
−0.05 1 halo, ext NFW

2 12.8 2.7+1.9
−0.0 5.9+0.0

−2.1 20+2
−0 23 7.9+2.9

−2.9 0.8+0.5
−0.1 0.9+1.2

−0.7 0.05+0.01
−0.02 1 halo, ext NFW + Hernq.

2 7.8 0.8+0.8
−0.0 6.5+0.0

−2.2 36+0
−7 27 3.5+1.7

−1.7 3.0+2.5
−0.1 0.2+0.5

−0.2 0.05+0.00
−0.02 1 halo, 2 fields

2 24.0 14.5+4.5
−2.3 14.7+0.0

−0.7 22+0
−2 19 15.4+5.4

−5.4 3.3+1.3
−0.8 12.0+10.1

−10.4 0.24+0.07
−0.13 1 halo, 2 fields

2 21.0 9.3+8.4
−5.5 10.7+10.3

−1.4 23+3
−5 20 11.2+3.8

−3.8 2.6+1.2
−0.5 7.0+8.9

−6.2 0.20+0.04
−0.10 2 halos, 2 fields

2 11.3 1.5+4.6
−0.0 14.6+0.0

−6.0 34+0
−9 24 7.7+2.1

−2.1 1.3+0.9
−0.1 1.5+0.9

−1.0 0.07+0.01
−0.03 3 halos, 2 fields

5 5.4 7.9+3.4
−0.1 3.0+0.0

−0.8 14+3
−0 12 4.2+1.6

−1.6 10.9+2.9
−3.5 1.9+3.7

−1.9 0.13+0.01
−0.06 1 halo, ext NFW

5 13.4 25.9+19.1
−7.3 2.3+0.0

−0.6 7+3
−0 9 8.4+3.0

−3.0 0.3+0.3
−0.0 9.1+7.8

−7.8 0.15+0.05
−0.08 1 halo, ext NFW + Hernq.

5 5.5 15.9+0.0
−5.9 3.2+0.4

−0.0 12+3
−0 12 4.7+1.8

−1.8 6.4+6.3
−0.4 4.0+7.0

−3.5 0.18+0.03
−0.08 1 halo, 2 fields

5 5.2 1.1+2.3
−0.0 1.9+0.1

−1.0 18+0
−5 12 4.5+1.8

−1.8 1.1+1.3
−0.2 0.7+1.1

−0.6 0.03+0.01
−0.02 1 halo, 2 fields

5 7.6 3.3+2.1
−0.3 1.2+1.6

−0.0 15+2
−2 11 6.1+2.1

−2.1 1.1+0.9
−0.0 2.6+2.3

−2.0 0.06+0.01
−0.03 2 halos, 2 fields

5 7.7 7.4+0.8
−0.0 2.4+0.1

−0.1 15+0
−2 11 6.3+1.6

−1.6 2.5+2.6
−0.2 2.1+3.2

−2.0 0.10+0.02
−0.05 3 halos, 2 fields

10 9.9 8.0+1.4
−0.0 0.4+0.0

−0.1 8+0
−0 5 6.8+2.5

−2.5 1.9+1.8
−0.1 7.1+4.7

−5.6 0.10+0.04
−0.06 1 halo, ext NFW

10 12.8 17.4+4.1
−1.5 0.2+0.0

−0.0 5+0
−0 5 8.0+2.9

−2.9 2.4+1.3
−0.4 3.1+2.4

−2.9 0.06+0.02
−0.03 1 halo, ext NFW + Hernq.

10 7.6 16.1+7.8
−6.0 1.0+1.1

−0.1 9+0
−2 5 5.7+2.3

−2.3 0.2+0.1
−0.0 4.5+3.5

−3.3 0.10+0.02
−0.05 1 halo, 2 fields

10 8.4 35.9+0.0
−11.4 2.1+0.8

−0.0 9+0
−0 5 6.4+2.3

−2.3 3.8+1.9
−0.7 11.0+12.8

−10.0 0.22+0.07
−0.12 2 halos, 2 fields

10 12.8 17.2+0.0
−6.5 0.8+1.3

−0.0 8+0
−0 5 9.5+2.5

−2.5 0.9+0.3
−0.3 4.4+1.4

−2.2 0.08+0.01
−0.04 3 halos, 2 fields

TABLE 5.2: Summary of simulation results for αχ = 0.15. From left to right: (1) ULDM
particle mass, (2) M200 (final snapshot), (3) Central ULDM density (4) soliton mass from
Eq. (5.29), (5) core radius, vis ρULDM(rc) = 0.5ρULDM(0), (6) half de-Broglie wavelength,
using Eq. (5.31), (7) projected Einstein radius rE = DlθE, (8) δE from Eq. (4.3) (in %), (9)
maximal convergence variation from Eq. (5.28) (in %), (10) H0 signal, or expected κc(θE),

(11) simulated configuration.

the detailed dynamics of the mheavy = 10−23 eV “CDM" component, which exhibits intereference patters
with typical wavelength of order 1 kpc. In particular, the right panel in Fig. 5.11 shows that the mheavy
field is forming a soliton of its own in the inner few kpc region of the halo. This could be interesting
as it is expected that the lighter ULDM species, despite being subdominant in the total mass budget,
could accelerate dynamical relaxation in the dominant CDM component [BBS22]. For AxionH0graphy,
however, it is sufficient to notice that the ULDM core is not strongly dependent on the details of the
main CDM component.

Results summary for αχ = 0.15

Tab. 5.2 summarizes the main results of our simulations for αχ = 0.15. For each of m = (1, 2, 5, 10)×
10−25 eV, we simulate a set of scenarios: single halo evolution with static CDM NFW potential; single
halo with static CDM+stars; single halo with dynamical CDM implemented via mheavy = 10−23 eV 5;
two-halo merger with dynamical mheavy CDM; and three-halo merger with dynamical mheavy CDM. All
simulations are run until t = tH. For each simulation we quote the CDM halo mass M200 (extracted at
t = tH when CDM is dynamical). We now discuss each additional column of Tab. 5.2 in turn.

5For m = (1, 2, 5)× 10−25 eV we report results of two separate runs.
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Soliton mass: In Sec 5.1 [BT21b], we parametrized the ULDM soliton profile in the presence of external
potential with the form (see Eq. (5.4))

ρsol(r) =
λ4

s

(1 + a2λ2r2)2b
m2

4πG
, (5.29)

For simplicity, we use this parameterization even though the field configurations we find in the simula-
tions deviate from spherical symmetry. Fitting the core with Eq. (5.29), we find the soliton mass up to
R200 as

Msol = 4π
∫ R200

0
dr r2ρsol(r) . (5.30)

The error bars we quote for Msol and ρsol(0) come from maximum and minimum value in the period
tH ± 1 Gyr.

Core scale radius rc, and λdB: We denote the scale length of the core in simulations by rc, defined as the
radius at which the ULDM density decreases by a factor of 2 from its peak value. rc is comparable with
λdB/2, estimated by

λdB ≈ 20 kpc
(

180 km s−1

v

)(
5 × 10−25 eV

m

)
, (5.31)

where v is the 1D velocity dispersion

v ≈

√
GM200

3R200
≈ 180 km s−1

(
M200

1013M⊙

)1/3

, (5.32)

using R200 ≈ 450 kpc
(

M200
1013 M⊙

)1/3
.6

Again, the error bars we quote for rc come from maximum and minimum value in the period tH ± 1 Gyr.

Einstein radius rE: It is useful to compute the projected Einstein radius rE = DlθE for comparison with
rc. We expect precise MSD when rE ≪ rc. In simulations that do not include a stellar mass component,
we assign a value for θE by adding to the convergence computation a contribution from an Hernquist
profile, scaling the stellar mass linearly with M200. The error bars we quote for rE are intended to
represent projection effects. They relate to the smallest and largest θE values obtained across the seven
TDCOSMO systems (see Fig. 5.8, and compare also to the vertical thin lines in Figs. 5.9 and 5.10).

Imaging error estimates δE and ∆κc: We quote both δE (Eq. (4.3)) and ∆κc (Eq. (5.28)) as estimates of imaging
errors. Error bars refer to maximum and minimum values obtained from the redshift configurations of
the TDCOSMO sample.

We highlight in red δE and ∆κc entries that exceed 0.03, as these halos may exhibit detectable MSD-
breaking imaging errors. Note again that the error estimates do not take into account degeneracies
involving external shear and flexion [Teo+22; TB23].

H0 signal: We use Eq. (4.3) to estimate H0 signal, or equivalently the expected κc(θE), from the radial-
averaged convergence profile. The error bars we show come from the maximum and minimum values
of κc(θE) obtained by the redshift configurations of TDCOSMO systems.

Finally, it is important to note that the ULDM mass in our simulated halos is matched to the cosmological
fraction αχ. If cosmological evolution causes significant suppression of the ULDM fraction on distance
scales of ∼ Mpc, the actual ULDM mass in the inner region of galaxies may be lower than αχ. Our

6In estimating λdB, which is only linearly sensitive to the value of v, and moreover only referred to in rough parametric
estimates, we use the mean value of v in the virial region of the halo. Later when we discuss dynamical relaxation, we would
need to be a bit more precise and to estimate v self-consistently in the region r ∼ λdB.
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FIGURE 5.12: Comparison of results for αχ = 0.01 (thick solid lines) and αχ = 0.15 (thin
dot-dashed lines), done for m = 5 × 10−25 eV, with dynamical CDM modelled via mheavy

field.

results could then exaggerate the detectability prospects of subdominant ULDM. The results in this
work must be taken as approximations, which need to be validated via more refined simulations. The
AxionH0graphy scenario may be misguided, if the approximations used to obtain our results prove to
significantly overestimate the expected amount of κc in lens galaxies. This adds motivation to extend
the analysis to full cosmological simulations which include N-body interactions for CDM and stars in
future work.

5.4.3 Brief view of αχ < 0.15

Our work focused on αχ = 0.15, which is roughly the maximal ULDM fraction consistent with cosmo-
logical data [Kob+17; Lag+22]. Here we take a brief glance at smaller αχ.

Fig. 5.12 compares simulations for αχ = 0.01 (thick solid lines) and αχ = 0.15 (thin dot-dashed lines),
done for m = 5 × 10−25 eV. Results for αχ = 0.15 are the same as in the middle panel of Fig. 5.11. The
comparison highlights the soliton core that begins to form in the αχ = 0.15 case, but not in the αχ = 0.01
case, in qualitative agreement with results in [Lag+24; Sch+20].

5.4.4 Timescale of core formation

So far we focused on simulation snapshots at t = tH. We now comment on the time evolution leading
to these snapshots.

Fig. 5.13 shows the time evolution of the peak ULDM density of two simulations, containing m =
2 × 10−25 eV (left panel) and 5 × 10−25 eV (right panel) at αχ = 0.15 with dynamical mheavy CDM. We
can identify three regimes in the dynamics of the core:

1. Wave pressure expels mass outwards, forming flattened region. As already explained, in the (simplistic)
initial conditions of our simulations the ULDM halo is an approximate copy of the dominant CDM
NFW halo, scaled-down by a factor of αχ. The Eddington prescription used to initialize the field
does not take into account wave mechanics pressure. This omission is analogous to neglecting
two-body stellar encounters when assigning initial conditions in standard N-body simulations.
Once we start the run, ULDM in the dense central region of the halo evolves quickly due to wave
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FIGURE 5.13: ULDM core density as a function of time. Left (right) panel: m = 2 (5) ×
10−25 eV.

pressure to form a flattened core, on a wave-mechanics time scale tdB given by

tdB =
1

mv2 ≈ 0.1
(

200 km/s
v

)2 (5 × 10−25 eV
m

)
Gyr . (5.33)

tdB is comparable but probably somewhat shorter than the (m-independent) free-fall time,

tfreefall =

√
3πR3

200
32GM200

≈ 0.8 Gyr . (5.34)

We do not investigate the details of the initial short-time dynamics, because these necessarily de-
pend on the details of our rather ad-hoc initial conditions. The only comment we make in this
regard is that the later evolution of the core is relatively independent on the details of the initial
conditions, as those are quickly “ironed out" by the wave pressure.

2. Dynamical relaxation and emergence of a soliton. After the initial density drop, the core density fluc-
tuates for a while without substantial mean growth.

The state of the field during this stage may not be very different from the random noise state used
in Ref. [LPT18; BOFT19; BOFT21] to investigate soliton condensation in a statistically homoge-
neous background. The relaxation timescale trel in that case was found to be Eq. (5.19), which we
rewrite as

trel ≈
√

2
12π3

m3σ6

G2ρ2
χΛC

, (5.35)

where ρχ refers to the ULDM density. The simulations of soliton condensation from random noise,
done in Ref. [LPT18], show self-gravitating solitons emerging from noise around t ≈ trel, after
which time the soliton mass grows approximately as Msol ∝ t

1
2 .

To compare this expectation to our simulations, we can read ρχ directly from Fig. 5.13. How-
ever, trel depends very sensitively on the local velocity dispersion v in Eq. (5.35), which is not
a straightforward quantity to define precisely in our situation, where dispersion sourced by the
background potential adds to the motion of the ULDM core around the halo center of mass. We
make a crude estimate as follows. From the simulation, we read the core radius rc of the ULDM; we
find rc ≈ 26 (18) kpc for m = 2 (5)× 10−25 eV, with enclosed background halo mass Mhalo(rc) ≈
0.35 (0.2) × 1012 M⊙. We then estimate the circular velocity at rc as v2

circ(rc) = GMhalo(rc)/rc,
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and use σ ≈
√

3 × vcirc in Eq. (5.35). This crude estimate gives vcirc(rc) ≈ 245 (222) km/s, and
trel ≈ 0.9 (8) Gyr, for m = 2 (5)× 10−25 eV, corresponding to the left (right) panel of Fig. 5.13. This
estimate is not very far from the behavior seen in Fig. 5.13. However, to appreciate how sensitive
these estimates are to numerical details, note that using rc → 2 × rc in our estimate would multi-
ply the resulting trel by a factor of ∼ 8. We can only conclude that our results in Fig. 5.13 are not
clearly inconsistent with Eq. (5.35).

3. Soliton growth. In the third stage of the evolution the central density in our simulations shows a
clear trend of growth, consistent with ρc ∝ t

1
2 . To guide the eye, we superimpose a red line with

this slope in both panels.

Note that we see ρc ∝ t
1
2 , while Ref. [LPT18] reported that the mass of the soliton, Msol, grows as

∝ t
1
2 . This scaling is consistent if the soliton is not self-gravitating, but rather dominated by the

velocity dispersion due to the background potential, in which case the soliton radius only weakly
depends on the soliton mass and one finds Msol ∝ ρc. This is indeed the relevant regime in our
simulations.

We track the build-up of the soliton to t ≫ tH. We do not see a clear break of the soliton growth,
although we cannot exclude the beginning of a break at late time. Saturation of soliton growth is
expected to occur when the velocity dispersion due to the soliton’s self-gravity becomes compara-
ble to the mean velocity dispersion in the halo (see discussion and references in [Bar+18; BBS22]).
The solitons in our simulations do not reach this point at t = tH; even the relatively prominent
ULDM cores seen in the middle and right panels of Fig. 5.11, where the ULDM density is com-
parable to the CDM density near the core radius, still induce a contribution to vcirc that is smaller
by a factor of few compared to the CDM-dominated peak halo vcirc. This result is consistent with
expectations in Ref. [BT21b] that identified soliton growth as a bottleneck for AxionH0graphy.

5.5 Summary of the AxionH0graphy effect

In the context of the internal MSD as a possible bias for the lensing H0 measurement, we explored
ULDM as a concrete, well-motivated model that could naturally produce the required cores. We
studied the lensing imprint of these cores and demonstrated that they could introduce a H0 bias of
order 10%, in the ULDM particle range 10−25 ≲ m/eV ≲ 10−24 and cosmological DM abundance
fraction αχ ≲ 0.15, compatible with other cosmological constraints [Kob+17; HMG18].

Our study shows that strong galaxy lensing, combined with other cosmological probes like the
CMB, could be sensitive, via an H0 signal, to the presence of a subdominant component of dark
matter in the form of ultralight fields or axions. We dub the search of ULDM via this method with
the name AxionH0graphy.

To further substantiate these claims, made in Ref. [BT21b], we performed numerical simulations,
targeted at understanding the magnitude of the AxionH0graphy effect, i.e. the H0 bias (or signal)
coming from ULDM cores which act as approximate MSD. Our simulations confirm that time-
delay cosmography is sensitive to subdominant ULDM components in the very light mass regime.
We believe our simulations provide robust results regarding the formation, general scale, and dy-
namics of ULDM cores. However, the set-up we explore is still simplistic in many important
aspects: first, we cannot yet simulate fully self-consistently the dominant component of CDM and
stars, that are both important for strong lensing in massive elliptical galaxies. Our simulations
either use static external potentials to replace these dominant backgrounds, or a wave implemen-
tation of CDM that cannot resolve the dynamics below ∼ 1 kpc scales. Second, our simulations
start from rather ad-hoc initial conditions, and may miss some features of cosmological structure
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formation. More refined studies and simulations may either confirm or refute the theoretical ex-
pected effects of subdominant ULDM component on strong gravitational lensing, as presented in
Ref. [BT25].

With these caveats in mind, our predictions for the amplitude of the subdominant ULDM effect
on strong lensing systems must be understood as crude approximations, motivating more com-
prehensive analysis. If the AxionH0graphy predictions can be trusted, then ULDM earns another
way to be constrained via astrophysics data, in this case via time-delay cosmography.
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Chapter 6

ULDM and Stellar Kinematics/Dynamics

In this chapter, we focus on the effects that ULDM has on stellar kinematics and dynamics on galac-
tic systems. We have two main differences which differentiate ULDM with respect to CDM, as far as
galactic dynamics is concerned: a cored profile on scales of λdB in contrast with a cusp [NFW97], and
dynamical heating from the soliton and the interference patterns. ULDM-induced dynamical heating
of stars tend to increase with time the half-light radius of stellar systems. Its effects are more promi-
nent in dwarf galaxy and ultrafaint dwarf galaxy systems. We investigate such an effect via numerical
simulations in Sec. 6.1. On the other hand, cores can influence the rotation curve velocities of stars in
galaxies. In Sec. 6.2 we explore this effect by investigating the so-called soliton-halo relation, a relation
which supposedly connects characteristics of the halo with the mass of the soliton in the potential well
of the galaxy.

6.1 Dynamical heating of stars

The fluctuating density field of ULDM is expected to affect dynamical heating, friction, and relaxation
of the stellar body [AL18; COM19; Lan+20; Bar+21; MN19; DK22; SCB20; Yan+24; DC+23]. In the
soliton region, quasinormal mode oscillations [GUL04; CSX23] and soliton random walk [LHY21] also
contribute to heating. Heating tends to inject energy on stars in galactic systems, making the stellar dis-
tribution within a galaxy wider than expected. Estimates of dynamical heating on stars can be obtained
from kinetic theory of an homogeneous background of ULDM [Hui+17; BOFT19; BOFT21]. However,
realistic halos are not homogeneous, and show dynamical evolution. To characterize the effects of dy-
namical heating in such halos, we perform numerical simulations that include both the ULDM and the
stars, the latter treated as test particles. We here focus on dispersion-dominated dwarfs, in particular
the Fornax dwarf galaxy and similar systems.

We explore different initial conditions and ULDM particle masses in the range 10−22 eV ≤ m/eV ≤
5 × 10−21 eV, and we compare our results with available data from Fornax [WMO09; Wal+09].

The ULDM density profile in our simulations is initialized without a soliton core, but forms it dynam-
ically to a level roughly consistent with the soliton-halo relation discovered in Ref. [Sch+14]. We show
that the LOSVD profile approximately follows the steady solution to the collisionless Jeans’ equation.
However, dynamical heating leads to secular growth of the stellar half-light radius, with a time scale that
decreases with increasing m, qualitatively consistent with analytical expectations [BOFT19; BOFT21].
Together, these effects put ULDM in tension with Fornax data for m ≲ 10−21 eV. In particular, for
m = 10−22 eV, the stellar body is contained inside the soliton region and LOSVD can in principle be
reconciled with data; however, the dynamical heating timescale is much smaller than the system age of
order 10 Gyr. This makes the half-light radius observed today difficult to explain without fine-tuning
the initial conditions. For m = 10−21 eV, dynamical heating becomes less important; however, the soli-
ton occupies only the inner part of the stellar body, causing a bump in LOSVD, in tension with the
data.
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The scaling properties of the SPE, that governs ULDM dynamics [Hui+17], relate our results derived for
Fornax to results corresponding to larger m in halos with smaller velocity dispersion and smaller scale
size, like Leo II and Carina dwarf galaxies. We perform simulations for these systems and find that the
ULDM model tension with data extends up to m ≈ 5 × 10−21 eV.
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FIGURE 6.1: Simulation results for m = 1 × 10−21 eV, with L = 12 kpc. Left. LOSVD data
for Fornax (purple) is compared to the simulation at time 0 (red) and at time t ≈ 9.9 Gyr
(blue). Every bin has the same number of stars. Black line is the σlos predicted by a Jeans
analysis. Notice that LOSVD data are difficult to reconcile with ULDM for r ≲ 0.5 kpc.
Right. Red lines: half-light radius rhalf evolution over time. Solid and dotted refer to two
simulations, with the same ULDM halo but different initial distribution of stars. Grey band
indicates the observed half-light radius of Fornax reported in Tab. I of Ref. [Wal+09], rhalf =
0.668 ± 0.034 kpc, while grey dashed line shows the half-light radius from Ref. [Wan+19]
(see discussion in Sec. 6.1.6). Blue line shows the soliton core radius rc. Dashed blue line
shows the expectation from the soliton-halo relation of Ref. [Sch+14]. Vertical dashed line
highlights t = 10 Gyr, which is the typical age of the systems we consider. Notice that
fine-tuned initial conditions allow to reproduce the half-light radius from [Wan+19] (albeit

not from [Wal+09]).

6.1.1 Simulations

We simulate halos resembling the Fornax, Leo II, and Carina dwarf galaxies. For Fornax we use M200 ≈
109M⊙, in a box of length L = 40 kpc (L = 12 kpc) for m = 10−22 eV (m ≳ 10−21 eV) respectively. For
Carina/Leo II, M200 ≈ 108M⊙, in a box of length L = 5 kpc for m = 5 × 10−21 eV. We initialize the
ULDM field to a halo with either a cusp NFW [NFW97] or a cored Burkert [Bur15] profile, and the stars
to a Plummer profile [Plu11; Dej87], using a version of the Eddington procedure described in Sec. 6.1.2
The ULDM field, together with the stars, are then evolved numerically for about 10 Gyr, the typical age
of the stellar population [MR96; Boe+12; Mig97]. The ULDM is evolved using a pseudo-spectral SPE
solver, whereas stars are evolved via a second-order leap-frog algorithm, all described in App. A.1.

We run a suite of simulations, varying the initial conditions of the halo and the stellar distribution, in
an attempt to make the stellar LOSVD and surface brightness in the simulation as close as possible to
observations.

We initialize 104 stars in all our simulations. The stars are treated as test particles, and their gravitational
potential is neglected. This approximation is a caveat that we discuss further in Sec. 6.1.5.
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FIGURE 6.2: Simulation of a halo resembling Leo II and Carina, with m = 5 × 10−21 eV,
L = 5 kpc. Legend as in Fig. 6.1. Note the tension between simulated stellar rhalf and
data. For Leo II we derived LOSVD and rhalf from Ref. [Koc+07], finding rhalf = 0.21 ±
0.02 kpc with uncertainty determined via bootstrap resampling. For Carina we use data

from Ref. [Wal+09]; in this case rhalf = 0.24 ± 0.02 kpc.

6.1.2 Eddington and Jeans analysis

We initialize halos via the Eddington procedure Eq. (5.25); to implement a non-zero anisotropy, we can
use the distribution function [BT08]

f (x, v⃗) = f1(E(x, v))L−2β0 , L = xv sin η , (6.1)

where β0 is a constant anisotropy parameter, η is the angle between the x⃗ and v⃗ vector, and E and Ψ
were defined in Eq. (5.27).

If −0.5 < β0 < 0.5, one can write [LSL18]

f1(E) =
2β0− 3

2 Γ( 3
2 − β0) sin

(
( 1

2 − β0)π
)

π
5
2 ( 1

2 − β0)Γ(1 − β0)

d
dE

∫ √
E

0
dΨ

d(r2β0 ρ)

dΨ
(E − Ψ)−

1
2+β0 . (6.2)

In the case of β0 = 0, Eq. (6.2) reduces to Eq. (5.26).

Stars are initialized using the same Eddington formalism, where ρ is the density profile of stars (e.g.
Plummer) and Φ is sourced by the dark matter halo. Once f stars is computed, we can generate phase
space coordinates for stars as follows. Choose a maximum radius Rmax (typically, half the half length of
the simulation box); then, the probability that a stars sits at a distance x is

p(x) =
4πρ(x)x2

M(Rmax)
, (6.3)

and x coordinates are sampled using the cumulative of p(x). The probability that a star has a velocity v,
given its position x, reads

p(v|x) = p(v, x)
p(x)

=
f1(E(x, v))v2−2β0∫

dv f1(E(x, v))v2−2β0
, (6.4)
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and again v coordinates are sampled via its cumulative. For the angle η, we use

p(η) =
sin1−2β0 η∫
dη sin1−2β0 η

. (6.5)

The θ, ϕ angle for the x⃗ spherical coordinates are sampled uniformly on the unit sphere; the components
of the vector v in spherical coordinates then read

vr = v cos η , vθ = vr cos ψ , vϕ = vr sin ψ , (6.6)

where ψ is sampled uniformly on the unit circle. Then the Cartesian coordinates of v⃗ are found viavx
vy
vz

 =

sin θ cos ϕ cos θ cos ϕ − sin ϕ
sin θ sin ϕ cos θ sin ϕ cos ϕ

cos θ − sin θ 0

vr
vθ

vϕ

 . (6.7)
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FIGURE 6.3: Evolution of the anisotropy parameter for a simulation of a halo initialized as
NFW, with L = 12 kpc, m = 10−21 eV. Left: initial β = −0.3. Right: initial β = 0. β evolves

towards positive values due to ULDM dynamical heating.

We have the simulation data r⃗i(t), v⃗i(t) for the stars (labeled with the subscript i), where r⃗ is computed
relative to the center of mass of the stars. Given a time t at which we want to compute velocity disper-
sions, we consider only the stars for which max

t′<t
(|⃗ri(t′)|) < Rmax, to avoid boundary artifacts. We then

choose a random line of sight l̂, we look for stars at a certain distance rproj, where

ri,proj = |⃗ri − (⃗ri · l̂)l̂| , (6.8)

is the distance projected on the surface perpendicular to the random line of sight, and compute the
variance of the projected velocity v⃗i · l̂ of all the stars falling into the shell of thickness drproj. This
translates into

σlos(r) =
√

Var[⃗v(r) · l̂] . (6.9)

When comparing σlos(r) with the result predicted by a spherically symmetric Jeans analysis, we numer-
ically compute ρ∗(r), the radially averaged star density, Σ∗(rproj), the star column density along the line
of sight l̂ radially averaged over the surface perpendicular to l̂, and M(r), the dark matter mass inside
the radius r. We then use the line of sight velocity dispersion Eq. (1.92).
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6.1.3 Results

We compare the results of our simulations with observational data of Fornax [Wal+09], Leo II and Carina
galaxies [Koc+07], which we describe in Sec. 6.1.6. Fig. 6.1 shows an example of simulation results and
comparison with data, for Fornax. The left panel shows the stellar LOSVD in the simulation at time zero
(red points) and after t ≈ 9.9 Gyr (blue points), compared with data (purple). The black line shows the
prediction of a Jeans analysis using as input the true ULDM radially-averaged halo mass profile M(r),
stellar density ρ∗(r), column density Σ∗(rproj), and anisotropy parameter β(r) from the simulation. The
right panel shows the stellar half-light radius, which exhibits secular growth. We also show the central
soliton core size, which evolves to become more massive and more compact, consistent with the relation
Msol ∝ 1/rsol [Hui+17].

We conducted a suite of 38 simulations, varying the DM mass, density profile type (NFW or Burkert)
and scale radius, the initial stellar half-light radius, and the initial stellar velocity anisotropy parameter
β. We now summarize the results of this survey.

For m = 10−21 eV (example in Fig. 6.1), the LOSVD peak in the soliton region, along with the flat tail
outside the soliton region, are difficult to reconcile with the data. A solution that fits the tail, overshoots
the data in the inner region, and vice-versa. One might think that a negative anisotropy β parameter
could help in lowering the inner LOSVD peak; however, ULDM heating injects radial anisotropy in the
star distribution. Our simulations show indeed that β tends to become positive on a dynamical heating
timescale. Fig. 6.3 shows a sample halo initialized as an NFW with L = 12 kpc and m = 10−21 eV. In
Fig. 6.3 left we initialize β = −0.3, while for comparison, in Fig. 6.3 right, we initialize β = 0. As can be
seen, both simulations evolve and reach similar values of β ≈ +0.5 by t ≈ 10 Gyr.
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FIGURE 6.4: ULDM density profile (red curve) for a simulation with L = 40 kpc, m = 1 ×
10−22 eV, evolved for 10 Gyr. We also show (blue curve) the soliton fit using Eq. (3.25); the
resulting core radius is rc = 0.89 kpc, close to the value found in Ref. [Sch+14], rexpected =

0.98 kpc.

This suggests that positive β is an attractor for stars in an ULDM halo (see also [DC+23]), in agreement
with the intuition that stars are “kicked out" from the center of the system into eccentric orbits.

Although the stellar distribution is not stationary, due to the ULDM dynamical heating, a stationary
Jeans analysis continues to describe the system fairly well.
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This result can be understood by comparing the heating timescale, derived in the idealized case of
homogeneous isotropic ULDM background [BOFT19; BOFT21]

Theat =
3σ6m3

16π2G2ρ2 ln ΛC
≈ 0.48 Gyr

( m
10−21 eV

)3( σ

10 km s−1

)6
(

0.01 M⊙/pc3

ρ

)2

, (6.10)

with the dynamical time of the system,

Tdyn =
R
v
≈ 0.1 Gyr

(
R

1 kpc

)(
10 km s−1

v

)
, (6.11)

which shows Tdyn ≲ Theat for m = 10−21 eV in a Fornax-like halo. Note, however, that our simu-
lations are not homogeneous or isotropic, and naturally contain additional effects like soliton random
walk [Cho+21; SCB20], so we expect Eq. (6.10) to be only qualitatively valid. In fact, we stress that we do
not use Eq. 6.10 in any numerical computation, merely, here, to obtain a rough analytical understanding
of the relevant time scale.

For m = 10−22 eV (example in Fig. 6.6), the whole stellar body is inside the soliton region. It is then
possible to find a soliton solution which fits the LOSVD and surface brightness data: this was a main
result of Ref. [SCB14]. However, this solution is a brief unstable transient. Because the heating timescale
for this value of m is fast, the LOSVD grows with time and exceeds the observed range.

This increase can be traced to the rapid stellar half-light radius rhalf growth, which also makes it difficult
to justify the half-light radius seen in the data today. (See, however, the discussion of our neglect of
stellar self-gravity, expanded in Sec. 6.1.5: this is not a major effect for stellar radius observed today, but
can become important if the stellar profile was much more compact in the past.)

For m > 10−21 eV, the timescale for the formation of the soliton in a galaxy like Fornax exceeds 10 Gyr,
reducing the soliton mass today and its impact on stellar LOSVD. Fig. 6.5 demonstrates this point with
m = 5 × 10−21 eV. We also find that for m ≳ 5 × 10−21 eV dynamical heating is negligible. An adequate
fit of the observational data of Fornax can be obtained in this case; this would be, in effect, simply a
CDM-like model.

Considering also Leo II and Carina, we show a sample result of our simulations in Fig. 6.2, for m =
5 × 10−21 eV. Contrary (and complementary) to Fig. 6.1 we see that in this case the LOSVD data can
be reproduced rather well. However, the smaller velocities in these systems make dynamical heating
faster, causing rapid growth of rhalf that is difficult to reconcile with the observed value. We conclude
that m ≤ 5 × 10−21 eV is in tension with data.

6.1.4 Comparison with previous works.

We find it useful to compare our analysis with related works. Our bound m ≥ 5× 10−21 eV is somewhat
stronger than that found in [Bar+18; Bar+19; BBS22] from disk galaxies. We note that while we did
not explore m < 10−22 eV, complimentary bounds from cosmology disfavor that regime [Ir17; Arm+17;
Kob+17; Leo+19; Lag+22].

Ref. [DC+23] conducted similar (somewhat higher resolution) simulations of test-particle stars in an
ULDM dwarf galaxy halo. Their results confirm ULDM-induced dynamical heating, leading to an in-
crease of both the half-light radius and the β parameter of the stellar system. However, Ref. [DC+23]
considered only a single mass, m = 8 × 10−23 eV, and did not report a comparison with observational
data. In contrast, we explored a range of m and compared our results to data.

Ref. [Zim+24] used Leo II data to perform a Jeans analysis, varying the ULDM density profile and
carefully comparing the results with data from [Spe+17]. They deduced the bound m ≳ 2.2 × 10−21 eV,
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similar to the bound we inferred. However, the work was not based on ULDM simulations but rather
on a parametric eigenstate expansion of the ULDM wave function. Consequently, Ref. [Zim+24] did
not provide information about secular evolution, which our study suggests to be a significant effect of
ULDM in this mass range.

Finally, Ref.[DK22] (see also Ref.[MN19], and the related discussion in [CSC21]) argued for the exclusion
of m ≲ 3× 10−19 eV, based on dynamical heating estimates and noting the stellar scale sizes and LOSVD
in Segue 1 and Segue 2, but without self-consistent numerical simulations of the ULDM+stellar system.
Our work here, based on simulations and applied to a different set of galaxies, is consistent with the
conclusions of Ref. [DK22] in the range of m we simulated. (As an aside, the caveat in our analysis, due
to omitting stellar self-gravity, applies also to Ref.[DK22], [MN19], and [CSC21].)

6.1.5 When is stellar self-gravity important?

Our analysis, treating ULDM and stars dynamically in tandem and comparing the results directly to ob-
servational data, is a step forward in comparison to previous work. However, a remaining limitation is
the treatment of stars as test particles. This approximation seems reasonable given the dark-to-luminous
mass ratios observed in dwarf spheroidal galaxies today, but it can fail if, in the past, the stellar popu-
lation was more concentrated. For Fornax, Ref. [BSN15] quotes a dark-to-luminous mass ratio of about
5–6 (16–18) within 1.6 (3) kpc [BSN15]. To illustrate how the dark-to-luminous mass ratio scales with
the parameters of interest and within the radius of the galaxy, let us assume an NFW profile for DM and
a Plummer profile [Plu11; Dej87] for the stellar distribution.

The enclosed NFW mass profile is given by

MNFW(< r) = 4πR3
s ρs

[
ln
(
1 +

r
Rs

)
− r

r + Rs

]
, (6.12)

while the enclosed Plummer profile is

MPlummer(< r) = M∗
0

( r
rhalf

)3 1(
1 + r

rhalf

)3/2 , (6.13)

where M∗
0 is a normalization constant that accounts for the total number of stars, and rhalf is their half-

light radius.

In Fig. 6.7, we show the NFW mass profile (blue solid line) for Rs = 1.5 kpc and ρs = 0.01 M⊙/pc3,
which fits well the LOSVD data at large radii, alongside three different stellar mass profiles (black lines).
The solid black curve corresponds to a Plummer profile with rhalf = 0.7 kpc, chosen to match the latest
determination of Ref. [Wal+09] adopted in the main text, and a normalization M∗

0 set so that

MNFW(< 1.6 kpc)
MPlummer(< 1.6 kpc)

= 5 . (6.14)

In this case DM dominates by a factor of a few inside all the radii of interest. Then, the dashed and
dotted curves keep the same total stellar mass normalization (integrated to infinity) but reduce rhalf to
0.4 kpc and 0.2 kpc, respectively.

We conclude that if the same number of stars were compressed by a factor ∼ 3 − 4 in their radial
distribution, then stellar self-gravity would become significant, and eventually dominate the dynamics,
rendering our simulations inadequate in that regime. This means that our simulations of the early
evolution in some of the stellar half-light radius curves in Figs. 6.1, 6.6, and 6.2 are not fully consistent.
The simulations should evolve into control once the stellar populations expand, within a few Gyr, and
well before t ≈ 10 Gyr in all cases.
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FIGURE 6.5: Simulation initialized as an NFW halo, with L = 8 kpc, m = 5× 10−21 eV. This
is an example where dynamical heating is not significant, as we approach the “CDM limit"
of ULDM. Upper left. LOSVD data for Fornax (purple) is compared to the simulation
result at time 0 (red) and at time t ≈ 9.9 Gyr (blue). Black line is the σlos predicted by a
Jeans analysis. Upper right. Red line: stellar rhalf evolution in time. Grey band shows the
observed rhalf from Ref. [Wal+09], grey dashed line shows rhalf from Ref. [Wan+19]. Blue
line shows the soliton core radius rc. Dashed blue line shows the value of rc expected from
the soliton-halo relation of Ref. [Sch+14]. Vertical dashed line denotes t = 10 Gyr. Center
left. Anisotropy parameter β for t = 0 (red) and t = 9.9 Gyr (blue). Center right. Radially
averaged stellar column density in the simulation for t = 0 (red) and t = 9.9 Gyr (blue),
compared with a Plummer profile fit (dashed). We quote the Plummer scale parameter
of the fit rPlum, together with rproj

half from the simulation. Bottom. Displacement between
the stars center of mass and the maximum ULDM density point, which approximately

coincides with the soliton.
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FIGURE 6.6: Simulation for a Fornax-like system for m = 10−22 eV, with L = 40 kpc. Panels
explanation is the same as in Fig. 6.5, with the addition of the bottom-right panel, which is

the same as the upper-left panel, but for the t = 3 Gyr snapshot.

6.1.6 Dwarf galaxy data

For LOSVD data we have analyzed the following repository from Ref. [Wal+09]. This catalog has spec-
troscopic data for individual stars observed as part of the Michigan/MIKE Fiber System survey of four

https://cdsarc.cds.unistra.fr/ftp/J/AJ/137/3100/
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FIGURE 6.7: NFW mass profile for DM with Rs = 1.5 kpc and ρs = 0.01 M⊙/pc3 (blue
curve) and different stellar Plummer mass profiles (black curves). For the stellar profiles
we have a Plummer profile with rhalf = 0.7, 0.4, 0.2 kpc, for the solid, dashed, and dotted

curves, respectively.

dwarf spheroidal galaxies: Carina, Fornax, Sculptor, and Sextans. For Fornax, following [Wal+09] we
selected stars with membership probability of at least 95%. From these, we extracted stellar velocities,
binned the data by radial distance from the galaxy center (ensuring each bin contained the same number
of stars), and calculated the velocity dispersion for each bin.

We note that the choice of membership probability threshold can impact the results. Fig. 6.8 illustrates
the LOSVD profiles for Fornax with two different membership probability thresholds: 95% (red data
points) and 99% (blue data points). In both cases, each bin contains 60 stars. The results show that the
stricter 99% threshold substantially affects the inferred LOSVD profile. This cut also reduces the number
of stars in the sample from 1920 to 1140.

In previous sections we quote the half-light radius reported in Tab. I of Ref. [Wal+09], rhalf = 0.668 ±
0.034 kpc, which is also based on the data from the Michigan/MIKE Fiber System survey. (Ref. [Wal+09]
has an Erratum which affects the half-light radius. See also the latest arXiv version of the paper.) The
DES Collaboration [Wan+19] found a higher value from their survey rhalf = 0.89 kpc1, and we show
that too in relevant plots for reference. It is worth noting that Table II of Ref. [Wan+19] shows that rhalf
can vary by a factor of two between, for example, the horizontal branch and the blue plume star sub-
samples. The data for Carina was also obtained from Ref. [Wal+09] with membership probability cut of
95%. The half-light radius is rhalf = 0.24± 0.02 kpc, where the uncertainty was determined via bootstrap
resampling [Efr79].

Finally, we have analyzed data for the Leo II dwarf spheroidal galaxy, available in this repository. This
dataset provides the LOSVD derived from 200 stars measured using the FLAMES/GIRAFFE spec-
trograph at the European Southern Observatory in Chile [Koc+07]. We applied the same cut as in
Ref. [Koc+07], retaining only stars within 3σ of the mean radial velocity. This cut reduced the num-
ber of stars to 171. These were then binned into groups of 12 stars each, reproducing fairly well Fig.7

1Another study, based on older data [McC12], reports rhalf = 0.710 ± 0.077 kpc (see their Table III).

https://cdsarc.cds.unistra.fr/ftp/J/AJ/134/566/
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FIGURE 6.8: LOSVD profile for Fornax. The red (blue) data points correspond to a 95%
(99%) membership probability cut.

(left panel) from Ref. [Koc+07]. Using the same data we also derived the observed half light radius for
this population to be rhalf = 0.21 ± 0.02 kpc.

6.1.7 Summary of our results of ULDM dynamical heating in dwarf galaxies

In this section, we focused on how stellar kinematics and surface brightness data of dwarf spheroidal
galaxies, in particular Fornax, Carina and Leo II, compare with a ULDM universe.

For m = 10−21 eV, stellar velocity dispersion data from Fornax reveal a tension caused by the soliton
core. At m = 10−22 eV, a stationary Jeans analysis can fit the data, but dynamical heating renders this
fit transient. The resulting stellar LOSVD and half-light radius evolve significantly, requiring fine-tuned
initial conditions to match observations.

Galaxies with lower velocity dispersion and smaller scale radius are sensitive to higher values of m. We
showed that for m = 5× 10−21 eV, the observed half-light radius of the Carina and Leo II dwarf galaxies
is difficult to reconcile with the rapid ULDM heating-driven evolution, that tends to predict larger rhalf.
Our analysis suggests that Leo II and Carina (and other low-dispersion dwarfs) may allow to probe
ULDM to larger values of m. We postpone this study to future work.

We conclude with a word of caution regarding a caveat in our analysis. In our simulations, stars are
treated as test particles. This leaves open the possibility, especially relevant if the stellar body was
significantly more compact in the past, that stellar self-gravity and stellar feedback on the ULDM halo
could mitigate the increase in rhalf. In future work, we plan to incorporate N-body interactions and
stellar feedback on the ULDM halo into our simulations.

6.2 Rotation curves and the soliton-halo relation

The formation of cores in the potential well of galaxies in the ULDM scenario has phenomenological
consequences on the rotation curve of stars. In particular, a typical ULDM halo rotation curve has two
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peaks: one inner peak induced by the soliton, and one outer peak induced by the NFW halo. To under-
stand the magnitude of such an effect, a natural question is whether a soliton actually forms within the
lifetime of a galaxy and, if so, what is its expected mass for a given host galaxy halo. Dynamical relax-
ation estimates of the timescale for soliton formation are consistent with the results of simulations that
use “noise” initial conditions, which are designed to be in the kinetic regime [BOFT19; BOFT21; LPT18;
Dmi+24]. Meanwhile, simulations with cosmological initial conditions – notably those of Ref. [SCB14;
MS21] – suggest that solitons in cosmological halos may form more rapidly than predicted by kinetic
theory estimates (the impact of baryons has been studied in Ref. [VSN20]). Regarding the expected
soliton mass, the cosmological simulations in Ref. [SCB14; Sch+14] (see also Ref. [Lia+24]) provided
numerical evidence for a simple relation between the soliton mass and the host halo mass and en-
ergy. Such a relation translates into the simple statement that the inner rotation curve peak induced
by the soliton has the same velocity value as the outer rotation curve peak induced by the NFW halo.
Such rotation curve behaviour can be tested against observations of rotation curves, like the work in
Refs. [Bar+18; BBS22], making its determination of phenomenological interest. Ref. [Sch+14] also sug-
gested that the relation may represent an attractor of the equations of motion, supporting this point via
simulations with different initial conditions. Many other investigations of the soliton-halo relation have
subsequently appeared in the literature, reporting varying levels of agreement [Sch+14; SNE16; Du+17;
Moc+17; Cha+22; Zag+23; Lag+24; Lia+24; MTT24; YLH22]. Here, we present a new perspective on the
problem. A summary of our main understanding is as follows.

The soliton-halo relation found in Ref. [Sch+14] was fit in that paper by the expression2

Msol = 4.2
(
|Etot|

M

)1/2 1
Gm

, (6.15)

where Msol is the soliton mass. In a cosmological setting Etot and M are the total energy and the virial
mass of a halo, including the soliton. In flat-space simulations Etot and M are the total energy and the
total mass in the simulation box (both of these are conserved quantities), which are a proxy for the halo
properties in a cosmological system, assuming most of the simulated volume is virialized.

The simulations used to obtain Eq. (6.15) employed toy initial conditions (multiple solitons starting at
rest); however, Ref. [Sch+14] noted that the result was consistent with cosmological simulations [SCB14;
Cha+22]. The prefactor ≈ 4.2 in Eq. (6.15) was obtained in [Sch+14] by fitting the numerical data.3 The
exponent 1/2 on |Etot|/M was also confirmed numerically, with insight from cosmological simulations.
We will call Eq. (6.15) the 1/2 relation.

Ref. [Bar+18] pointed out that the 1/2 relation is directly equivalent to the relation

Esol

Msol
=

Etot

M
(equivalent to Eq. (1)) . (6.16)

This follows because the soliton by itself satisfies the relation Msol ≈ 4.2
(
|Esol|
Msol

)1/2
1

Gm , as can be veri-
fied by direct calculation of the soliton solution. We note that it is unlikely that a soliton would have
a mass significantly smaller than that determined by the 1/2 relation. This is suggested by the results
of Ref. [CSX24], which investigated the evaporation and growth of a soliton in a homogeneous “noisy”
background, showing that in such a system solitons with masses smaller by more than a factor of ap-
proximately 3 than those predicted by Eq. (6.16) would evaporate due to scattering with the background
particles. We return to this point in more detail later on.

2See Eq. (5) and Fig. 4 there; we restore natural units to their expression. Ref. [Sch+14] referred to Mc rather than Msol,
where Mc is the soliton mass enclosed in the the core radius rc, at which the density drops to half its maximum value. The
relation is Msol ≈ 4.2Mc.

3Since Ref. [Sch+14] phrases Eq. (6.15) in terms of Mc, the prefactor in Eq. (5) there is α = 4.2Mc/Msol ≈ 1.
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Another soliton-halo relation was proposed in Ref. [Moc+17]. We call this the 1/3 relation since it can
be rewritten as

Msol = 2.6
(
|Etot|
G2m2

)1/3

. (6.17)

In fact, if the simulated system is approximately virialized, then Eq.(6.17) can only be an upper bound
on the soliton mass. This can easily be understood by the fact that, as pointed out in Ref. [Bar+18],
Eq. (6.17) is directly equivalent to

Esol = Etot , (6.18)

because an expression similar to Eq. (6.17) holds for a single soliton: Msol ≈ 2.64
(

|Esol|
G2m2

)1/3
(see also

App. A.2). A soliton more massive than that predicted by the 1/3 relation would have more energy
than the entire halo (in absolute value), which is an impossibility for bound virialized systems. The 1/3
upper bound may be violated if a flat-space simulation contains unbound particles since these would
contribute positively to Etot; the bound however holds if Etot is restricted to the bound particles.

To test the picture above, we performed simulations of ULDM in flat space-time and studied the soliton-
halo configurations arising from the evolution of different types of initial conditions. The results, col-
lected in Fig. 6.9, are consistent with our expectations: the solitons form not far from (and usually below)
Eq. (6.16), and thus from the 1/2 relation. Subsequently, the solitons accrete more mass, but do not sur-
pass the 1/3 relation. Fig. 6.11, which uses variables that allow both relations to be represented on a
single plot, demonstrates this point.

In Sec. 6.3, we compare with other works and show that their data is not clearly inconsistent with the
band enclosing the 1/2 and 1/3 relations (after accounting for an arbitrary additive constant present in
the definition of the potential energy for finite box simulations).

If our results can be translated to a cosmological setting (which may very well be the case, see Fig. 6.19),
ULDM bounds based on the 1/2 relation may be considered conservative when applied to astrophysical
systems, provided that the soliton formation time is not too large compared to the age of the system.
Assuming the kinetic theory relaxation calculation gives the relevant timescale, the formation of the soli-
ton limits the applicability of the soliton-halo relation in galactic systems like dwarf galaxies to ULDM
masses m ≲ 10−20 eV [Dmi+24].

6.2.1 Simulation setup

We consider systems in boxes with periodic boundary conditions on grids with 2563 or 5123 points, and
evolve them numerically with a standard pseudo-spectral algorithm (see e.g. [LPT18]). Key quantities
are the energy of a soliton Esol = Ekin,sol + Epot,sol and of the halo Etot = Ekin + Epot, where Ekin(,sol) and
Epot(,sol) are the kinetic and potential energies. As in all finite-box (non-GR) simulations, the potential
energy Epot is defined only up to an additive constant, and the naive evaluation of this is unphysical as
it depends on the box size. We choose this constant such that the gravitational potential of the resulting
halo matches the behavior that would occur in the infinite-volume limit (∝ 1/r), see App. A.1. Where
possible, we present our results using Ekin (which is independent of this constant and the uncertainty
associated with its determination), as we discuss further in Sec. 6.2.4.

Upon redefining space, time and density as x → x/m, t → t/m, ρ → m2/(4πG)ρ respectively, the SPE
do not depend on m. When showing results we however set m = 10−21 eV. Additionally, the SPE retain
a residual scaling symmetry (rescaling the field, distances, times and potentials, see App. A.1). We use
this to fix the box length to L = 10 kpc; this choice is useful to connect the DM halos in our simulations
to observed galactic halos, which have scale radii of O(10 kpc). In combination with our choice of m,
this also fixes the units of time and density, expressed in Gyr and M⊙/kpc3 respectively.
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FIGURE 6.9: The kinetic energy-to-mass ratio of solitons compared to that of their halos,
(Ekin/M)sol and (Ekin/M)halo respectively. Data points are the results from simulations
with all the types of initial conditions that we tested, see Section 6.2.2. The red line is the
1/2 relation in Eq. (6.16), i.e. (Ekin/M)sol = (Ekin/M)halo. After the soliton halo-system
forms, both (Ekin/M)sol and (Ekin/M)halo are time-dependent as the system evolves, with
the soliton slowly accreting mass, whereas the halo, after it forms, does not undergo sig-
nificant evolution (see e.g. bottom-right panel of Fig. 6.10). The error bars on data points
represent the change during this evolution as well as the effects of soliton fluctuations,
with central values corresponding to the mean values over the evolution (see Fig. 6.10).
[The maximum values of (Ekin/M)sol, (Ekin/M)halo are therefore (weakly) sensitive to the
simulation run time.] Horizontal error bars correspond to the fluctuations in Ekin towards

the end of simulations.

6.2.2 Initial conditions

We study the soliton-halo configurations arising from different sets of initial conditions:

• Soliton merging. We start with N = 4 − 100 solitons randomly placed and at rest, either with (I)
the same radius chosen in the range L/(10 − 50), as in Ref. [Sch+14], or (II) with a random radius
sampled from a uniform distribution in the range L/(20 − 100), which resembles the setup of
Ref. [Moc+17].

• Halo. We initialize the ULDM field ψ with a density approximating that of a virialized (statisti-
cally stationary) NFW [NFW97] or Burkert [Bur15] halo profile, using the Eddington procedure
Eq. (5.25), Eq. (5.26). The parameters of the halos are chosen to mimic dwarf galaxy systems
such as Fornax [WMO09; Wal+09] for m =

(
10−22 − 10−21) eV, with initial density parameter

ρs =
(
108 − 1010) M⊙/kpc3 and scale radius Rs = (0.5 − 2) kpc.

• Background. We initialize ψ as a Gaussian noise background with mean density ρ̄ and Maxwellian
velocity distribution, with momentum variance k2

bkg/2, as in Refs. [LPT18; CSX24], i.e.

⟨ψ∗(x)ψ(y)⟩ = C(x − y) , C(x) = ρ̄ e−x2k2
bkg/4 . (6.19)

We consider a sufficiently dense background such that the Jeans length, λJ ≡ 2π/(16πGρ̄m2)1/4,
is smaller than L, ensuring that it rapidly forms a gravitationally bound halo via the Jeans instabil-
ity [LPT18]. The range of parameters probed is kbkgL = 10 − 100 and ρ̄ such that λJ/L = 0.1 − 0.4.
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• Collapse. We begin with an elliptical overdensity of the form

ψ(x) =
√

ρ0e−x2
1/2R2

1−x2
2/2R2

2−x2
3/2R2

3 , (6.20)

with density and radius varying in the range ρ0 = (0.01 − 1) M⊙/pc3 and Ri = (0.5 − 5) kpc. The
phase of the field is coherent across the initial configuration, but the overdensity quickly collapses
and in the process loses coherence.

• Background+Collapse. We consider the elliptical overdensity in Eq. (6.20) on top of the noise back-
ground in Eq. (6.19).

Further details can be found in App. A.6.

6.2.3 When should a soliton-halo relation be computed?

Our goal is to clarify the properties of systems in which a soliton is embedded in a host halo whose
mass is much larger than that of the soliton, M ≫ Msol. Such hierarchical systems enable kinematic
tracer observables (stellar or gas velocities) in the halo’s large-scale region to be compared with ULDM’s
velocity predictions for the inner region, where the soliton lives, enabling the soliton to be bounded or
potentially discovered [Bar+18; TCB25].

To this aim, we need to choose a time at which to determine whether a soliton has formed, and, if it
has, its properties and soliton-halo relation. The obvious phenomenologically-motivated choice is the
Hubble time. However, the timescales involved in simulations with some types of initial conditions
(e.g., those starting from a background, or soliton mergers) do not necessarily coincide with those of
realistic cosmological initial conditions; in other words, the properties of the soliton and halo at one
Hubble time in such simulations might not be relevant to cosmology. Nevertheless, we believe that
such systems can still elucidate the dynamics leading to physical soliton-halo relation.

We therefore adopt the following procedure to determine a time, tform, from which point on we analyze
the soliton and halo, with the understanding that this inevitably leads to some arbitrariness. At each
timestep in a simulation we identify the point in the box that contains the highest density, ρ0. We then
determine whether the spherically-averaged density profile around this point is well-matched by the
soliton solution with central density ρ0 and half-density radius rc(ρ0) = 1.3/(4πGm2ρ0)1/4 for r < 3rc
and an NFW profile for r > 4rc (with scale radius and density as free parameters). If such a fit is
sufficiently good, we consider the soliton-halo system as formed. Further details and analysis of the
uncertainties arising from our choices can be found in Sec. 6.3.5, while in Appendix A.7 we discuss an
alternative way to pinpoint soliton formation, via the spectral energy density.

Fig. 6.10 shows results from a sample simulation with Soliton merging (I) initial conditions, which il-
lustrates the formation of the soliton-halo system and motivates our procedure for when this is first
identified. The top four panels show column density snapshots at t = 0, 0.5, 1.0, 4.5 Gyr. The bottom-
left panel shows the time evolution of Msol/M, with Msol estimated from the peak density ρ0 using the
soliton relation M4

sol = 64πρ0/(G3m6). The bottom-right panel shows the radially-averaged density
profile at the corresponding times, together with the best-fit curves for the soliton and the NFW halo.
Based on the criterion above, the soliton-halo system forms at tform ≈ 1 Gyr (dashed line). Note that if
we omit the halo region (r > 4rc) from the soliton-halo condition, we find that a soliton-like overdensity
appears already at an earlier time with tform ≈ 0.5 Gyr. However, the top-right panel of Fig. 6.10 shows
that the halo is still evolving fast at that time. Our choice of procedure, including the choice of numerical
factors, detailed in App. 6.3.5, is guided by qualitative tests of this kind. The mass of the soliton is then
recovered via the fitted density profile.4

4Ref. [CSX24] pointed out that fitting the density profile with the soliton form can cause an upward bias in the inferred
mass of the soliton component of the field, due to interference with unbound traveling wave fluctuations. Simple estimates
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FIGURE 6.10: Results from a simulation with the soliton merger (I) initial conditions (in
which the initial solitons have the same radius). The top four panels show the projected
density field at t = 0, 0.5, 1.0, 4.5 Gyr, in M⊙/kpc2 units (logarithmic scale). The bottom-
left panel shows the time-evolution of Msol/M. We find that the virialized soliton-halo
system forms at tform ≈ 1 Gyr (dashed vertical line). Red and blue bands indicate the 1/2
and 1/3 relations, respectively. The width of these bands reflects the short-time fluctuations
in Ekin around the final time (corresponding to the horizontal error bars in Fig. 6.9), which
affects the value of Ekin/M3 and hence the prediction of Msol/M. The bottom-right panel
shows the radially averaged density profile around the center of the soliton at different
times. The dashed lines show the soliton + NFW fit of the density profile, for the times

t = 1.0, 4.5 Gyr at which this is good.

suggest that this effect can range between ten percent to about a factor of two. We do not aim at a better accuracy, nor believe
this is required for current phenomenological applications.
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Solitons exhibit quasi-normal mode fluctuations [GUL04], along with secular mass accretion from the
surrounding halo [LPT18; EN19; Che+21]; both of which are apparent in the bottom-left panel of Fig. 6.10.
Because of these effects, any single numerical value for Msol would only capture part of the physics. In-
stead, when analyzing results, we report a range of Msol/M values for each simulation, from t = tform
to the final simulation time tfinal, see e.g. Fig. 6.9. Ekin also undergoes fluctuations, which we represent
as horizontal error bars on Ekin/M, which we extract from the range of values around the final time.

We end simulations when the soliton growth is deep in the era of secular growth, such that the largest
value of Msol reached is not very sensitive to the (somewhat arbitrary) value of tfinal. This is due to
the slow mass accretion rate during this era, and also because the growth of the soliton in finite-box
simulations is bounded above, in a sense that we explain further below. The specific value of tfinal
chosen depends on the particular initial conditions. For example, for the background initial conditions
we ensure that tfinal ≫ τrel, where τrel is the relaxation time (see Ref. [LPT18]); for soliton merging
runs, collapse etc. we ensure that tfinal is much greater than the free-fall time tff, estimated as tff ∼
0.5(GM/L3)−1/2.

6.2.4 Soliton-halo relation: results

In Fig. 6.9, we summarize the soliton-halo relation obtained from all simulations and initial conditions.
We express this in terms of the energy-to-mass ratios, E/M, for both the soliton and the halo. For
a realistic system, the halo may extend beyond the volume that we simulate; however, as discussed
below, E/M is relatively unaffected by the cutoff set by the box. To avoid potentially unphysical results
from the undetermined constant in the potential energy, we use the kinetic energy Ekin, instead of the
total energy Etot.5 This is justified under the assumption that the system is virialized. The soliton mass
Msol and kinetic energy Ekin,sol are obtained from fitting its density profile. Finally, the red line in Fig. 6.9
shows the kinetic energy version of the 1/2 relation, Eq. (6.16). Over the time-range between tform and
tfinal, the data points fall around the 1/2 relation.

To compare with existing literature and other soliton-halo relations, in particular the 1/3 relation, Eq. (6.17),
we follow Refs. [Moc+17; Zag+23] in defining the dimensionless variable

Ξ ≡ |Etot|
M3

1
G2m2 . (6.21)

This is an invariant of the Schrödinger–Poisson system under the residual rescaling symmetry described
in App. A.1 and is thus a natural candidate to enter in a soliton-halo relation. A class of soliton-halo
relations, including the 1/2 and 1/3 relations, can be parametrized as

Msol

M
= α Ξβ . (6.22)

In the literature, α and β have been fitted as independent parameters. However, requiring the relation
to hold in the limit Msol → M fixes α ≃ (0.054)−β (see App. A.2). Perhaps not surprisingly, given that
the fits to simulation data were obtained from systems with Msol not much smaller than M, previously
reported numerical values of α and β are consistent with this limit. For example, the β = 1/2 relation in
Ref. [Sch+14] gives α ≈ 4.2, while Ref. [Moc+17] finds β = 1/3 and α ≈ 2.6.

In Fig. 6.11, we present the same results as in Fig. 6.9, but using the variables Msol/M and Ξ. As before,
we replace |Etot| in Eq. (6.21) by Ekin. Consistently with Fig. 6.9, our results for Msol/M fall around the
1/2 relation. They also lie below the 1/3 relation, with the trend becoming clearer at small Msol/M.
This agrees with our expectation that the 1/3 relation is an upper bound. To illustrate this point further,

5See discussion in Section IIA of [Bar+19]. Given this undetermined constant, plotting results in terms of Etot,(sol) may
introduce confusion when comparing different groups.
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FIGURE 6.11: The ratio Msol/M between the soliton and halo masses obtained in nu-
merical simulations, as a function of the dimensionless Schrödinger–Poisson invariant
Ξ = |E|/(M3G2m2), where E is calculated from the kinetic energy using the virial theorem.
The red and blue lines show the 1/2 and 1/3 relations, respectively. Once the soliton-halo
system is formed, it typically lies within (or at most slightly below) the band bracketed by
these two relations, shaded gray. Error bars reflect variations in the soliton-halo relation
over the system’s evolution (as Msol/M increases) and the impact of soliton fluctuations.

in Fig. 6.12 we plot Ekin,sol versus the total kinetic energy Ekin, i.e. the kinetic version of Eq. (6.18),
confirming Ekin,sol < Ekin.

Despite its convenience in formulating the soliton-halo relation and describing simulation results, Ξ is
unfortunately badly affected by finite-volume effects. On the other hand, the quantity E/M used in the
relation in Eq. (6.16) is much less sensitive to such artifacts. To illustrate this, in Fig. 6.13 we show the r-
dependence of |E(r)|/M(r) and Ξ(r) ∝ |E(r)|/M3(r) for an NFW halo of scale radius Rs by integrating
E and M separately from the halo center to the point r. This procedure mimics how such variables vary
as a function of the box size in finite-volume simulations that do not extend to the virial radius of a
simulated halo system. E(r)/M(r) only changes by a factor of 2 as r varies from Rs to 10Rs, however
Ξ(r) varies by more than two orders of magnitude.

As further illustration of the weak dependence of E/M on the box length L, in Fig. 6.14 we show results
from three simulations for m = 10−21 eV starting from NFW halo initial conditions with same central
density and scale radius Rs = 0.5 kpc, but different L = 5, 10, 20 kpc. A prominent soliton forms, with
its mass varying by at most 10% across the three box sizes. The left and center panels compare the
soliton-halo relations using E/M and Ξ, respectively. Ekin/M and Esol,kin/Msol remain clustered within
20% across the three cases, whereas Ξ and Msol/M vary by a factor of 2 and 5, and thus are much more
sensitive to L.

Importantly for observational comparisons, a soliton-halo system that lies around the 1/2 relation leads
to a velocity rotation curve vcirc(r) :=

√
GM(r)/r that has two distinct and approximately equal peaks,

at distances of the order of the soliton radius and the halo scale radius, respectively [Bar+18]. The soliton
peak predicted from simulations is largely unaffected by finite-volume effects. Indeed, vcirc(r) only
depends on the mass distribution at a distance smaller than r (for an approximately spherical system),
and is thus sensitive to finite box size effects only to the extent that these alter the density distribution
of the system within the simulated volume. To demonstrate this, in the right panel of Fig. 6.14 we plot
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FIGURE 6.12: The soliton kinetic energy, Ekin,sol, compared to the total kinetic energy in the
simulation box, Ekin (which approximates the halo’s plus soliton’s kinetic energy). We also
show the line Ekin,sol = Ekin. As expected, Ekin,sol < Ekin in all cases, which is consistent

with all data points falling below the 1/3 soliton-halo relation in Fig. 6.11.

the rotation curves in the three simulations in different size boxes described above. The amplitude and
position of the inner peak, associated to the soliton, is the same within 20% in all cases. The outer peak,
linked to the halo, is instead sensitive to box size if this is too small; for instance, it is absent in a 5 kpc
box.

6.3 Discussion of our soliton-halo simulations results

6.3.1 Consistency with the evaporation lower limit of Chan et al. 2022

Chan, Sibiryakov, and Xue [CSX24] conducted a perturbative analysis of soliton mass absorption and
evaporation in a statistically-homogeneous background with a Maxwellian velocity distribution and
characteristic momentum kbkg, as given by Eq. (6.19). They demonstrated that a soliton undergoes
evaporation due to gravitational scattering when the background particles are significantly faster than
those in the soliton. More precisely, this occurs if6

Ekin,sol

Msol
≲ 0.12

k2
bkg

2m2 . (6.23)

In the opposite limit, the soliton instead grows by accreting mass from the background. The 1/2 relation
of Eq. (6.16), phrased in terms of kinetic rather than total energy, can be written in a form similar to
Eq. (6.23):

Ekin,sol

Msol
=

Ekin

M
=

3k2
bkg

4m2 , (6.24)

where we used Ekin/M = 3k2
bkg/4m2, valid for a Maxwellian distribution with variance k2

bkg/2, see
App. A.6. Comparing Eq. (6.24) with Eq. (6.23), we obtain that solitons that just exceed the evaporation
limit of Eq. (6.23) are a factor (3/(2 · 0.12))1/2 ∼ 3.5 lighter than prescribed by the 1/2 relation, i.e.

6This is obtained combining Eqs. (2.18) and (2.12) of Ref. [CSX24] with the condition Ts/Tg ≲ 0.08 obtained in the same
reference.
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in the right panel.

solitons evaporate if their mass is smaller than

Msol, evap ≃ 1.2
(
|Etot|

M

)1/2 1
Gm

. (6.25)

Although strictly valid only for a soliton embedded in a Maxwellian gas, Eqs. (6.24) and (6.25) may still
be applicable to a generic soliton-halo system, where Ekin, M, and kbkg are interpreted as the kinetic
energy, mass, and characteristic momentum in an approximately virialized region that is larger than
the soliton itself and containing a mass much larger than the soliton mass. In this case, only solitons
with masses at most a factor of ∼ 3.5 below the 1/2 line (red) in Fig. 6.11 would be possible. The
inhomogeneous nature of a halo and the fact that the particles in the halo are self-bound could affect
this analysis. However, the evaporation limit of Eq. (6.25) appears to nevertheless be approximately
valid, see Fig. 6.11.

In particular, simulations are roughly consistent with such a limit. An example of this behaviour is plot-
ted in Fig. 6.15, which shows the growth of a soliton starting from background noise initial conditions
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(with initial kbkgL = 40, λJ/L ≃ 0.2). Such initial conditions are fairly close to the simplifying assump-
tions in the analysis of Ref. [CSX24], except for the fact that λJ/L < 1, which induces background col-
lapse via Jeans instability and the formation of a self-bound halo. As shown in the bottom-left panel of
Fig. 6.15, when it forms, the soliton lies between the 1/2 relation in Eq. (6.15) (red) and the evaporation
limit in Eq. (6.25) (dashed blue), both computed using Ekin from the simulation after soliton formation.
Note that the evaporation limit is calculated for the virialized halo, i.e. after the collapse of the initial
background waves. During collapse Ekin becomes significantly larger than its initial value 3k2

bkgM/4m2,
leading to a tighter evaporation limit than that one would infer from the initial kinetic energy density.

6.3.2 The 1/3 relation is an upper bound

Since the 1/3 relation simply amounts to Eq. (6.18), it can at most set an upper bound on the soliton
mass in a cosmological context, or in flat-space simulations where all field components are bound (i.e.,
have negative energy). In a finite volume, there could be unbound positive-energy debris that orbit
the box, which would allow the 1/3 relation to be violated if Etot and M are interpreted as the halo’s
energy and mass (in an infinite volume, such debris would escape to infinity). However, by analyzing
the spectrum of the ULDM field, see App. A.7, we find that our simulations have a negligible quantity of
positive energy debris. Figs. 6.11 and 6.12 are consistent with this point and thus the 1/3 relation. Our
presentation of kinetic rather than total energy in these figures avoids ambiguities with respect to the
definition of total energy that would affect the soliton-halo relation; these however need to be resolved
for direct comparison to other works in the literature, notably Ref. [Moc+17], which makes use of the
total energy. We return to this point in Sec. 6.3.4.

6.3.3 Observational implications

Given sufficient time, halos in our simulations grow a central soliton with an initial mass lying near
the 1/2 relation that then slowly increases in mass towards the 1/3 relation. As we discuss further in
Section 6.3.4, we expect similar scaling for cosmological halos. A soliton-halo relation allows predictions
to be made for observable rotation and dispersion velocity curves [Bar+18]. A soliton of a given mass
Msol induces a characteristic peak in the circular velocity profile at radius rpeak with value vpeak, which
are given by

vpeak ≈ 8.3
( m

10−21eV

)( Msol

107M⊙

)
km s−1 , rpeak ≈ 0.46

( m
10−21eV

)−2
(

Msol

107M⊙

)−1

kpc . (6.26)

As mentioned, for a density profile consisting of a soliton embedded in a host halo and not too far from
the 1/2 relation, a doubly-peaked rotation curve is predicted. The inner peak is approximately given by
Eq. (6.26), and is at radius r ∼ 2rc [Bar+18], and the outer peak is induced by the NFW halo at radius
r ∼ 2Rs. As the mass of a soliton increases above the 1/2 relation the relative amplitude of the second
peak decreases. If the radial scale r ∼ 2rc can be resolved by observations (recall that rc ∝ 1/m), the
presence or lack thereof of the inner peak can constrain, or give evidence for, ULDM with a particular
m.

Fig. 6.16 shows the circular velocity curves of soliton-halo systems in simulations with halo initial condi-
tions (NFW and Burkert). These are calculated from the radially-averaged density profiles, and normal-
ized to vpeak and rpeak, which are defined in Eq. (6.26) and evaluated using the soliton density profile
fit. These results are plotted at a physical time of 10 Gyr, and the masses and size of the halos are
taken in the range relevant to dwarf galaxies and ULDM particle mass m between 5 × 10−22 eV and
10−21 eV. In particular, we vary the box length between 10 kpc and 40 kpc, and the halo parameters
within ρs = 106 − 108 M⊙/kpc3, Rs = 0.5 − 1.5 kpc.
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FIGURE 6.15: Formation the soliton-halo system and growth of the soliton in a typical sim-
ulation starting from initial conditions consisting of background noise, with Jeans wave-
length λJ/L ≃ 0.2. The plots are as described in Fig. 6.10; in the bottom-left panel we
additionally show the evaporation limit of Ref. [CSX24], below which a soliton is unsta-
ble to evaporation by scattering with the background. This limit is a factor of roughly 3.5
smaller the 1/2 relation (in this plot the finite thickness of the 1/2 and 1/3 bands is hardly

noticeable).

Doubly-peaked rotation curves are generally not observed in the kinematical data of DM-dominated
disk galaxies. This led Refs. [Bar+18; Bar+19; BBS22] to infer a bound m ≳ 10−21 eV by assuming the
1/2 soliton-halo relation. As this relation is consistent with our results for m ≃ 10−21 eV in dwarf
galaxy-like systems with ages near the Hubble time, our simulations support such a lower bound on m.
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FIGURE 6.16: Velocity rotation curves for simulations with halo initial condition (Burkert
and NFW), evaluated at t ≈ 10 Gyr. Here, rpeak is the distance at which the circular velocity
vcirc reaches its maximum for a soliton density profile matched to the central density in
the simulations, and vpeak is the corresponding velocity. The rotation curves plotted are
obtained from the radially averaged density profile in the simulations (and hence vcirc is

not exactly equal to vpeak at r = rpeak).

6.3.4 Comparison with previous works

Comparison with flat space-time simulations

We now compare with Ref. [Moc+17] and examine the consistency of our results with their claimed
1/3 relation. Our numerical methods (i.e. our algorithm to solve the SPE) and the setting (flat space-
time with periodic boundary) are similar to this reference. Moreover, as far as we could tell, our soliton
merging (II) initial conditions match their initial conditions. Yet our results, as shown in Fig. 6.11, lie
systematically below the 1/3 relation, in apparent contrast to those of [Moc+17].

One possible reason for this discrepancy is the choice of Ref. [Moc+17] to use the variable Ξ calculated
from the total energy Etot rather than the kinetic energy. Since, as mentioned, in a finite volume the
potential energy Epot contains an arbitrary additive constant, the total energy does too. If not chosen
such that the potential energy matches its infinite volume value, such a constant means that e.g. the
system would usually not obey the virial theorem Ekin = −Etot.7

To check that this is the origin of our discrepancy with Ref. [Moc+17], in the left panel of Fig. 6.17 we
plot our results in terms of Ξ calculated using the total energy without any correction in Epot. With this
prescription our results cluster around the 1/3 relation, slightly exceeding it in some cases. Meanwhile,
in the right panel we plot only data from soliton merger (II) initial conditions (blue markers), which
are the direct parallel of the simulations of Ref. [Moc+17]. The results obtained in this way are fully
consistent with those of [Moc+17]; for comparison, we show also digitized data from Fig.4 there (black
points).

Other works in the literature used different simulation setups to analyze the soliton-halo relation, so
only indirect comparisons are possible. Ref. [Zag+23] used absorbing boundary conditions. Since, in
this case, Ξ is not constant in time, Ref. [Zag+23] presented results both with respect to the initial value of
Ξ, and with respect to a short time average ⟨Ξ⟩. In Fig. 6.18 we superimpose the 1/2 and 1/3 relations
alongside digitized results from that paper. We do the same for the results in Ref. [SNE16], which
also used absorbing boundary conditions, again in Fig. 6.18.8 Speculatively, if these references did use

7Fig. 1 in Ref. [Moc+17] shows the total, potential, and kinetic energy in their simulation. That plot shows that the virial
theorem is indeed violated at the O(1) level. Digitizing the plot we find 2Ekin/|Epot| ≈ 1.4, instead of 1.

8We could not determine whether Ξ used in that reference was calculated from the initial data, or another procedure as
in [Zag+23].



120 Chapter 6. ULDM and Stellar Kinematics/Dynamics

10 7 10 6 10 5 10 4 10 3 10 2 10 1
10 3

10 2

10 1

100

M
so

l/M Soliton merging (I)
Soliton merging (II)
Background
Collapse
Burkert
NFW
Collapse+Bkg

1/2 relation
1/3 relation

10 5 10 4 10 3 10 2

10 1M
so

l/M

Mocz et al 2017
1/3 relation
Soliton merging (II)

FIGURE 6.17: Left: the same as Fig. 6.11, but with Ξ calculated using the total (instead
of kinetic) energy. In the total energy, the potential energy is evaluated directly in finite
volume, i.e. without choosing the arbitrary constant to match the infinite-volume limit.
Right: the same as the left plot, but for direct comparison with Ref. [Moc+17], we show only
our results for soliton merger (II) initial conditions (blue markers), as used in Ref. [Moc+17].

Digitized results from Ref. [Moc+17] are shown by black dots.

10 3 10 2

10 1

100

M
so

l/M

Zagorac et al 2023, 
Zagorac et al 2023, 
Schwabe et al 2016
1/2 relation
1/3 relation

FIGURE 6.18: Simulation results for the soliton halo relation from Ref. [Zag+23] and
Ref. [SNE16], compared with the 1/2 and 1/3 relations.

an unadjusted Epot, that might (possibly partially) account for those data points clustered around and
above the 1/3 line. A direct comparison by re-analyzing such data using Ekin may be useful.

Comparison with cosmological simulations

In a cosmological context, the soliton-halo relation is usually written as

a1/2Msol = Ah

(√
ζ(a)
ζ(1)

M

)Bh

, (6.27)

where Msol and M are the mass of a soliton and halo respectively, and Ah and Bh are parameters of the
relation. Here, a is the cosmological scale factor, and ζ(a) is the cosmology-dependent factor that relates
the average overdensity of the halo within its virial radius, rvir, to the cosmological dark matter density
at the time of formation [Sch+14], i.e.

M ≡ 4π

3
ρm

a3 r3
vir ζ(a) , (6.28)
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and ρm is the cosmological dark matter density today. Note that ζ(a) = (18π2 + 82(Ωm(a) − 1) −
39(Ωm(a)− 1)2)/Ωm(a), with Ωm(a) the matter cosmological abundance at scale factor a [BN98].

We can attempt to match the general form of the soliton-halo relations we consider, Eq. (6.22), with the
cosmological form of Eq. (6.27) as follows. For a virialized halo, it is reasonable to assume

|Etot| ∼
GM2

rvir
. (6.29)

Plugging this into Eq. (6.22) with rvir expressed in terms of M from Eq. (6.28), leads to

aβ Msol = αβ

(
4πρmζ(1)

3G3m6

) β
3
(

ζ(a)
ζ(1)

)β− 1
2
(√

ζ(a)
ζ(1)

M

)1− 4β
3

=⇒ Bh(β) = 1 − 4β

3
. (6.30)

We see that this only leads to a soliton-halo relation of the form of Eq. (6.27) for β = 1/2, in which case
Bh = 1/3 (this was also found in Ref. [Sch+14]). On the other hand, for a generic β, the most we can do
is neglect the effects of cosmology, by setting a = 1, ζ = 1. With such an assumption, we can relate the
parameters Ah for different β as

Ah(β) = αβ

(
Ah(β′)

αβ′

)β/β′

=⇒ Ah(1/3) ≈ A2/3
h (1/2) , (6.31)

where we used α1/2 = 4.2 and α1/3 = 2.6.9

Fig. 6.19 shows results from cosmological simulations [Sch+14; MS21; NB21; CSX24] as collected by
Ref. [Cha+22], together with some halos from Ref. [MMW22]. In Ref. [MMW22], results from 5 halos
at different redshift are shown. In Fig. 6.19, we only show results from the halos at their latest redshift
z = 2.5 and exclude their halo-4; as one can evince from Fig. 4, Fig. 6 there, such excluded halos may not
be virialized. Ref. [MMW22] used m = 2.5 × 10−22 eV, whereas Ref. [Cha+22] used m = 0.8 × 10−22 eV.
According to the rescaling Eq. (A.3), Eq. (A.9), to translate the points of Ref. [MMW22] to m = 0.8 ×
10−22 eV while keeping the same time-scales, one should rescale M → (2.5/0.8)3/2M. We compare these
with the 1/2 cosmological relation of Eq. (6.30) with β = 1/2, and also with the 1/3 relation in the form
of Eq. (6.27) neglecting cosmological effects (i.e. with a = 1 and Bh(1/3) and Ah(1/3) as in Eqs. (6.30)
and (6.31)). We find rough agreement with the expectations that the 1/2 relation is a rough lower bound
and the 1/3 relation is an upper bound, despite neglecting cosmological effects in the latter10.

6.3.5 The criterion for soliton formation

Here, we provide details of the criterion used to define the formation time of a soliton–halo system, as
briefly discussed in Section 6.2.3. Explicitly:

1. At each time step in the simulation we identify the in the box that contains the highest mass
density. Call this point the origin of coordinates r = 0, with density ρ(0). Using the soliton profile
approximation [SCB14]

ρfit(r) =
λ4

s

(1 + a2λ2
sr2)b , a ≈ 0.228 , b ≈ 4.071 , (6.32)

9To analyze such data without neglecting cosmological effects, we would require soliton and halo masses without cosmo-
logical normalizations, which have typically not been reported in the literature.

10The results of Ref. [NB21] are outliers with respect to the other groups results we show. Although we do not have a clear
explanation as of why this is the case, we note that Ref. [NB21] uses a smoothed particle hydrodynamic approach that emulate
the ULDM wave effects, which may affect the soliton-halo relation obtained.
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FIGURE 6.19: Results from cosmological simulations [Sch+14; MS21; NB21; CSX24], as
collected by Ref. [Cha+22], plus from Ref. [MMW22], scaled for an ULDM mass m = 8 ×
10−23 eV (results in Ref. [MMW22] are shown for m = 2.5 × 10−22 eV). Notice that here,
results are expressed using Mc ≃ Msol/4.2. (For Ref. [MMW22] we show only halos at
z = 2.5, and exclude their halo-4 that seems far from virialized, see Figs. 4 and 6 there.)
Also shown is the 1/2 relation translated to a cosmological setting, and the 1/3 relation

(the latter assumes no cosmology effects, see discussion in Sec. 6.3.4).

we obtain a first estimate of the soliton core radius rc from the value of ρ(0).

2. Next, we compute the radial-averaged density profile around r = 0. We fit a soliton profile to the
grid region surrounding r = 0, treating rc as a fit parameter, and including in the fit grid points
within r < 3rc.

At the same time, to constrain the halo, we also fit an NFW profile to grid points satisfying r > 4rc,
with the NFW scale radius rs and density ρs as fit parameters. Namely, we add

ρfit(r > 4rc) =
ρs

r
Rs

(
1 + r

Rs

)2 . (6.33)

3. The earliest time tform that satisfies

1
N

N

∑
i∈fit points

log2
(

ρsim(ri, tform)

ρfit(ri)

)
< 0.5 , (6.34)

is where we begin to report results in the context of a soliton-halo relation.

As we show in Fig. 6.20, changing the threshold in Eq. (6.34) does not significantly change the results
we obtain. A more restrictive criterion selects later formation times, making points in the soliton-halo
diagram start their life when they are more massive. Meanwhile, a less restrictive criterion, e.g. increas-
ing the threshold in Eq. (6.34) to 5, initially less massive solitons. However, such a criterion is actually
so weak that in some runs an examination of the field and density profile suggests there is actually no
soliton at some times when the threshold is met, limiting the reliability of the soliton-halo relation plot
obtained.
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FIGURE 6.20: The same plot as in Fig. 6.11, but with different thresholds used in Eq. (6.34)
for determining the moment of soliton formation: 0.05 and 5 in left and right panel respec-

tively, instead of 0.5.

6.4 Summary of the soliton-halo relation results

We performed a series of flat-space numerical simulations of ULDM halos initialized in different ways,
with the aim of analyzing on the soliton-halo relation, exploring a larger range of Msol/M than previous
works. Our main findings are summarized in Figs. 6.9 and 6.11. In all of our simulations, solitons form
around the 1/2 relation, and then accrete mass from the surrounding halo without surpassing the 1/3
relation. This can be explained by the 1/3 relation being an upper bound, whereas the 1/2 relation scales
parameterically as, and is a factor of about 3 above the evaporation lower bound derived in Ref. [CSX24].

After accounting for an ambiguity in the definition of the potential energy in a finite volume, our results
are compatible with data from other works in the literature. We believe it would be useful if other
groups who have carried out flat-space simulations re-analyzed their data taking into account this issue
with the potential energy to check whether they also find solitons lying within the band between the
1/2 and 1/3 relations. If this is indeed the case, then the soliton-halo relation could be viewed as a
“soliton-halo band” bracketed by these two relations.

We have also noted that the quantity Ξ (defined in Eq. (6.21)), which is often used in the literature to
express a soliton-halo relation, is sensitive to finite-volume effects.

If solitons still fall into the soliton-halo band once cosmological effects are included (as Fig. 6.19 suggests
might be the case), then the use of the 1/2 relation when investigating observational consequences can
be regarded as reasonably conservative. In particular, we predict solitons to have mass roughly given
by the 1/2 relation or larger and as a result the inner peak in the rotation curve, induced by the soliton,
is generically of similar amplitude or larger than the outer one induced by the halo. An important re-
maining question is the timescale on which the soliton forms cosmologically: if the relaxation timescale
is relevant then the soliton-halo predictions hold for dwarf galaxy systems (velocity dispersion of the
order of 10 km/s) for ULDM masses m ≲ 10−20 eV.
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Chapter 7

Summary

For the past decades, the scientific community has been striving to better understand the nature of dark
matter beyond the paradigm of ΛCDM. Despite arising tensions, most notably the Hubble tension,
these debates have not brought us significantly closer to a deeper understanding on these fundamen-
tal physics issues. However, with already operating missions such as DES [Tre+18], Euclid [Bla+20],
DESI [Lev+13; Agh+16a; Agh+16b] and JWST [Gar+06], and upcoming ones like the Nancy Grace Ro-
man Space Telescope [Spe+15], the Square Kilometer Array [Bac+20] and the Vera C. Rubin Observatory
(LSST) [Abe+09], we will have access to a vast amount of new astrophysics and cosmology data, which
may help us in getting closer in understanding the nature of dark matter and how our universe really
behaves on large scales.

In line with this opportunity, in this thesis we tried to delve deeper into what we can achieve in the
understanding of dark matter and cosmology with increasingly precise data on galaxies. On the dark
matter side, we showed how in principle one can look for ULDM cores using gravitational lensing time
delays, covering a mass range which is as of now not constrained by other probes. We also investigated
the effect on stellar kinematics of ULDM, by looking at the dynamical heating of stars and at the soliton-
halo relation via numerical simulations. New and more precise data on dwarf galaxies and ultra-faint
dwarf galaxies will help us constrain the ULDM paradigm via this avenue.

On the cosmology side, we focused on the gravitational lensing time-delay probe of H0, addressing
possible degeneracies and caveats arising from not-proper accounting of large scale structures and host
group influences, and possible internal cores. The latter may indeed come from ULDM, possibly “ex-
plaining” the high H0 value TDCOSMO I [Mil+20] found, when not explicitly considering an internal
mass sheet. We also discussed under which assumptions multiple source systems can be used to break
at least partially some of these degeneracies. The study of multiple source systems is timely, as forecasts
predict many more multiple source systems to be discovered [Sha+24].

A full list of the main results of this thesis, based on Refs. [BT21b; Teo+22; TB23; BT25; TCB25; Blu+25]
is as follows.

• Ref. [BT21b]. We consider in Ch. 5 ULDM cores as a possible source of approximate internal
MSD. We show in Fig. 5.2 that cores which can bias down the H0 measurements of TDCOSMO
systems [Mil+20] back to the CMB value can arise, if we rely on relaxation time estimates Eq. (5.35).
The scenario we portray needs ULDM of mass m ∼ 10−25 eV which makes up a fraction of order
10% of the total cosmological dark matter density, which is compatible with all other cosmological
constraints. Stellar kinematics measurements of well-resolved massive galaxies (including the
Milky Way) may offer a way to test the scenario. Kinematics analyses aiming to test the core
hypothesis in massive elliptical lens galaxies should not, in general, adopt the perfect mass sheet
limit, as ignoring the finite extent of an actual physical core could lead to significant systematic
errors, as we show in Sec. 4.1.1.
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• Ref. [Teo+22]. We consider the impact in time delay cosmography of weak lensing effects associ-
ated with different segments of the line of sight. We show in Sec 4.3.2 that external convergence
terms associated with the lens-source and observer-lens segments need to be included in cosmo-
graphic modelling, in addition to the usual observer-source term, to avoid systematic bias in the
inferred value of H0. Specifically, we show how an incomplete account of the observer-lens line
of sight biases the stellar kinematics use to alleviate the MSD. Moreover, we consider the use of
imaging data for multiple strongly-lensed sources in a given system. We show in Sec. 4.3.1 that
the MSD is not fully resolved by the availability of multiple sources: some degeneracy remains
because of differential external convergence between the different sources. Similarly, as we show
in Sec. 4.3.4, differential external convergence also complicates the use of multiple sources in ad-
dressing the approximate MSD associated with an internal core component in lens galaxies, like
the ULDM one discussed in Ref. [BT21b]. We illustrate this point in Fig. 4.19, where we compare
the apparent MSD breaking, coming from two examples of multiple source systems, with the dif-
ferential external convergence expectation between different sources. The latter may hinder the
possibility to resolve an internal MSD for these systems. On the other hand, if differential external
convergences are within control, then Eq. (4.65) offers a way to spot the influence of unaccounted
internal cores.

For a rough assessment of the weak lensing effects, we provide estimates of external convergence
using the non-linear matter power spectrum, Sec. 4.3.5, paying attention to non-equal time corre-
lators. For the latter, we introduced a novel approximation, discussed in Sec. 1.1.6.

• Ref. [TB23]. Massive elliptical galaxies, that serve as lenses in gravitational lensing time delay
measurements of the Hubble parameter H0, often reside in a host group. We considered degenera-
cies in the modelling of the group halo in Sec. 4.2, having the example of the PG1115+080 system
in mind. When the group effect on imaging can be summarized by its flexion (the next order
term beyond shear in the tidal expansion), the posterior likelihood map can develop disjoint local
minima, as it is apparent in Fig. 4.5. This is associated with an approximate discrete symmetry
of a dominant flexion term. MCMC algorithms that are not designed to explore a rich posterior
landscape can miss some of the minima, introducing systematic biases. We study mock data and
demonstrate that the bias in H0 can exceed 10%, and pulls the inference value of H0 above its truth
value, for a reason that can be traced to the structure of a mis-modelled flexion term, see Sec. 4.2.4.
MCMC algorithms that are designed to cope with a rich posterior landscape can uncover the
structure. If the group is X-ray bright enough, X-ray data may also help to resolve the degeneracy,
by pinpointing the group’s center of mass, see Fig. 4.6 for X-ray data for PG1115+080. Finally,
we show in Sec. 4.2.5 that some implementations in the literature used an inaccurate kinematical
prior, mis-modelling the group velocity dispersion by as much as 20%.

• Ref. [BT25]. The estimates of Ref. [BT21b] for the expected mass of the soliton in a large elliptical
lens galaxy relied on relaxation time estimates, which may be inaccurate for realistic halos. In
Sec. 5.4, we use numerical simulations to more reliably probe the scenario of Ref. [BT21b]. Our
simulations mimic galactic halos and explore different initial conditions and levels of sophistica-
tion in the modelling of the halo potential. For m ∼ 10−25 eV, ULDM cores act as approximate
internal mass sheets in strong gravitational lensing, and could first be detected using time delays
in cosmography, when an H0 prior is assumed: a scenario we dub AxionH0graphy, see Fig. 5.6
right for a proof of concept with a mock system. The MSD is broken by finite core radius and
by the dynamical displacement of cores from the halo center of mass, which introduce imaging
distortions and restrict the H0 signal limit of AxionH0graphy to m ≲ 5 × 10−25 eV, see Tab. 5.2 for
a complete summary of the simulations we considered. Cosmological simulations are called for to
sharpen the predicted connection between the amplitude of ULDM galactic cores and the ULDM
cosmological fraction.
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• Ref. [TCB25]. We present in Sec. 6.1 numerical simulations of dark matter and stellar dynamics
in ULDM halos tailored to mimic dwarf galaxies. For dark matter particle mass m ≃ 10−22 eV,
dynamical heating causes the half-light radius to over-shoot surface brightness data of the Fornax
galaxy, see Fig. 6.6. For m ≃ 10−21 eV, soliton core formation leads to a velocity dispersion peak
incompatible with kinematics data, see Fig. 6.1. Extending the analysis to the Carina and Leo
II galaxies, the tension persists up to m ≃ 5 × 10−21 eV, see Fig. 6.2. A caveat in our analysis
is the omission of stellar self-gravity. This would not change dynamics today, but could affect
extrapolation back in time if the stellar body was more compact in the past.

• Ref. [Blu+25]. The rotation curve observational implications of solitons depend on their mass. Var-
ious relations for the ratio of the masses of a soliton and the halo have been proposed. We analyse
the implications of these relations in Sec. 6.2, and test them with a suite of numerical simulations.
The relation of Ref. [Sch+14] is equivalent to (E/M)sol = (E/M)halo where Esol(halo) and Msol(halo)
are the energy and mass of the soliton (halo). If the halo is approximately virialized, this relation
is parametrically similar to the evaporation/growth threshold of Ref. [CSX24], and it thus gives a
rough lower bound on the soliton mass. A different relation has been proposed by Ref. [Moc+17],
which is equivalent to Esol = Ehalo, so is an upper bound on the soliton mass provided the halo
energy can be estimated reliably. Our simulations provide evidence for this picture, see Figs. 6.9,
6.11 and are in broad consistency with the literature, in particular after accounting for ambiguities
in the definition of Ehalo at finite volume, see discussion in Sec. 6.3, in particular Fig. 6.17. We also
note that the quantity Ξ, often used in the literature to characterize the soliton-halo relation, is
badly sensitive to boundary effects, see Figs. 6.13, 6.14.

In the near future, it will be important to refine the theoretical predictions for ULDM in order to better
understand how we can constrain (or, if lucky, provide evidence for) the ULDM paradigm. Addition-
ally, forecasts suggest that H0 measurements from gravitational lensing will achieve the precision and
accuracy needed to determine whether the result aligns with the distance ladder measurement or with
the early universe/LSS probes [BT21a], offering valuable insights into the resolution of the highly de-
bated H0 tension. Assessing the accuracy and reliability of such measurements is therefore a timely
endeavour.
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Appendix A

Solving numerically the
Schrödinger–Poisson Equations

A.1 Solving the Schrödinger–Poisson equations

The ULDM for multiple fields follows the SPE for non-relativistic fields ψi each with particle mass mi; in
the possible presence of an external potential Φext, those read (Eqs. (3.14), (3.15), which we rewrite here)

i
∂ψi

∂t
= − 1

2mi
∇2ψi + mi(Φ + Φext)ψi , (A.1)

∇2Φ = 4πG(∑
i
|ψi|2 − ⟨∑

i
|ψi|2⟩) , (A.2)

where ⟨·⟩ indicates the spatial average.

It is convenient to express the fields and coordinates in a dimensionless form. To this end, we define

ψ̃i =
1

λ2
s

√
4πG
m1

ψ , x̃ = λsm1x , t̃ = λ2
s m1t , Φ̃ = Φ/λ2

s , Φ̃ext = Φext/λ2
s , (A.3)

with λs a dimensionless real parameter. This gives

i
∂ψ̃i

∂t̃
= − 1

2ri
∇2

x̃ψ̃i + ri(Φ̃ + Φ̃ext)ψ̃i , (A.4)

∇2
x̃Φ̃ = ∑

i
|ψ̃i|2 − ⟨∑

i
|ψ̃i|2|⟩ , (A.5)

where we defined
ri :=

mi

m1
. (A.6)

The density of the i-th field is ρ̃i = |ψ̃i|2, its total mass is

M̃i =
∫

d3 x̃ |ψ̃i|2 , (A.7)

and the energy associated to each field component reads

Ẽtot,i =
∫

d3 x̃
(
|∇ψ̃i|2

2r2
i

+
1
2
|ψ̃i|2Φ̃ + |ψ̃i|2Φ̃ext

)
. (A.8)
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Both M = ∑i Mi and Etot = ∑i Etot,i are conserved under the Schrödinger–Poisson evolution. Under the
rescaling in Eq. (A.3),

M̃ =
4πGm

λ
M , Ẽtot =

4πGm
λ3 Etot =⇒ Ξ ≡ |Etot|

M3
1

G2m2 = Ξ̃ . (A.9)

Thus, Ξ is invariant under the λs rescaling.

In simulations, we solve the rescaled Schrödinger–Poisson equations, in Eqs. (A.4) and (A.5), using a
standard pseudo-spectral 3D solver, similar to that described in Ref. [LPT18], in a periodic box with
length L̃. In the following, we review the basics of its implementations. The field is evolved via the
unitary operator

ψ̃i(t̃ + dt̃) = ∏
α

e−iridαdt̃(Φ̃α+Φ̃ext)e−icαdt̃ (−i∇)2
2ri ψ̃i(t̃) , (A.10)

where dt̃ is the time-step. In this equation, first the kinetic operator acts on ψ̃(t̃) as

e−icαdt̃ (−i∇)2
2ri ψ̃i(t̃) ≡ ψ̃

(α)
i (t̃ + dt̃) , (A.11)

followed by the potential operator, which is obtained by solving:

∇2Φ̃α = ∑
i
|ψ̃(α)

i |2 − ⟨|∑
i

ψ̃(α)|2⟩ . (A.12)

The range that α runs over, and the values of the constants cα, dα, depend on the order of the numerical
integrator that is used. We make use of the 6th order version, for which the numerical values of cα, dα

can be found in [LPT18]. We evaluate Eqs. (A.11) and (A.12) in Fourier space, via fast Fourier transforms
using the FFTW library [Fri99]. We use adaptive time-steps, to ensure a conservation of energy ∆E/E ≲
10−5 between time-steps, and an overall conservation of energy |Etot

final − Etot
initial|/|Etot

final + Etot
initial| ≲ 10−3.

Eq. (A.12) is solved by setting the zero-momentum mode (k = 0) of Φ̃ to zero, implying that the average
of Φ̃ over the box is zero, ⟨Φ̃⟩ = 0. To fix the arbitrary constant in the potential energy Epot, we define

Φ̃(x̃) ≡ Φ̃code(x̃) + c , (A.13)

where Φ̃code is the gravitational potential computed as described above and satisfying ⟨Φ̃code⟩ = 0. Via
an appropriate determination of the constant c, we then require limr̃→∞ Φ̃(r̃) = 0, where r̃ is the distance
to the point of maximum density. Specifically, from the Poisson equation, the asymptotic behavior of Φ̃
in the infinite-volume limit is

Φ̃ ∼ − M̃
4πr̃

for large r̃ . (A.14)

Hence, if R̃ is the furthest point in the grid from the point of maximum density (within which we
interpret all the mass M̃ of the box to lie), we can approximately recover the constant c as

Φ̃(R̃) = Φ̃code(R̃) + c = − M̃
4πR̃

=⇒ c = − M̃
4πR̃

− Φcode(R̃) . (A.15)

We stress that this method is just a rough estimate, since there is no guarantee that the potential already
goes as Eq. (A.14) within the box.

As a check, in Fig. A.1, we plot our soliton-halo data points, from Fig. 6.11 as a function of Ξ, calculated
from the total energy Etot including the constant Eq. (A.15) in Epot (with R̃ = L̃/2). Relative to Fig. 6.11
(which is the same plot but with Ξ calculated from the kinetic energy alone), many of the data points
are shifted to the left. We believe this discrepancy is likely due to the calculation of the constant in the
potential energy via Eq. (A.15) not being accurate enough. On the other hand, with the corrected Etot the
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FIGURE A.1: Same as in Fig. 6.11, but with Ξ calculated using Etot instead of Ekin. Un-
like Fig. 6.17 left, the constant in the potential energy (which in enters Ξ) is chosen as in

Eq. (A.15) such this matches its infinite-volume value.

points are substantially closer to the results using Ekin than when using the uncorrected Etot, as plotted
in Fig. 6.17. This suggests that our calculation of the constant in the potential energy is at least partially
successful. Given this situation, and the fact that a mis-determination of this constant can affect the
interpretation of results, we decided to use quantities calculated from Ekin for our main plots in Ch. 6.

A.1.1 Stars

Star dynamics in Sec. 6.1 is computed from the gravitational potential Φ, which is assumed to be sourced
only from the ULDM field ψ, neglecting stellar gravity. Star coordinates are evolved via the leapfrog
integrator [BT08]

r⃗i(tj+1/2) = r⃗i(tj) +
1
2

dt v⃗i(tj) ,

v⃗i(tj+1) = v⃗i(tj)− dt∇Φ(⃗ri(tj+1/2)) ;

r⃗i(tj+1) = r⃗i(tj+1/2) +
1
2

dt v⃗i(tj+1/2) .

(A.16)

∇Φ(⃗ri(tj+1/2)) is computed from the ULDM-sourced Φ in the grid, using multi-linear interpolation.

Notice that one can write multilinear interpolation as

f (x, y, z) = ∑
i,j,k=1,2

f (xi, yj, zk)

(
1 − |x − xi|

x2 − x1

)(
1 −

|y − yj|
y2 − y1

)(
1 − |z − zk|

z2 − z1

)
; (A.17)

this is the same way the Cloud In Cell (CIC) assigns mass in neighbouring points.
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A.2 Soliton solution

The soliton solution can be obtained from Eqs. (A.4) and (A.5) (for a single field, with Φext = 0) with the
spherically-symmetric ansatz

ψ̃( ˜⃗x, t̃) ≡ χ(r̃)e−iω̃sol t̃ , (A.18)

which leads to

∂2
r̃ (r̃χ) = 2r̃(Φ̃ − ω̃sol)χ , (A.19)

∂2
r̃ (r̃Φ̃) = r̃χ2 . (A.20)

These equations are invariant under the λs rescaling of Eq. (A.3) and thus admit an infinite class of
solutions for χ, labeled by χλ. We define them such that χλ(0) = λ2

s . We can solve the equations above
for χ1(0) with boundary conditions ∂r̃χ(0) = ∂r̃Φ(0) = 0, limr̃→∞ χ(r̃) = 0 to obtain (see Sec. A.2.1 for
further details on the procedure)

M̃sol,1 ≈ 26 , r̃c,1 ≈ 1.31 , ω̃sol,1 ≈ −0.69 + Φ̃(r̃ → ∞) . (A.21)

Here, M̃sol =
∫

d3 x̃|ψ̃|2 =
∫

d3 x̃χ2 is the total soliton mass and r̃c is the soliton half-density radius, i.e.
|ψ̃(r̃c)|2 = |ψ̃(0)|2/2. For an isolated soliton, Φ̃(r̃ → ∞) = 0.1 A generic soliton will then have

M̃sol = λM̃sol,1 , Ẽsol = λ3Ẽsol,1 , r̃c = r̃c,1/λ , ω̃sol ≈ −0.69λ2 + Φ̃(r̃ → ∞) . (A.22)

From these equations it follows rc = 1.31/(4πGm2ρ(0))1/4 and M4
sol = 64πρ(0)/(G3m6), used in

Sec 6.2.1.

The soliton is a virialized system, i.e. 2Ẽkin,sol = −Ẽpot,sol,2 and one can show that

Ẽsol =
1
3

M̃solω̃sol = −Ẽkin,sol , (A.25)

where in the first equality we integrated by parts the equations of motions and used the virial theorem.
Hence, since Ẽsol/M̃3

sol = Ẽsol,1/M̃3
sol,1 given that Ξ is independent of λ, a soliton-halo relation of the

form in Eq. (6.22) whose validity is retained in the limit Msol/M → 1 should always obey

1 = α

(
|Esol,1|

G2m2M3
sol,1

)β

= α

(
(4π)2 ω̃sol,1

3M̃2
sol,1

)β

≈ α(0.054)β . (A.26)

This implies that for a soliton one has Ξ ≈ 0.054. Both α = 4.2, β = 1/2 (from [Sch+14]) and α = 2.6,
β = 1/3 (from [Moc+17]) approximately satisfy Eq. (A.26). From this result, one can infer that the 1/2
relation of Ch. 6 is simply rewritten as in Eq. (6.16), whereas the 1/3 relation as in Eq. (6.18).

In the case of a soliton within an external potential Φext, the scaling relation becomes

χλ(x̃, Φ̃ext) = λ2χ1(λx̃, λ−2Φ̃ext(λ
−1·)) , γλ = λ2γ1 , Φ̃λ(x̃, Φ̃ext) = λ2Φ̃1(λx̃, λ−2Φ̃ext(λ

−1·)) . (A.27)

1For a soliton surrounded by a halo, one can identify Φ̃(r̃ → ∞) with Φ̃offset in Eq. (A.144).
2Defining the moment of inertia as

I :=
1
2

∫
d3r r2|ψ|2 , (A.23)

one can show (see App. A of Ref. [Hui+17])
Ï = 2Ek + Epot ; (A.24)

then, for a soliton, İ = 0, implying Ï = 0, which implies virial theorem.
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These cannot be analytically solved, but a good fitting function for the numerical solution is

χ1(x̃) =
(
1 + a2 x̃2)−b

. (A.28)

For Φext = 0 (i.e. no external potential), one obtains a ≃ 0.23, b ≃ 4.07.

A.2.1 Further details on solving for the soliton solution

In solving numerically Eqs. (A.19), (A.20), we should avoid the (numerical) singularity at x = 0; to do
that, we must make the integration start at a δ ≪ 1. Since initial conditions are given at x = 0, we
should consider

χ(δ) ≃ χ(0) + χ′(0)δ +
1
2

χ′′(0)δ2 +
1
6

χ′′′(0)δ3 +
1

24
χ′′′′(0)δ4 , (A.29)

and similarly for U(δ) := Φ̃(δ) − ω̃sol; the value of χ(δ), U(δ) and their first derivatives χ′(δ), U′(δ)
are simply found by plugging the Taylor expansion (A.29) for both functions in Eqs. (A.19), (A.20) and
equating coefficients with same powers of δ. As an example, take the Poisson equation, which becomes

2
δ

U′(0) + 3U′′(0) + 2U′′′(0)δ +
5
6

U′′′′(0)δ2 = 1 + χ′′(0)δ2

=⇒ U′(0) = U′′′(0) = 0 , U′′(0) =
1
3

, χ′′(0) =
5
6

U′′′′(0) .
(A.30)

Using also the other equation in a similar way, one finds

U(δ) = U(0) +
1
6

δ2 +
1
30

U(0)δ4 , χ(δ) = 1 +
1
3

U(0)δ2 +
1
60

(1 + 2U2(0))δ4 . (A.31)

The value for U(0) is found by imposing the ground state no-node solution; to determine the value of
ω̃sol, we know that, for an sufficiently high R, Φ ≃ −MG/R, and M can be recovered from (3.21), thus
yielding

U(R) = Φ̃(R̃)− ω̃sol =⇒ ω̃sol = −U(R)− 1
R̃

∫ R̃

0
dx x2χ2(x) . (A.32)

The above discussion has little changes when we add a Φext contribution; the above relations change as
(here we ignore higher order than δ2 terms)

χ′′(0) =
2
3
(U(0) + Φ̃ext(0)) , χ′′′(0) = Φ̃′

ext(0) , χ′′′′(0) =
2
5
(
1 + 3Φ̃′′

ext(0) + 2(U(0) + Φ̃ext(0))2) .
(A.33)

The (possibly divergent) term Φ̃om(0) is a constant term which can be reabsorbed in U.

A.3 Discrete Fourier transform in the SPE solver

The SPE solver we described previously uses Discrete Fourier Transform (DFT), performed using fttw [Fri99].
The DFT of a sequence xj, j = 0, . . . , P − 1, is an array ykf , kf = 0, . . . , P − 1

ykf =
P−1

∑
j=0

xje−2πijkf/P =: FP(x)kf ; (A.34)
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we here denote with kf the discrete Fourier mode, to be distinguished with respect to the continuous
Fourier mode k. The normalized inverse DFT is then

xj =
1
P

P−1

∑
j=0

ykfe
2πijkf/P =: F−1

P (y)j ; (A.35)

notice that
P−1

∑
j=0

e2πij(kf−k′f)/P = Pδkfk′f
. (A.36)

To correctly implement fields in Fourier space in the simulation grid, one should be careful on all the
various DFT normalization and conventions. As an example, the 1D inverse Fourier transform of ψ in
grid space would be3

ψ(x) =
∫ dk

2π
eikxψk =

1
L

∫
dkf ψke2πijkf/P ≃ 1

L

P/2−1

∑
kf=−P/2

ψke2πijkf/P = ψj =
1
P

P/2−1

∑
kf=−P/2

ψkfe
2πijkf/P , (A.37)

where we used the relation between continuous and discrete Fourier mode k = 2πkf/L, together with
x = Lj/N. Notice that the chain of equalities in Eq. (A.37) holds only if

ψk =
L
P

ψkf . (A.38)

In n dimensions, it would be

ψ⃗k =

(
L
P

)n

ψ⃗kf
. (A.39)

We remark that ψ⃗k is the expression of the continuous version of the Fourier transform of ψ (which can
be expressed in grid units), ψ⃗kf

is the expression one obtains if one applies the DFT to ψ. In particular,
notice that ψ and ψ⃗kf

have the same dimensions, whereas ψ⃗k does not. If one knows ψk, then one can
simply write

ψ(j) =
1
L

P/2−1

∑
kf=−P/2

ψke2πijkf/P . (A.40)

Notice that here, both kf and j can be negative, differently from the standard DFT in Eqs. (A.34),(A.35)
(there, the indices kf, j would correspond to the indices of a P-dimensional array, which conventionally
goes from 0 to P − 1 in most programming languages). Notice that we can write

ψkf =
P/2−1

∑
j=−P/2

e−2πijkf/Pψj = eiπkf
P−1

∑
j′=0

e−2πij′kf/Pψj′−P/2 ; (A.41)

equivalently, we can write

ψkf =

(
−1

∑
j=−P/2

+
P/2−1

∑
j=0

)
e−2πijkf/Pψj =

P−1

∑
j=0

e−2πijkf/Pψj̃ , j̃ =

{
j , j = 0, . . . , P/2 − 1 ;
j − N , j = P/2, . . . , P − 1 .

(A.42)

Notice that, due to the periodicity of the exponential, ψkf = ψkf+P; taking into account that FP(ψ) would
be an array with k varying from 0 to P − 1, we can write

ψo
kf
= FP(ψ

o)kf , (A.43)

3In this section, we assume all the quantities discussed to be in grid space, hence we will omit the tilde.
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where in the following, we will indicate with the superscript o ordered-arrays, defined via

ψo
j = ψj̃ . (A.44)

Same reasoning holds for the inverse DFT4,

ψo
j = F−1

P (ψF,o)j . (A.45)

Lensing quantities in the grid. In Ch. 5, we use our multiple field SPE solver to compute relevant
lensing quantities associated to the ULDM field. In particular, our simulation outputs convergence on
an equally-spaced grid; it is thus natural to compute Ψ and its derivatives via FFT. From Eq. (2.27)
(hatted quantities are in Fourier space),

Ψ̂⃗k = − 2
k2 κ̂⃗k . (A.46)

In a grid of length L with P points, with j⃗ = (j1, j2), j1, j2 = 0, . . . , P − 1 labelling the grid point, we can
write

Ψ(⃗θ) = − 2
(2π)2

∫
d2k

ei⃗k·⃗θ

k2 κ̂⃗k ≈ − 2
(2π)2

P/2−1

∑
l1,l2=−P/2

e2πi⃗l ·⃗j/P κ̂⃗k
l2 , (A.47)

where we discretized the integral via θi = jiL/P, ki = 2πli/L, li = 0, . . . , P− 1. Using DFT, we can write

Ψo = −2
(

L
2π

)2

F−1
P

(
FP(κ

o)⃗l
l2

)
. (A.48)

Analogously, we can write, for Ψ derivatives,

∂iΨo = −i
L
π

F−1
P

(
FP(κ

o)⃗l
li
l2

)
, (A.49)

∂i∂jΨo = 2F−1
P

(
FP(κ

o)⃗l

lilj

l2

)
, (A.50)

∂i∂j∂mΨo = i
4π

L
F−1

P

(
FP(κ)⃗l

lilmlj

l2

)
. (A.51)

As application of the previous discussion, useful for the results presented in Ch. 5, in Fig A.2 we show
γ1 and F1 as proxy for shear and flexion magnitude, computed using Eqs. (A.50)-(A.51). These results
refer to the system showed in the bottom-left panel of Fig. 5.10, which has an high ∆κc ≳ 0.09. With
a large ∆κc, the system under consideration can yield possible detectable imaging errors. However,
the magnitude of the shear near the center of the core is comparable to (and degenerate with) typical
cosmological external shear, which is poorly constrained theoretically. Similarly, the flexion magnitude
is not too far off from the flexion caused by a host group of the lens galaxy [TB23]. This calls for the
possibility that MSD-breaking effects from cores with ∆κc ≳ 0.03 could still be reabsorbed by other
modeling parameters.

4Usually, we indicate arrays in Fourier space just with the index k; when confusion might arise, we will specify it with a
superscript F.
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FIGURE A.2: Plots of γ1 and F1 on the left and right respectively, referring to the conver-
gence field in the bottom-left panel of Fig. 5.10.

A.4 Some considerations about SPE properties

A.4.1 Center of mass velocity

The velocity vector for a field ψi obeying SPE reads

v⃗i =
1

2riρii
(ψ∗

i ∇ψi − ψi∇ψ∗
i ) ; (A.52)

we can write the center of mass velocity v⃗cm as

v⃗cm =
1

Mtot

∫
d3x ∑

i
ρiv⃗i . (A.53)

One can see that v⃗cm does not change with time for the self-gravitating potential Φ (an external potential
would change it). In fact (integrating by parts)

dv⃗cm

dt
= ∑

i

1
2rii

∫
d3x

(
2

∂ψ∗
i

∂t
∇ψi − 2

∂ψi

∂t
∇ψ∗

i

)
= ∑

i

1
2r2

i

∫
d3x

(
−∇2ψ∗

i ∇ψi −∇2ψi∇ψ∗
i
)︸ ︷︷ ︸

=0 after integration by parts

− ∑
i

1
ri

∫
d3x ri(ψ

∗
i ∇(Φψi) + ψi∇(Φψ∗

i )) = −∑
i

∫
d3x (ψ∗

i ∇(Φψi)− (∇ψi)Φψ∗
i )

= −∑
i

∫
d3x ∇ϕ|ψi|2 .

(A.54)

Now, recalling

Φ(x⃗) = −G
∫

d3y
∑j
∣∣ψj (⃗y)

∣∣2
|⃗x − y⃗| , (A.55)

we can write

dv⃗cm

dt
= G ∑

i,j

∫
d3x d3y |ψi(x⃗)|2

∣∣ψj (⃗y)
∣∣2 x⃗ − y⃗

|⃗x − y⃗|3

= −G ∑
i,j

∫
d3x d3y |ψi(x⃗)|2

∣∣ψj (⃗y)
∣∣2 x⃗ − y⃗

|⃗x − y⃗|3
= 0 ,

(A.56)
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where we noticed that we can safely interchange x ↔ y and i ↔ j on the integral, thus obtaining a
quantity which is equal to its opposite, hence forced to be zero. In grid units, one can express (using the
DFT notation of App. A.3)

⃗̃vcm =
1

(2π)3ri M̃

∫
d3k k⃗|ψ̃⃗k|

2 ∼ L̃3

riP6M̃ ∑
k⃗f

2π

L
k⃗f|ψ̃⃗kf

|2 . (A.57)

Notice that if ψ is real, ψ∗
k⃗
= ψ−⃗k so ψ∗

k⃗
ψ⃗k = ψ−⃗kψ∗

−⃗k
and ⃗̃vcm = 0 (antisymmetric integrand). As a sanity

check, consider the field configuration

ψ = A(x⃗)ei⃗v·⃗x , A ∈ R ; (A.58)

we expect v⃗cm = v⃗. Then

Mv⃗cm =
∫

d3x d3x′ A(x⃗)A(x⃗′)
∫

d3k
k⃗

(2π)3 e−i⃗k·(x⃗−x⃗′)ei⃗v·(x⃗−x⃗′) ; (A.59)

now, setting y⃗ := x⃗ − x⃗′,
∫

d3x′ A(x⃗′) =
∫

d3y A(x⃗ − y⃗), we have (integrating by parts)

∫
d3y

∫
d3k k⃗e−i⃗k·⃗y f (⃗y) =

∫
d3y

∫
d3k i

∂e−i⃗k·⃗y

∂y⃗
f (⃗y) = −i(2π)3

∫
d3y δ(⃗y)∇ f (⃗y) , (A.60)

with f (⃗y) = A(x⃗ − y⃗)ei⃗v·⃗y. We then conclude as expected

Mv⃗cm = v⃗
∫

d3x A2(x⃗) = Mv⃗ . (A.61)

A.4.2 Total energy conservation

We can explicitly show that the total energy is conserved. For the kinetic energy (after integration by
parts) we have5

dEkin,i

dt
=

1
2r2

i

∫
d3x

(
−∂ψi

∂t
∇2ψ∗

i −
∂ψ∗

i
∂t

∇2ψi

)
=

1
2rii

∫
d3x Φ(ψ∗

i ∇2ψi − ψi∇2ψ∗
i ) , (A.62)

whereas for the potential energy we have

dEpot,i

dt
=

1
4rii

∫
d3x Φ(−ψ∗

i ∇2ψi + ψi∇2ψ∗) +
1
2

∫
d3x |ψi|2

∂Φ
∂t

; (A.63)

notice that for a time-independent potential, the first term without the factor 1/2 is enough to give the
total derivative ot the total energy to be zero. For our case, we need

∂Φ(x)
∂t

= − G
2ri

∫
d3y

∑j(−ψ∗
j (y)∇2ψj(y) + ψj(y)∇2ψ∗

j (y))

|⃗x − y⃗| (A.64)

5We suppress the tilde in this section, we are always computing quantities in grid units Eq. (A.3)
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which implies

∑
i

1
2

∫
d3x |ψi|2

∂Φ
∂t

=
1

4ri

∫
d3y ∑

j
(−ψ∗

j (y)∇2ψj(y) + ψj(y)∇2ψ∗
j (y))

(
−G

∫
d3x ∑

i

|ψi(x)|2

|⃗x − y⃗|

)
︸ ︷︷ ︸

=Φ(y)

= ∑
i

1
4ri

∫
d3x (−ψ∗

i ∇2ψi + ψi∇2ψ∗
i )Φ ,

(A.65)

hence proving that the total energy, ∑i(Ekin,i + Epot,i) is conserved.

A.5 Energy of stars coupled with ULDM

Potential and acceleration field on N stars system. Consider a system of N stars with density distri-
bution

ρ(x⃗) = ∑
j

ρjΘ(R − |⃗x − x⃗j|) , (A.66)

meaning we are considering a system with N balls with radius R and constant density ρj, each at posi-
tion x⃗j. We assume R to be small enough so that there is no superposition between different balls. The
potential at a point x⃗ of such a system reads

Φ(x⃗) = −G
∫

d3y
ρ(y)
|⃗x − y⃗| = ∑

j
Φj(x⃗) , Φj(x⃗) = −2πGρj

∫ R

0
y2 dy

∫ 1

−1
d cos θ ∑

l=0

yl
<

yl+1
>

Pl(cos θ) , (A.67)

where we are using the linearity of the integral to split it in the integrals over the whole space of a single
ρj component, and within each integral we use spherical coordinates centered on x⃗j. Moreover, we used
the expansion

1
|⃗x − y⃗| = ∑

l

yl
<

yl+1
>

Pl(cos θ) , (A.68)

where y> is x if x > y, otherwise y if y > x, and y< is x if x < y, otherwise y if y < x. Pl are the Legendre
polynomials, for which we need the properties

P0 = 1 ,
∫ 1

−1
Pl(x)dx = 0 for l ≥ 1 ; (A.69)

hence, we end up with

Φj(x⃗) = −4πGρj

∫ R

0

y2 dy
y>

= −4πGρj ×
{

R2

2 − x2

6 , x < R
R3

3x , x ≤ R .
(A.70)

Reinstating the coordinates of the centers of the balls, we end up with the final result

Φ(x⃗) = −4πGR3

3 ∑
j

ρj

|⃗x − x⃗j|
= −G ∑

j

mj

|⃗x − x⃗j|
if x⃗ outside all balls , (A.71)

Φ(x⃗) = −G ∑
j ̸=k

mj

|⃗x − x⃗j|
− 4πGρk

(
R2

2
− |⃗x − x⃗k|2

6

)
if x⃗ inside ball labelled with index k . (A.72)
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Notice that for R → 0, one obtains the usual result, without divergences. The acceleration at point x⃗ will
just be

−∇Φ = −G ∑
j

mj
x⃗ − x⃗j

|⃗x − x⃗j|3
if x⃗ outside all balls , (A.73)

−∇Φ = −G ∑
j ̸=k

x⃗ − x⃗j

|⃗x − x⃗j|3
+

4πGρk

3
(x⃗ − x⃗k) if x⃗ inside ball labelled with index k . (A.74)

Again, no divergent behaviour for x⃗ → x⃗k, and the last term vanishes for R → 0.

As a final exercise, we compute the total potential energy

Ep =
1
2

∫
d3x Φ(x⃗)∑

j
ρjΘ(R − |⃗x − x⃗j|) =: ∑

j
Ej ; (A.75)

for each Ej, we can again use spherical coordinates centered on x⃗j and have

Ej = −
2πGρj

2

∫ R

0
dx x2 d cos θ

(
∑
l ̸=j

ml

|⃗x − x⃗l |
+ 4πρj

(
R2

2
− x2

6

))
=: ∑

l ̸=j
Ejl − Eself

j , (A.76)

where we used the Φ expression valid for x⃗ inside the ball j. Using the same multipole expansion
procedure we used for Φ, we arrive at

Ep = ∑
l ̸=j

Ejl + ∑
l

Eself
j = −G

2 ∑
l ̸=j

mjml

|⃗x − x⃗l |
− 3

5R ∑
j

m2
j ; (A.77)

we see that the self energy diverges for R → 0, but it is always just a constant, hence harmless.

Energy coupled ULDM and stars system. We want to find the conserved energy for the coupled sys-
tem ULDM and stars, which obey the equations (we assume the mass of ULDM particle to be 1 for
simplicity)

i∂tψ = −∇2ψ

2
+ (Φ + Φs)ψ , (A.78)

∇2Φ = 4πG|ψ|2 =⇒ Φ(x⃗) = −G
∫

d3y
|ψ(y)|2
|⃗x − y⃗| , (A.79)

dv⃗j

dt
= −∇

(
Φs(x⃗j) + Φ(x⃗j)

)
, (A.80)

Φs(x⃗) = −G ∑
j

mj

|⃗x − x⃗j|
, (A.81)

where Φs(x⃗) is the potential sourced by the stars and Φ the one sourced by ULDM. The tentative energy
expression is

E =
1
2

∫
d3x |∇ψ|2 + 1

2

∫
d3x |ψ|2(Φ + Φs) +

1
2 ∑

j
mjv2

j −
G
2 ∑

j ̸=k

mjmk

|⃗xj − x⃗k|
+

1
2 ∑

j
mjΦ(x⃗j) ; (A.82)

however, notice that

1
2 ∑

j
mjΦ(x⃗j) = −G

2 ∑
j

∫
d3x

mj|ψ(y)|2

|⃗x − x⃗j|
=

1
2

∫
d3x |ψ|2Φs , (A.83)
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meaning we can write

E =
1
2

∫
d3x |∇ψ|2 + 1

2

∫
d3x |ψ|2(Φ + 2Φs) +

1
2 ∑

j
mjv2

j − G ∑
j ̸=k

mjmk

|⃗xj − x⃗k|
. (A.84)

We now compute the total time derivative of all the pieces

dEU
kin

dt
=

1
2i

∫
d3x (Φ + Φs)(ψ

∗∇2ψ − ψ∇2ψ∗) , (A.85)

dEU
pot

dt
=

1
4i

∫
d3x (Φ + 2Φs)(−ψ∗

i ∇2ψ + ψ∇2ψ∗) +
1
2

∫
d3x |ψ|2

(
∂Φ
∂t

+ 2
dΦs

dt

)
; (A.86)

in red the terms for ULDM which cancel, as we showed in the previous section. For the stars,

dEs
kin

dt
= ∑

j
mjv⃗j

dv⃗j

dt
= −∑

j
mjv⃗j(∇Φ(x⃗j) +∇Φs(x⃗j)) , (A.87)

dEs
pot

dt
=

G
2 ∑

i ̸=j

mjmi

|⃗xi − x⃗j|3
(x⃗i − x⃗j)(⃗vi − v⃗j) ; (A.88)

terms in blue vanish because relate to the star total energy conservation when they are self-gravitating,
as one can show via

∇Φs(x⃗j) = −∑
i ̸=j

Gmi

|⃗xj − x⃗i|3
(x⃗j − x⃗i) , (A.89)

which is equal to the factor in the potential energy, since the i ̸= j sum has two terms which are the same
(this can be made explicit once you swap i ↔ j). Then, from6

∇Φ(x⃗j) = G
∫

d3x
|ψ|2

|⃗xj − x⃗|3 (x⃗j − x⃗) ,
dΦs

dt
= −∑

j

Gmj

|⃗xj − x⃗|3 (x⃗ − x⃗j )⃗vj , (A.91)

one indeed finds the total time derivative of the energy as written in Eq. (A.84) vanishes.

A.6 Initial conditions detail for the ULDM field

In this appendix, we present further details on the initial conditions of our simulations described in
Section 6.2.2.

Halos. We initialize halos via the Eddington procedure (see [WK93; Lan+20])

ψ(x) = (∆v)3/2 ∑
v⃗

√
f (E(x, v))eimx⃗·⃗v+iφv⃗ , (A.92)

6If we would have used the expression ∑j mjΦ(x⃗j) instead, we would have needed the result

dΦ(x⃗i(t))
dt

= G ∑
j

mj v⃗j

∫
d3x

|ψ|2
|⃗xi − x⃗|3 (x⃗j − x⃗) +

G
2i

∫
d3x ∑

j

mj

|⃗x − x⃗j|
(ψ∗∇2ψ − ψ∇2ψ∗) (A.90)
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where φv⃗ is a random phase dependent on v⃗7, ∆v is the velocity spacing allowed by resolution in the
simulation, and

f (E) = 2√
8π2

∫ √
E

0
dQ

d2ρ

dΨ2 (Q) , (A.93)

E = Ψ(r)− v2

2
, Ψ := −Φ + Φ(rmax) , (A.94)

where Q =
√
E − Ψ and Φ is the overall gravitational potential. As target density, we use a NFW

profile [NFW97] or a Burkert profile [Bur15],

ρnfw =
ρ0R3

s
r(r + rs)2 , ρburk =

ρ0R3
b

(r + Rb)(r2 + R2
b)

, (A.95)

with varying ρ0 and Rs, Rb.

Elliptical collapse. From the field configuration in Eq. (6.20), we can compute analytically

M = ρ0R1R2R3π3/2 , Ekin =
π3/2ρ0

4m2

(
R1R2

R3
+

R1R3

R2
+

R2R3

R1

)
, (A.96)

and

Φ = −(4πG)
π3/2

(2π)3 ρ0R1R2R3

∫
d3k

ei⃗k·⃗x−∑i k2
i R2

i /4

k2 , (A.97)

which implies

Epot = −G
√

2π3/2

4
(ρ0R1R2R3)2

R3

∫ 2π

0
dφ

arcsinh
√

1−A
A√

1 − A
, (A.98)

where A ≡ 1
R2

3
(R2

1 cos2 φ + R2
2 sin2 φ). In the spherical case, A → 1 and the integral yields just a factor of

2π.

Background. We can satisfy Eq. (6.19) via8

ψ(x) =
(∆k)3

L3 ∑
k⃗

√
Ĉ⃗kL3

2
(A⃗k + iB⃗k)e

i⃗k·⃗x , Ĉ⃗k =
8ρ̄π3/2

k3
bkg

e−k2/k2
bkg . (A.99)

Here, L3 is the volume of the integration (i.e. the simulation volume), ∆k = 2π/L is the resolution in
Fourier space, and A⃗k and B⃗k are uncorrelated Gaussianly-distributed variables with unitary variance
and zero mean, satisfying 〈

A⃗k A⃗k′
〉
=
〈

B⃗kB⃗k′
〉
= δ⃗k⃗k′ ,

〈
A⃗kB⃗k′

〉
= 0 . (A.100)

The kinetic energy per unit volume is

Ekin

L2 =
1

2m2

〈
|∇ψ|2

〉
=

1
2m2

∫ d3k
(2π)3 Ĉkk2 =

1
2m2

3ρ̄k2
bkg

2
=

3k2
bkg

4
M
L3 , (A.101)

7The phase cannot depend on x⃗ as well, otherwise the continuity of ψ would be spoiled.
8The field in Eq. (A.99) is equivalent to the initialization in [LPT18], which reads ψ̃k̃ =

√
8Ñπ3/4e−k̃2/2eiφk̃ , where φk̃ is

uniformly distributed between 0 and 2π, with the identifications ρ̄ = Ñ/L3 and kbkg = 1 .
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where M = ρ̄L3. From this, it follows that Ekin/M = 3k2
bkg/4m2.9

Velocity dispersion for background initial conditions. We can compute the average velocity of a field
initialized as in Eq. (A.99), in the simplified form

C⃗k = Aπ3/2l3e−l2k2/4 , l =
2

kbkg
. (A.102)

This is, as expected, zero, since

⟨ρv⃗⟩ = 1
2mi

⟨ψ∗∇ψ − ψ∇ψ∗⟩ =
∫ d3k

(2π)3 Ck⃗k = 0 , (A.103)

due to the antisymmetric integrand. We can look then at the velocity dispersion

3
〈
ρ2〉 σ2 :=

〈
ρ2 |⃗v|2

〉
= − 1

4m2 ⟨ψ
∗(∇ψ)ψ∗∇ψ + ψ(∇ψ∗)ψ∇ψ∗ − 2(∇ψ∗)ψ∗(∇ψ)ψ⟩ , (A.104)

where the factor 3 is to take into account isotropy in 3 dimensions. It will be insightful to compute before〈
ρ2〉,

⟨ψ∗ψ∗ψψ⟩ = L6

4

(
4

∏
i=1

∫ d3ki

(2π)3

√
Cki

)
ei(k1+k2−k3−k4)

× ⟨(Ak1 + iBk1)(Ak2 + iBk2)(Ak3 − iBk3)(Ak4 − iBk4)⟩︸ ︷︷ ︸
=4(δ(⃗k1−⃗k3)δ(⃗k2−⃗k4)+δ(⃗k1−⃗k4)δ(⃗k2−⃗k3))(2π)6/L6

=
∫ d3k1

(2π)3

∫ d3k2

(2π)3 Ck1 Ck2 = A2 ;
(A.105)

the difference with Eq. (A.104) is that, in the last line of the previous, one inserts ±iki factors coming
from derivatives (the sign depends on whether the term is complex conjugate or not); the only one which
does not vanish due to antisymmetric integrand is coming from the last term in Eq. (A.104), which yields

1
2m2

∫ d3k1

(2π)3

∫ d3k2

(2π)3 Ck1 Ck2 k⃗1 · k⃗3(δk1k3 δk2k4 + δk1k4 δk2k3) =
3A2

m2l2 =⇒ σ =
1

ml
, (A.106)

where we used ∫ ∞

0
x2e−x2

dx =

√
π

4
,
∫ ∞

0
x4e−x2

dx =
3
√

π

8
. (A.107)

A.6.1 Details of the Eddington implementation

We here go more in depth on the halo field initialization, Eq. (A.92).

Notice that, with ψ initialized as in Eq. (A.92), we recover the correct density and velocity dispersion,
upon averaging over phases. In fact,〈

|ψ|2
〉
= (∆v)3 ∑

v,v′

〈
ei(φv−φv′ )

〉
︸ ︷︷ ︸

=δvv′

eimx(v−v′)
√

f (x, v) f (x, v′) = (∆v)3 ∑
v

f (x, v) ∼
∫

d3v f (x, v) ; (A.108)

9This differs by a factor of 2 from the more common Ekin
M = 3

2
k2

bkg

m2 because the distribution has variance k2
bkg/2 rather than

k2
bkg.
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analogously, for the average velocity

⟨v⟩ = 1
M

∫
d3x

1
2mi

⟨(ψ∗∇ψ − ψ∇ψ∗)⟩ = (∆v)3

M

∫
d3x ∑

v
v⃗ f (x, v)

∼ 1
M

∫
d3x

∫
d3v v⃗ f (x, v) ;

(A.109)

notice that ⟨v⟩ = 0 if f only depends on the modulus of the velocity, which is the case for spherical
distributions.

When implementing in grid units the gravitational potential for the computation of f (E), remember
that G Newton effectively changes to G̃ = 1/(4π). The numerical implementation of Eq. (A.92) reads
(notation of App. A.3)

ψ̃(x̃) =
(

2π(∆kf)

riL

)3/2

∑
k⃗f

√
f̃ (Ẽ(x̃, kf))e

i2π⃗̃x·⃗kf/L+iφ⃗kf , (A.110)

(recall that x̃ = L⃗j/P, where P is the number of grid points; kf is chosen such that (∆kf) = 1, but there
might be cases where you want to speed up calculations by increasing (∆kf)).

Notice the conversions10

v = λs
2π

riL
kf ,

d2ρ̃(Ψ̃)

dΨ̃2
=

4πG
m2

d2ρ(Ψ)

dΨ2 , (A.112)

E(x, v) = Ψ(x)− v2

2
= λ2

s

(
Ψ̃(x̃)− (2πkf)

2

2r2
i L2

)
= λ2

s Ẽ(x̃, kf) . (A.113)

Notice that the relation
v = λsṽ = λs

2π

rL
kf , (A.114)

comes from enforcing periodic boundary conditions on

eimx⃗·⃗v = ei2π⃗̃x·⃗kf/L = ei2π⃗ j·⃗kf/P ; (A.115)

this will limit the amount of velocity points one can sum f̃ (Ẽ) over. Another way of explaining Eq. (A.114)
is the following. A grid code will care about the Fourier components

ψ⃗kf
∝ ∑

j⃗
∑
v⃗

√
f (E (⃗j, v⃗))eiφv⃗ exp

(
i⃗j
P
(rv⃗L − 2π⃗kf)

)
; (A.116)

10For v, we can also write

ṽ′ =
2π

L
kf , (A.111)

i.e. without the r term. The r term will then reappear in the exponent exp
(

i2πr⃗̃x · k⃗f/L
)

. Considering that we will have to
perform the sum over a grid, it is convenient to remove the r term from the exponent, and this can be done with our choice in
Eq. (A.114), which would correspond to the change of variable ṽ = rṽ′ in the sum, with Jacobian r−3/2.
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hence, from the term in the last exponential, the velocities which satisfy Eq. (A.114) for a certain kf
11

give the largest contribution, which should thus be included in the sum.

When implementing numerically, the maximum k which makes f (E) not vanish is

kf,max =
√

2Ψ̃(r̃min)
riL
2π

=
√

2Ψ(rmin)
Lphysmi

2πm1
. (A.118)

The scaling of kf,max with Lphys and m2 can be understood as follows. Increasing Lphys would increase
the wavelength (hence, decrease the momentum) of a specific integer mode kf. Hence, the kf associ-
ated to the same physical velocity increases. Likewise, increasing mi would increase the wavelength in
grid space associated to the same physical mode, meaning that it would decrease the physical velocity
associated to the same kf.

A.6.2 Other possible initial conditions

In this section, we analyse other possible initial conditions for the ULDM field ψ, implemented in our
pseudo-spectral solver but not used in the main body of this thesis.

Delta initial condition. We can think to initialize ψ with a single Fourier mode component mv0 as

|ψk|2 = NδD(mv0 − |⃗k||) . (A.119)

The constant N can be connected to the mass M by looking at

M =
1

2π2

∫ ∞

0
dk |ψk|2k2 =

m2v2
0N

2π2 =⇒ N =
2π2

mv2
0

M . (A.120)

In grid units, reminding (we use r := m/m1, with m1 as the reference mass in the multiple fields case)

δD(k − mv0) =
δD(k̃ − r)

mv0
≃

Lδkf(Lr/2π)

2πmv0
, (A.121)∫

d3k̃ δ(k̃ − r) = 4πr2 =

(
2π

L

)3 ∫
d3kf δ(kf − Lr/2π)

L
2π

≃
(

2π

L

)2

∑
k⃗f

δkf(Lr/2π) (A.122)

(the last term is a sum over Kronecker deltas), we can write

ψ̃k̃ =

√
4πGNm2

1
v0

πL
r

δkf(Lr/2π) . (A.123)

We remark that, for the approximation

∑
k⃗f

δkf(Lr/2π) ≃ 4π

(
Lr
2π

)2

, (A.124)

11Actually, all velocities which satisfy 2πnkf/ri L with n ∈ N are the most important; this means that also higher velocities
(which would be outside the cutoff kf = N − 1) contribute. This gives the prescription

ψ̃(x̃) =
(

2π(∆kf)

ri L

)3/2 kf,max

∑
k⃗f

√
f̃ (Ẽ(x̃, kf))e

i2π⃗ j·⃗kf/P+iφ⃗kf , (A.117)

where kf,max can be greater than N − 1, and the k⃗f terms in the sum are spaced by ∆kf.
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to be good (at O(0.1)), one should count all the points lying on the shell with radius (Lr/2π− 0.5, Lr/2π+
0.5), and impose πP/L > Lr/2π. The last condition is also required from the fact that you impose the
momentum to be non-zero on a defined wavenumber kf, hence the grid has to have access to such
wavenumber.

Heaviside initial condition. Another possible initial condition is

|ψk|2 = NΘ(mv0 − k⃗) , (A.125)

which populates all the wavenumbers below mv0. With same reasoning as before, one finds N = 6π2 M
m2v3

0
.

In grid units,

ψ̃k̃ =

√
24πGN

v0

m1πΘ(r − k̃)
r

=

√
24πGN

v0

m1πΘ(rL/2π − kf)

r
. (A.126)

The approximation

∑
k⃗f

Θ(rL/2π − kf) ≃
4
3

π

(
rL
2π

)3

, (A.127)

is good at O(0.01) for rL/2π ≳ 5.

A.7 The energy spectrum

To gain deeper insight into the energy distribution of the particles in a ULDM field, one useful tool is
the energy spectrum, defined as

F(t, ω) =
dN
dω

. (A.128)

This is the number N of ULDM particles with a certain (non-relativistic) energy ω. As the soliton forms,
we expect F(t, ωsol) to increase accordingly. We briefly review relevant features of the energy spectrum.

F(t, ω) was originally defined in [LPT18] as

F(t, ω) =
∫ ∞

−∞

dt′

2π

∫
d3x ψ∗(x⃗, t)ψ(x⃗, t′)eiω(t′−t)−(t−t′)2/τ2

, (A.129)

where ∆ω τ ≫ 1, with ∆ω the energy resolution and τ a parameter of the Gaussian kernel in the in-
tegrand. This expression is justified by considering ψ as a superposition of orthonormal energy eigen-
modes ψn:

ψ = ∑
n

cn(t)ψn(x⃗)e−iωnt . (A.130)

Using
∫

d3x ψ∗
n(x⃗)ψn′(x⃗) = δnn′ , we have, with t′ − t ≡ ∆t,

F(t, ω) = ∑
n

c∗n(t)
∫ d∆t

2π
cn(t + ∆t)ei∆t(ωn−ω)−∆t2/τ2

; (A.131)

if we assume that in the integration range cn(t + ∆t) ≈ cn(t), we can complete the square inside the
integral to recover a Gaussian integral and obtain

F(t, ω) = ∑
n
|cn(t)|2

τ

2
√

π
e−(ω−ωn)2τ2/4 ≈ ∑

n
|cn(t)|2δ(ωn − ω) . (A.132)
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Interestingly, the same result can be derived using an alternative, manifestly real, formula:

F(t, ω) = 2 Re
∫ ∞

0

dt′

2π

∫
d3x ψ∗(x⃗, t)ψ(x⃗, t + t′)eiωt′−t′2/τ2

. (A.133)

One can again plug the ansatz of Eq. (A.130) and see that Eq. (A.132) holds. We can also write the
previous expression as

F(t, ω) =
∫ ∞

−∞

dt′

2π

∫
d3x ψ∗(x⃗, t1)ψ(x⃗, t1 + t′)eiωt′−t′2/τ2

, t1 =

{
t − t′ for t′ < 0 ,
t for t′ ≥ 0 .

(A.134)

The formulation Eq. (A.133) is more convenient, since in a simulation one can compute Eq. (A.133) by
storing only one snapshot at time t and perform the integral until the next snapshot; this avoids using a
large amount of memory storing multiple snapshots.

In the grid, assuming equal time-steps with spacing ∆t, we have

F̃ = ∑
n
|cn(t̃)|2

∆t̃
π ∑

l=0
e−(l∆t̃)2/τ̃2

cos(l∆t̃(ω̃ − ω̃n)) , ω̃ =
ω

λ2
s m

, F̃ = 4πGmλsF . (A.135)

In particular, this function is periodic under

ω̃ → ω̃ +
2πp
∆t̃

, p ∈ Z . (A.136)

The numerically computed F̃ then makes sense only in a range smaller than the period 2π/∆t̃. For
Eq. (A.135) to reduce to

F̃ → 1
π

∫ ∞

0
dt′ e−(t′)2/τ̃2

cos
(
t′(ω̃ − ω̃n)

)
=

1√
2πσ

e
(ω̃−ω̃n)2

2σ2 , σ ≡
√

2
τ

, (A.137)

we need to impose

∆ω̃τ ≫ 1 , ∆ω̃∆t̃ ≪ 1 ,
τ

∆T̃
≪ 1 , (A.138)

where ∆T̃ is the time between snapshots.

The dimensionless cn coefficients relate to the number of particles in state n,

F̃ =
dÑ
dω̃

∼ |cn|2δ(ω − ω̃n) . (A.139)

One can see that, from Eq. (A.134), we have∫
dω̃ F̃ = M̃ , Ẽpart ≡

∫
dω̃ ω̃F̃ , (A.140)

where Epart is the sum of the energy of all the particles in the box. Working out the last equality, one
finds out that F̃ encodes the particle energy, where the energy is the sum of the kinetic energy and
the contribution of the gravitational potential, the latter viewed as an external potential. In particular,
Ẽpart ̸= Ẽtot, where Ẽtot is the total energy of the system, where the fact that the gravitational potential is
self-sourced is taken into account. In fact,∫

dω ωeiωt′ = −2πi
∂

∂t′
δ(t′) =⇒

∫
dω ωF =

∫
d3x ψ∗i

∂ψ

∂t
=
∫

d3x
|∇ψ|2

2
+
∫

d3x Φ|ψ|2 , (A.141)

without a factor of 1/2 on the potential energy contribution.
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Notice that ω̃ ∼ Ẽkin + Φ̃, in particular a constant shift in Φ̃ would yield a constant shift in ω̃; from
Eq. (A.15), we can write

F̃code(ω̃code) = F̃(ω̃) , ω̃ = ω̃code + c , (A.142)

where F̃code, ω̃code are the quantities coming from our Schrödinger–Poisson solver, and c is the constant
in Eq. (A.13). When a halo is present, ωsol gets shifted due to the further potential well coming from the
halo. To understand the origin of such a shift, one can look at the gravitational potential for a spherical
distribution:

Φ(r) = −G(Msol(r) + Mhalo(r))
r

− 4πG
∫ ∞

r
dy y(ρsol(y) + ρhalo(y)) . (A.143)

We further approximate ρhalo(r) ≈ 0 for r < rt and ρsol(r) ≈ 0 for r < rt, where rt is a transition radius
(which can be taken to be 3rc). Then, for r < rt,

Φ(r) = Φsol(r)− 4πG
∫ ∞

rt

dy yρhalo(y) ≡ Φsol(r) + Φoffset , (A.144)

and hence
ω̃sol

code + c = ω̃sol
no halo + Φ̃offset , (A.145)

where again ω̃sol
code is the location of the soliton energy as coming out from our Schrödinger–Poisson

solver, while ω̃sol
no halo is the actual energy corresponding to an isolated soliton.

In Fig. A.3 we show an example of F̃ for the snapshots of the simulation plotted in Fig. 6.15. One can
see the formation of the soliton via a peak arising at ω̃sol

no halo + Φ̃offset. The computation of F(ω, t) is
an interesting cross-check of our main method adopted for defining the moment of soliton formation,
Eq. (6.34). However, using F(ω, t) there remain uncertainties, in particular when to call the forming
peak a soliton. These mean that this method of identifying the formation time does not have a clear
advantage compared to simply considering the density profile.
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FIGURE A.3: The spectrum F̃(ω̃) for the same simulation and times as plotted in Fig. 6.15.
One can see a peak forming (corresponding to the soliton) and separate from the main peak
corresponding to the halo. In particular, at t = 7.3 Gyr the peak lies at around ω̃ ≈ −19;
integrating the area in the vicinity of that peak, one finds M̃sol ≈ 100, consistent with
the soliton mass obtained by fitting of the radially-averaged density profile. Notice that
an isolated soliton of that mass would have ω̃ ≈ −10. The difference is due to Φoffset,

Eq. (A.144).
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Appendix B

Gravitational Lensing in the Kottler Metric

At the moment of writing, the following is part of a work in progress, with B. Zhaoyu and K. Blum. The
computation of the time delays as performed in Sec. B.4 is original, not seen in the literature anywhere
as far as we are aware.

When dealing with typical gravitational lens systems, we have a separation of scales between the cos-
mological angular diameter distances lens-observer Dl, observer-source Ds and lens-source Dls, order
Gpc, and the extension of the lens, order 100 kpc for galaxies. This suggests employing the approxima-
tion we outlined in Sec. 2.1, where one splits the cosmological background contribution and the strong
perturber one (see discussion around Eq. (2.9)).

For most gravitational lensing applications, e.g. quasar time delay cosmography [Suy+17; Mil+20], this
approximation is more than justified. However, when dealing with precision lensing angle measure-
ments, or precise time-delay measurements (see e.g. the proposal in [WSP21]), such an approximation
needs more scrutiny [Sas93; FK11; MFM13; Zho+24]. Moreover, from a theoretical point of view, it is
interesting to understand from which zeroth-order Taylor expansion the approximation comes from.

The most simple setting to answer these questions comes from the Kottler metric. The Kottler met-
ric [Kot18] (see e.g. [LR77; Per04] for more recent works) is an exact solution of the Einstein equations,
with a point mass and a cosmological constant Λ. It is also called Schwarzschild-de Sitter metric for
Λ > 0 and Schwarzschild-anti de Sitter metric for Λ < 0. Such a metric is without a doubt an approxi-
mation of realistic gravitational lens systems, where cosmology is not de-Sitter and the lens is not just a
point mass. However, the Kottler metric has the advantage of being simple enough so that it can be tack-
led analytically and can give insights on possible effects coming from Λ beyond the purely cosmological
ones. Due to these features, it does not come as a surprise that such a metric was studied in the gravi-
tational lensing literature, but most of the efforts focused on the light deflection equation. In particular,
there has been a debate whether Λ effects are there in the light deflection equation or not [Pia16; RI07;
IR10; ABB17; HHB22; Ser09; AK12]. As we will show in Sec. B.2, we argue in favour of no appreciable
Λ effects on the lensing equation, in agreement with the findings of [But16].

The effects of Λ in the time delay computations were not studied with the same care as for the deflec-
tion angle. Ref. [KKL06] discusses the Kottler metric effects, among which the Shapiro time delay, in
the solar system, not generalizing to cosmological settings. Ref. [SZ08] shows a time delay computation
applied to a typical galaxy-galaxy lensing system, however the time delay was not computed as seen
by a comoving observer, as we should be considered in this setting. To remedy to this caveat, and to be
able to relax the de Sitter assumptions to a more realistic FLRW universe, one can employ the McVittie
metric [McV33; KKM10], which is an exact solution of the Einstein equations in the presence of a cos-
mological background density and a point mass (of which the Kottler metric in isotropic coordinates is
a special case), to understand the effects for the deflection angle [Par08; Pia16; BP22]. Ref. [Ara11] uses
the McVittie metric to compute Shapiro time delays in systems like our solar system, but applications to
cosmological systems are not discussed.
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To relax the point mass assumption to a more realistic spherically symmetric solution, one can em-
ploy the Einstein-Straus metric [ES45; Sch54], also known as Swiss-cheese models. Some works at-
tempted lensing computations in this metric [Sch09], time delays included [BGZ11; CKD10]. Arguably,
an Einstein-Straus metric gets closer to physical systems at the expense of much bigger complications
on the analytic side.

Here, we stick with the Kottler metric, keeping in mind galaxy-galaxy lens systems. We show that there
is no need to use the McVittie metric to compute the time delays as measured by a comoving observer,
even in static coordinates. We show that, up to order rScO(θ), where θ ∼ 10−5 rad is the typical observed
angle size and rSc the Schwarzschild radius, cosmology enters into the time delay only via angular
diameter distances, and the usual lens equation Eq. (4.13) and time delays Eq. (B.21) are recovered as
the leading order expansion in the small quantity θ. Nevertheless, one should be aware of the higher-
order corrections we show, which can become relevant for settings such as in Ref. [WSP21].

We show the main, exact equations for the deflection of light and time delays in Sec. B.1; we employ
a small-angle approximation and expand over θ, in Sec. B.2 for the light deflection, in Sec. B.3 for the
redshift and in Sec. B.4 for the time delay, where we show our novel result.

B.1 Light deflection and time delays in the Kottler metric

The Kottler metric in static coordinates reads

ds2 = −A(r)dt2 + A−1(r)dr2 + r2 dΩ2 , A(r) = 1 − rSc

r
− H2r2 , (B.1)

where rSc is the Schwarzschild radius and H2 is the Hubble constant (connected to the cosmological
constant Λ with H2 = Λ/3). We limit our discussion to the case Λ > 0. These coordinates explore the
causal diamond centered at the point mass in r = 0. Horizons arise at the radius rhor which satisfies

A(rhor) = 0 =⇒ H2 r3
hor
rSc

− rhor

rSc
+ 1 = 0 ; (B.2)

in the regime rScH ≪ 1, the previous has two real solutions, rhor ≃ rSc and rhor ≃ 1/H, which are the
expected event horizon and cosmological horizon respectively. Static coordinates are well-defined only
between these two horizons.

The geodesic equations for the metric Eq. (B.1) can be found by building the Lagrangian density (we
denote ˙ := d

/
dλ , where λ is the affine parameter describing the geodesic)

L =
1
2

gµν ẋµ ẋν = −1
2

A(r)ṫ2 +
ṙ2

2A(r)
+

r2

2
(θ̇2 + φ̇2 sin2 θ) ; (B.3)

from the Euler-Lagrange equations
∂L
∂xµ

=
d

dλ

∂L
∂ẋµ

, (B.4)
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and the normalization condition gµν ẋµ ẋν = e, where e = 0, e < 0 for massless and massive geodesics
respectively, we obtain

ṫ =
E
A

, (B.5)

φ̇ =
b
r2 , (B.6)

ṙ = ±
√

Ae + E2 − Ab2

r2 . (B.7)

In particular, Eqs. (B.5),(B.6) are obtained by exploiting the fact that metric coefficients do not depend
on t and φ, with E and b the respective constants of motion. We exploit the spherical symmetry of the
problem to set θ = π/2 1. The sign in Eq. (B.7) should be chosen according to whether the geodesic has
decreasing or increasing r. Notice that it is possible to rescale away E by redefining the affine parameter
λ in the massless case. Hence, we will always set E = 1 for massless geodesics. This is not possible in the
massive case. However, for comoving observers, E = 1 is a natural choice, as explained in Ref. [But16].
Deviations from E ̸= 1 can be interpreted as peculiar velocities of the massive geodesic, as we will show
in the following. We will consider near-comoving observers, where E deviations from 1 are small. We
normalize the massive geodesic so that e = −1. With such a choice, λ will be the massive geodesic
proper time.

We now want to describe a strong gravitational lensing setting in this metric, where light rays coming
from the same near-comoving source get deflected by the point mass at the origin and reach a near-
comoving observer. We denote with ω

µ
i the 4-velocity of the i-th light ray from the source at xs =

(ts, rs, π/2, φs) to the observer at xoi = (toi, roi, π/2, φo); we assume φs ∼ π > φo ∼ 0. xo1 will be the
coordinates of the first observed light-ray event, whereas xo2 will pertain the second light-ray event.
Notice that roi can differ for different light rays reaching the observer at different times, even if they
come from the same event xs. us will be the 4-velocity of the source and uo the 4-velocity of the observer.
We assume that both source and observer move along lines with constant φ, hence with φ̇ = 0. We have

ω
µ
i =

 1
A(r)

,±

√
1 −

b2
i A(r)

r2 , 0,
bi

r2

 ; (B.8)

uµ
s =

(
Es

A(r)
,
√

E2
s − A(r), 0, 0

)
; (B.9)

uµ
o =

(
Eo

A(r)
,
√

E2
o − A(r), 0, 0

)
. (B.10)

The sign on ṙ is always positive for massive observers since we assume them to move away from the
r = 0 singularity, whereas the sign for the massless geodesics will have to be chosen according to
whether the light ray is before (minus) or after (plus) the closest approach distance to the point mass.
We define bi =: si|bi|, where si is the sign of bi, si = −1 if the light moves on the orbit plane in a clockwise
direction, si = 1 otherwise. The closest approach distance rci can be obtained via

ṙ = 0 =⇒ (1 + H2b2
i )r

3 − rb2
i + b2

i rSc = 0 =⇒ r3 − rb̃2
i + b̃2

i rSc = 0 , b̃i =
bi√

1 + H2b2
i

; (B.11)

the smallest positive root of the previous defines rci.

1The geodesic motion should be contained in a spatial 2D plane due to the spherical symmetry of the metric; for 3 non-
collinear points, as we generically assume here, there pass only one plane, and only two images form. In the limiting case
of collinear emitter-black hole observer, then an Einstein ring forms, where two images form in each possible plane passing
through the line emitter-lens-observer.
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We can now write an expression for the angle deflection (it will be convenient to define the adimensional
inverse radius u = rSc/r, dr = −r2 du /rSc)∫ roi

rs

(
dφ

dr

)
ω

µ
i

dr = φo − φs + π(1 + si) = −
∫ rci

rs

bi dr

r
√

r2 − b2
i A(r)

+
∫ roi

rci

bi dr

r
√

r2 − b2
i A(r)

= si

(∫ uci

us

+
∫ uci

uoi

)
du√

r2
s

b̃2
i
− u2(1 − u)

.
(B.12)

Notice that the result we obtain is the same as one would obtain in pure Schwarzschild, the only differ-
ence being in the re-definition of the parameter bi → b̃i. As we will see soon, near-comoving observer
effects will not change this conclusion up to the next to leading order, meaning we agree with the find-
ings of [But16].

The deflection angle equation Eq. (B.12) contains the unknown parameters bi, which are connected to
the observable angle in the sky, θi. Suppose an observer measures such angles with respect to a light
ray, supposedly coming from φ = φo on the lens galaxy. To such light ray we assign the geodesic vector

nµ =

(
1

A(r)
, 1, 0, 0

)
; (B.13)

then, an invariant formula for the angle θi formed from the light ray nµ and ω
µ
i with respect to an

observer uµ
o reads

1 − cos θi = −
gµνω

µ
i nν

(gµνuµ
onν)(gµνuµ

oων
i )

∣∣∣∣∣
xoi

=
(1 −

√
1 − b2

i A(roi)/r2
oi)(Eo +

√
E2

o − A(roi))

Eo −
√

1 − b2
i A(roi)/r2

oi

√
E2

o − A(roi)
. (B.14)

As we mentioned earlier, the physical interpretation of Eo is related to the peculiar velocity of the near-
comoving observer uµ with respect to a comoving observer. We can define such peculiar velocity of uµ

with respect to a comoving observer vµ via

1√
1 − v2

o
:= −uµ

ovµ , vµ =

(
1

A(r)
,
√

1 − A(r), 0, 0
)

=⇒ 1√
1 − v2

o
=

Eo −
√

1 − A(ro1)
√

E2
o − A(ro1)

A(ro1)
.

(B.15)

Eo seemingly depends on ro1; notice however that Eo is a constant of motion, meaning that, if Eq. (B.15)
is computed along a different ro1, the value of vo would change accordingly to keep Eo constant. In
the following, we assume vo is the velocity as seen by the observer in ro1. The observer at the slightly
different ro2 will actually have a different vo. We will ignore this effect in the following2. Notice that
when H = 0 and rSc = 0, −uµvµ = Eo, and we have the simple result

cos θi =
cos(θi(vo = 0))− vo

1 − vo cos(θi(v = 0))
, cos(θi(vo = 0)) =

√
1 −

b2
i

r2
oi

, (B.16)

where θi(vo = 0) is the observed angle in absence of peculiar velocities, and the first equation is the
aberration of light relation coming from a non-zero vo.

2The difference vo2/vo1 − 1 will result to be O(x2) in the notation of Sec. B.2, as we show in footnote 7
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We are however primarily interested in the time delay between image 1 and 2 of two light rays emitted
from the same point xe; since we assume image 1 to come before image 2, we can set to1 = t0, i.e. the
time corresponding to today3. Denoting the proper time of the observer as T, we can use

ṙ =:
dr
dT

=⇒ ∆T := To2 − To1 =
∫ ro2

ro1

dr√
E2

o − 1 + rSc/r + H2r2
. (B.17)

Another observable of this setting are the redshifts of the lens and of the emitter. An invariant expression
for the observed redshift from a light ray ω

µ
i coming from a source uµ

s at xs as seen by an observer uµ
o at

xo reads

1 + zs :=
gµν(xs)ωµ(xs)uν

s (xs)

gµν(xo)ωµ(xo)uν
o(xo)

=
A(ro)

A(rs)

(
Es +

√
E2

s − A(rs)
√

1 − b2A(rs)/r2
s

Eo −
√

E2
o − A(ro)

√
1 − b2A(ro)/r2

o

)
. (B.18)

We can also write an expression for the lens redshift, to be computed using a light ray originating from
the lens itself. To simplify our life, we can assume that the light ray used to measure the lens redshift is
emitted with b = 0, from a emitter sitting at rlens with 4-velocity

uµ
l =

El

A
,

√
E2

l − A − A
b2

l
r2 , 0,

bl

r2

 , (B.19)

where bl relates to uµ
l and not to the light ray which has b = 0. The observer cannot be considered as

near-comoving if it sits near the lens. If for example uµ
l describes a circular orbit at rlens, E2

l is determined
by the condition ṙ = 0 at rlens, in particular E2

l = A(rlens)(1 + b2
l /r2

lens). In any case, the lens redshift
would read

1 + zl =
Eo +

√
E2

o − A(ro)

A(rlens)
(El − J(rlens)) , J(r) :=

√
E2

l − A(r)
(

1 +
b2

u
r2

)
. (B.20)

Eq. (B.12), Eq. (B.14), Eq. (B.17), Eq. (B.20) and Eq. (B.18) are seven equations4 for the observables ∆T,
θi, the unknowns b̃1, b̃2 and the parameters rs, ro1, φo − φs, Eo, Es (connected to the set-up) and rSc,
H (connected to the metric). As we will discuss in more details later, b̃i can be directly connected to
the observable angles θi; re, ro1, Eo and Ee are connected to lens and emitter redshift. The deflection
equations Eq. (B.12) can then determine rSc and φo − φs, whereas H can be determined via Eq. (B.17).

The quantity ro2 does not need to be specified; in fact, notice that we can use the geodesic ω
µ
i to compute

the time travel of the light ray as∫ ro2

rs

(
dt
dr

)
ω

µ
2

dr −
∫ ro1

rs

(
dt
dr

)
ω

µ
1

dr = to2 − to1 = −
∫ rc2

rs

dr

A(r)
√

1 − b2
2 A(r)/r2

+
∫ ro2

rc2

dr

A(r)
√

1 − b2
2 A(r)/r2

− (2 ↔ 1) ;
(B.21)

this equation introduces another unknown to2 − to1, the static time delay. We can use the geodesic of the
observer uµ

o to compute the static coordinate time elapsed from the time of emission of the light ray to

3When dealing with angular diameter distances, we can normalize comoving distances at to1; in the FLRW language, it
would correspond in setting a(to1) = 1, where a is the cosmological scale factor, as we will show in Sec. B.3.

4These become 9 if we assume we are sensitive to the redshift differences at different times, i.e. if we can distinguish zs1
with zs2 and same for zl.
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the time the light ray is received. This will give us the final equation we need,

to2 − to1 =
∫ ro2

ro1

(
dt
dr

)
uµ

o

dr =
∫ ro2

ro1

Eo dr
(1 − rSc/r − H2r2)

√
E2

o − 1 + rSc/r + H2r2
. (B.22)

In order to proceed further with the light deflection and time delay computation, we will need to use
the small angle approximation, together with expansion on small peculiar velocities.

B.2 Deflection angle in the small angle approximation

In the previous section, we wrote all the exact equations we need for our problem, Eqs. (B.12), (B.14),
(B.18), (B.17), (B.21), (B.22). If we want to make some progress, we need to start making some approxi-
mations. We can rewrite Eq. (B.11) as (we suppress the i subscript in this section)

u2(1 − u) =
r2

s

b̃2
. (B.23)

We discuss the regime rSc/|b̃| ≪ 1; to connect with physical settings, the Schwarzschild radius associ-
ated to a mass M ≃ 1013M⊙ (a massive elliptical) is order parsec, whereas typical angle separation in
the same systems is order kpc. In all the expansions in the following, we will denote

x :=
rSc

rc
∼ θ ∼ O(10−5) , (B.24)

where θ is the typical angular separation of galaxy-galaxy gravitational lensing systems in radians. We
will work in a regime where

Hrs,o ∼ O(1) , Hrc ∼ rc/rs,o ∼ O(x) ; (B.25)

since rs,o are connected to angular diameter distances DA(zi, zj) (as we show in App. C.4), this means
that we are considering DA(zi, zj) ∼ 1/H ∼ Gpc. We however recall that static coordinates are formally
valid only for r < 1/H. Using

rSc

|b̃|
= x

√
(1 − x) , (B.26)

approximating

u =
∞

∑
n=0

unxn , (B.27)

and solving iteratively Eq. (B.23), we find

uc = x , (B.28)

u1 = −x + x2 − x3 + 2x4 +O
(
x5) , (B.29)

u2 = 1 − x2 + x3 − 2x4 +O
(
x5) , (B.30)

where for completeness we show all the three solutions together with the (inverse) closest approach
distance uc. We can then express (p := u/uc; we stop at order x3; recall us ∼ O(x2), uc ∼ O(x))∫ uc

us

du√
x2 − u2(1 − u)

=
1√
uc

∫ 1

us/uc

dp√
(1 − p)(p − u1/uc)(u2/uc − p)

=
π

2
+ x − us

x
+

15
32

πx2 − x2

2
− us

2
− 15

32
πx3 − 3

8
xus −

1
6

u3
s

x3 +O(x4) ;

(B.31)



B.2. Deflection angle in the small angle approximation 155

we can hence write, from Eq. (B.12)

s(φo − φs + π) = 2
rSc

rc
− rs + ro1

rsro

(
rc +

rSc

2

)
+

(
15
16

π − 1
)

r2
Sc
r2

c
+O(x3) . (B.32)

For reference, the connection between b, b̃, rc when expanding on x, reads

|b| = |b̃|
(

1 +
H2b2

2
+O(x4)

)
= rc

(
1 +

rSc

2rc
+

3
8

r2
Sc
r2

c
+

H2r2
c

2
+O(x3)

)
. (B.33)

We want to connect Eq. (B.32) with the observed angle Eq. (B.14). To do that, we expand on peculiar
velocities vo as well. Assuming v ∼ x ∼ 10−5 (even though peculiar velocities are expected to be
somewhat larger, v ∼ 10−4), we can expand up to O(x2) the relation Eq. (B.15) and obtain

Eo = 1 + Hrovo +
v2

o
2

+O(x3) . (B.34)

In the previous, we are assuming vo to be either positive or negative.

Before applying Eq. (B.14) to Eq. (B.32), notice that, since Hrc ∼ x, we have

s
r
|b| = x

√
1 − x − H2r2

c = x − x2

2
− x3

8
− x

H2r2
c

2
+O(x4) , (B.35)

which allows us to write

θ = (1 + Hro)
|b̃|
ro1

(
1 + vo +

v2
o

2

)
+O(x3) . (B.36)

Using the relation

rc = |b̃| − rS

2
−

3r2
S

8|b̃|
+O(x3) , (B.37)

and the results in App. C.4 (in particular the unlensed angular diameter distance expressions Eq. (C.78)5,
we can write

θ = (1 + Hro)
|b̃|
ro1

+ (1 + H3r3
o1)

|b̃|3

6r3
o1

+O(x5) , (B.38)

and thus rewrite Eq. (B.32) in the familiar form

s
Ds

Dls
β =

Ds

Dls
θ − 2

rSc

Dlθ
− 15π

16

(
rSc

Dlθ

)2

+O(x3) , (B.39)

where we defined β := −(φo − φs +π)Dls/Ds. In Eq. (B.39), is it assumed that θ is positive, and the two
images solutions come from s = +1 or s = −1 respectively. In Eq. (B.39), at order O(x2), effects of H2 are
completely encoded in the (unlensed) angular diameter distances, hence we remark our agreement with
Ref. [But16]. Non-trivial cosmological terms start appearing at O(x3). Notice that the lowest order result
of the previous agrees with Eq. (2.28) with α ∝ 2rSc/(Dlθ), valid for a Schwarzschild lens, Eq (2.40).

5Here, Ds,l,ls will always be unlensed angular diameter distances, i.e. angular diameter distance as they would be defined
in the background de-Sitter spacetime without lens. We discuss more on this in App. C.4.



156 Appendix B. Gravitational Lensing in the Kottler Metric

Einstein angle. From (B.39), the Einstein angle corresponds to the case β = 0, resulting in

θE =

√
2rScDls

DsDl
+

15π

64
rSc

Dl
+O(x3) , (B.40)

where we see that the leading order is the known Einstein angle result for a point mass/Schwarzschild
lens. Again, the effect of cosmology up to O(x2) is completely captured by the angular diameter dis-
tances, in contrast with e.g. the claims in [Pia16].

B.3 Redshift expressions in the Kottler metric

In the small angle and peculiar velocities approximation, the source redshift expression Eq. (B.18) ex-
panded in powers of x yields

1 + zs =
1 + Hro

1 − Hrs

(
1 + (vs + vo) +

(vs + vo)2

2

)
(1 − H

rs + ro

2rsro
b2

+
rSc

2H

(
1

(1 + Hro)r2
o
+

1
(1 − Hrs)r2

s

)
) +O(x3) .

(B.41)

It will also be useful to see how Eq. (B.18) reduces to familiar results for rSc = 0, b = 0 and vi = 0; we
have

1 + zs =
1 + Hro

1 − Hrs
. (B.42)

For the expression of the lens redshift Eq. (B.20), the discussion is more involved. Assuming one can
somehow single out a light ray with b = 0 and corresponding to a circular orbit (J(r) = 0), coming from
a source at distance rlens ∼ rc, with E := 1 + ∆El, ∆El ∼ O(x), Eq. (B.20) would read

1 + zl = (1 + Hro)

(
1 + vo +

v2
o

2

)
+

rSc

2Hr2
o
+O

(
∆El,

rSc

rlens
, x3
)

. (B.43)

More realistic lens redshift measurements would take an average over the lens light. Such an average is
unlikely to yield a resulting redshift measurement which does not suffer O(x) corrections connected to
how such procedure is performed. In the limit rSc = 0, there should be no problem in setting rlens = 0,
yielding the exact result

zl = Hro . (B.44)

Connection with FLRW results. As a sanity check, we want now to connect the definitions of redshift
Eq. (B.44), (B.42) with the standard FLRW result

1 + zs = eH(To1−Ts) , (B.45)

where T denotes the comoving time at emitter and at the observation events.

For a massive comoving observer (in the following, we ignore rSc terms which would involve O(x2)
terms)

dr
dt

=
ṙ
ṫ
= ±(1 − H2r2)Hr , (B.46)

from which we can write

1
H

log
ro1
√

1 − H2r2
s

rs

√
1 − H2r2

o1

= to1 − ts =⇒ 1
H

ln
ro1

rs
= to1 − ts +

1
2H

ln
1 − H2r2

o1
1 − H2r2

s
; (B.47)
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using
dT
dr

=
1

Hr
=⇒ To1 − Ts =

1
H

ln
ro1

rs
, (B.48)

we can rewrite Eq. (B.47) as

Ts − To1 = ts − to1 +
1

2H
ln

1 − H2r2
s

1 − H2r2
o1

. (B.49)

To connect the previous with the redshift factor Eq. (B.42), we need to use expressions for a massless
geodesic,

to1 − ts =
∫ ro1

−rs

dr
1 − H2r2 =

1
2H

ln
(1 + Hrs)(1 + Hro1)

(1 − Hrs)(1 − Hro1)
. (B.50)

Now, using Eq. (B.50) to express to1 − ts in Eq. (B.47), one indeed recovers

1 + z = eH(To1−Ts) =
1 + Hro1

1 − Hrs
. (B.51)

Eq. (B.44) follows straightforwardly by setting rs = 0.

B.4 Time delays in the small angle approximation

We now focus on the time delays computation, Eqs. (B.17),(B.21),(B.22). In the small angle approxima-
tion, we can write

b̃2 =
r3

c
rc − rSc

=
r2

c
1 − x

,
b̃
b
=
√

1 − H2b̃2 =

√
1 − H2r2

c
1 − x

= 1 − 1
2

H2r2
c −

1
2

H2r2
c x +O(x3) ; (B.52)

and conveniently express √
1 − b2

r2 A(r) =
b
b̃

√
1 − r2

c
r2(1 − x)

(
1 − x

rc

r

)
. (B.53)

Expanding Eq. (B.21) up to second order in rSc = rcx, we have6

∫ rs

rc

dr
A(r)

√
1 − b2A(r)/r2

=
b̃
b

∫ rs

rc

dr

(1 − xrc/r − H2r2)
√

1 − r2
c

r2(1−x) (1 −
xrc
r )

≃ b̃
b

∫ rs

rc

(
r

(1 − H2r2)
√

r2 − r2
c
+

rcx(3rc + r(2 − H2rrc))

2(r + rc)
√

r2 − r2
c(1 − H2r2)2

+O(r2
s )

)

≃ b̃
b

1
H
√

1 − H2r2
c

ArcTanh
H
√

r2 − r2
c√

1 − H2r2
c

∣∣∣∣rs

rc

+
b̃
b

rcx
2

( √
r − rc(1 + H2rrc)√

r + rc(1 − H2r2
c)(1 − H2r2)

+
2 + Hrc − 2H2r2

c

(1 − H2r2
c)

3/2 ArcTanh

√
(r − rc)(1 + Hrc)√
(r + rc)(1 − Hrc)

+
2 − Hrc − 2H2r2

c

(1 − H2r2
c)

3/2 ArcTanh

√
(r − rc)(1 − Hrc)√
(r + rc)(1 + Hrc)

) ∣∣∣∣rs

rc

+O(r2
Sc) .

(B.54)

6The O(r2
Sc) is involved, but part of it will contribute at level rScO(x) to the time delay, hence it is needed. We use it in

computations, but we avoid writing it explicitly until Eq. (B.56) excluded.
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We can write the total result for the travel time of image i as (we now reinstate the i pedices which label
the image)

toi =
b̃i

bi

1

H
√

1 − H2r2
ci

ArcTanh
H
√

r2
e − r2

ci√
1 − H2r2

ci

+
b̃i

bi

rSc

2

( √
re − rci(1 + H2rrci)√

re + rci(1 − H2r2
ci)(1 − H2r2

e)

+
2 + Hrci − 2H2r2

ci

(1 − H2r2
ci)

3/2
ArcTanh

√
(re − rci)(1 + Hrci)√
(re + rci)(1 − Hrci)

+
2 − Hrci − 2H2r2

ci

(1 − H2r2
ci)

3/2
ArcTanh

√
(re − rci)(1 − Hrci)√
(re + rci)(1 + Hrci)

)
+O(r2

s ) + (re ↔ roi) ;

(B.55)

expanding in rci (reminding that x ∼ Hrc ∼ rc/rs,o), the travel time reduces to

toi =
1
H

ArcTanhHrs +
rSc

2
ln

4r2
s

(1 − H2r2
s )r2

ci
+

rSc

2(1 − H2r2
s )

− rScrci

2rs

−
r2

ci
2rs

+
r2

Sc
2rci

(
15π

8
− 1
)
+ rScO(x2) + (rs ↔ roi) ;

(B.56)

now, setting

y :=
ro2 − ro1

ro1
, (B.57)

we can see from Eq. (B.22) that y/H is of the same order of the time delay ∆t, which cannot be order of
1/H (this would violate the assumption rci ≪ 1/H), meaning that y is a small quantity we can expand
over. Expanding over y Eq. (B.56), we end up with

∆t =to2 − to1 = 2rSc ln
rc1

rc2
+

1
2
(r2

c1 − r2
c2)

(
1

ro1
+

1
rs

)
+

rSc

2
(rc1 − rc2)

(
1
rs

+
1

ro1

)
+ r2

Sc

(
1

rc2
− 1

rc1

)(
15π

8
− 1
)
+

ro1y
1 − H2r2

o1

(
1 +

H2r2
o1

1 − H2r2
o1

y
)
+ rScO(x2, y, yx) + ro1O(y3) .

(B.58)

For later convenience, we define

∆t =: ∆t′ +
ro1y

1 − H2r2
o1

(
1 +

H2r2
o1

1 − H2r2
o1

y
)
+ rScO(y, yx) + ro1O(y3) , (B.59)

that is, ∆t′ is the y-independent part of ∆t. Notice that ∆t′ ∼ O(rSc).

From Eq. (B.22), up to rScO(y, yx), ro1O(y3),

∆t ≃ y
H

(
1

1 − H2r2
o1

(
1 − 1

2
1 − 3H2r2

o1

1 − H2r2
o1

(
y +

rSc

H2r3

))
− vo

Hro

(
1 +

vo

2Hro

)
+

3v2
o

2H2r2
o1

)
≃ ∆t′ +

ro1y
1 − H2r2

o1

(
1 +

H2r2
o1

1 − H2r2
o1

y
)

;
(B.60)
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from the previous equality, of the form H∆t′ = y ∑n=0 fnyn, we see that y ∼ O(H∆t′), which implies
y ∼ O(x2)7, so that

y = H∆t′(1 + Hro1)

(
1 + vo +

vo

Hro1

)
+O(x4) ; (B.63)

from Eq. (B.17)

∆T =
y
H

(
1 − vo

Hro1

)
+ rScO(x2) , (B.64)

which implies
∆T = (1 + Hro1)(1 + vo)∆t′ + rScO(x2) , (B.65)

ending up with

∆T = (1 + Hro1)(1 + vo)
(

2rSc ln
rc1

rc2
+

1
2
(r2

c1 − r2
c2)

(
1

ro1
+

1
rs

)
+

rSc

2
(rc1 − rc2)

(
1
rs

+
1

ro1

)
+ r2

Sc

(
1

rc2
− 1

rc1

)(
15π

8
− 1
))

+ rScO(x2) .
(B.66)

Using

θi = (1 + zl)

(
|b̃|
roi

+O(x3)

)
=⇒ rci = Dlθi −

rSc

2
+ rsO(x3) ,

1
ro1

+
1
rs

=
Ds

DlDls
, (B.67)

together with Eq. (B.20) to express (1 + Hro1)(1 + vo) as a function of the measured lens redshift, we
can finally write

∆T = (1 + zl)
(

2rSc ln
θ1

θ2
+

1
2

DsDl

Dls
(θ2

1 − θ2
2) +

15πr2
Sc

8Dl

(
1
θ2

− 1
θ1

))
+ rScO(x2) . (B.68)

Fermat principle. According to Fermat principle, the light travel time is stationary with respect to
perturbations which hold the source position fixed (for a precise statement, see e.g. [SEF92]). Taking the θ⃗
derivative of Eq. (B.68) would not yield Eq. (B.39), because one has to ensure that the source position β
remains constant. One can impose this using the Lagrange multiplier γ, via the auxiliary function

T̃(θ, γ) = T(θ) + γ

(
Ds

Dls
β − s f (θ)

)
, (B.69)

where T(θ) is the total travel time of the light ray passing at θ as seen by the observer and f (θ) :=
Ds
Dls

θ − 2 rSc
Dlθ

− 15π
16

(
rSc
Dlθ

)2
from Eq. (B.39). The stationary points of T̃ with respect to θ and γ are also the

stationary points of T(θ) with the constraint Ds
Dls

β = s f (θ). Then,

∂T
∂θ

− γ
∂ f
∂θ

= 0 =⇒ γ = −sθDl ; (B.70)

7 As far as peculiar velocities are concerned, notice that

Eo = 1 + Hro1vo1 +
v2

o1
2

+O(x3) = 1 + Hro2vo2 +
v2

o2
2

+O(x3) ; (B.61)

For this relation to hold at lowest order, writing vo2 = vo1(1 + ∆v) and ro2 = ro1(1 + y), with y ∼ O(x2),

0 = Hro1vo1(y + ∆v + y∆v) +O(x3) =⇒ ∆v = −y +O(x3) , (B.62)

meaning that differences of peculiar velocities between the two images are order vo1∆v ∼ O(x3), negligible at the order we
are interested.
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notice that T̃ = T (we are adding and subtracting the same quantity), but now we can write the time
delay as

∆T̃ = ∆T = (1 + zl)
(1

2
DsDl

Dls
(θ2

2 − θ2
1)−

DsDl

Dls
β(s2θ2 − s1θ1)− 2rSc ln

θ2

θ1

+
15πr2

Sc
16Dl

(
1
θ2

− 1
θ1

))
+ rScO(x2) ,

(B.71)

whose gradient clearly gives back Eq. (B.39). The fact that γ can depend on θ does not allow one to
recover the expression for the time delays via integrating the angle equation, Eq. (B.39).

Eq. (B.71) is our final result. Notice that, at this order, cosmology enters only via (unlensed) angular
diameter distances. Non-trivial cosmological effect start entering at rScO(x2), arguably too small to be
observed. Notice also that the zeroth order of Eq. (B.71) is the usual time delay formula Eq. (2.49), with
Ψ(θ) ∝ 2rSc ln θ for a Schwarzschild lens, Eq. (2.40).
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Appendix C

Some General Relativity Concepts and
Derivations

We here show some basic concepts and derivations of GR which were used in the main text, together
with an account of angular diameter distance in a generic metric, App. C.4.

C.1 Some basic definitions

Sign conventions. Throughout this thesis, we use the following sign conventions:

• Metric: [S1](+−−−);

• Christoffel symbols

Γρ
µν =

1
2

gρσ(∂µgνσ + ∂νgµσ − ∂σgµν) ; (C.1)

• Riemann tensor:
Rµ

αβγ = 2[S2](∂[βΓµ

γ]α
+ Γµ

σ[β
Γσ

γ]α) ; (C.2)

• Ricci tensor:
Rµν = [S2][S3]Rα

µαν ; (C.3)

• Einstein equations:

Rµν −
1
2

Rgµν = [S3]8πGTµν , (C.4)

with [S1] = [S2] = [S3] = 1. gµν are the metric coefficients, R is the Ricci scalar, R = gµνRµν, and Tµν is
the energy-momentum tensor.

Covariant derivative. The covariant derivative ∇µ of a tensor Tµ1···µp
ν1···νp reads

∇µTµ1···µp
ν1···νp = ∂µTµ1···µp

ν1···νp + Γµ1
µσTσ···µp

ν1···νp + . . . + Γµp
µσTµ1···σ

ν1···νp − Γσ
µν1

Tµ1···µp
σ···νp − . . . − Γσ

µνp
Tµ1···µp

ν1···σ . (C.5)

Weyl tensor. The Weyl tensor Cµνρσ, which is the trace-free part of the Riemann tensor, can be ex-
pressed as

Cµνρσ = Rµνρσ +
1
2
(Rµσgνρ − Rµρgνσ + Rνρgµσ − Rνσgµρ) +

R
6
(gµρgνσ − gµσgνρ) . (C.6)
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C.2 Scalar fields in GR

The full action for a scalar field ϕ minimally coupled to gravity reads

Smatter =
∫

d4x
√
−g
(

R
16πG

− 1
2

gµν∂µϕ∂νϕ − V(ϕ)

)
=:
∫

d4x
√
−g
(

R
16πG

+ L
)

; (C.7)

g is the determinant of the metric, R is the Ricci scalar, which enters the so-called Einstein-Hilbert action

SEH =
1

16πG

∫
d4x

√
−gR . (C.8)

The relation of R with the metric coefficients gµν can be read in Eqs. (C.1),(C.2),(C.3).

The equation of motion for ϕ follows from

δS
δϕ

= 0 =⇒ ∂
√−gL

∂ϕ
= ∂µ

∂
√−gL
∂∂µϕ

, (C.9)

which yields

− 1√−g
∂

∂xµ

(√
−ggµν∂νϕ

)
+

∂V
∂ϕ

= 0 . (C.10)

Einstein equations are obtained via

δS
δgµν

= 0 =⇒ Rµν −
1
2

gµνR = 8πG
(
− 2√−g

∂
√−gL
∂gµν

)
. (C.11)

the previous is exactly the Einstein equation, granted one identifies

Tµν = − 2√−g
δSmatter

δgµν
. (C.12)

The energy-momentum tensor, exploiting

∂
√−g
∂gµν

= −
√−ggµν

2
, (C.13)

reads

Tµν = ∂µϕ∂νϕ − gµν

(
1
2

gγδ∂γϕ∂δϕ + V(ϕ)

)
, (C.14)

which can be recast in the form of a perfect fluid one with the identifications

ρ = −1
2

gγδ∂γϕ∂δϕ + V(ϕ) , P = −1
2

gγδ∂γϕ∂δϕ − V(ϕ) , uµ =
1√

−gρν∂ρϕ∂νϕ
∂µϕ . (C.15)

C.3 Deriving Friedmann and perturbed FRW Einstein equations

We here derive the Einstein equations for a ULDM metric. Eq. (1.5), which will result in the Friedmann
equations, Eq. (1.11), (1.12), (1.15). In Sec. C.3.1, we will instead derive the Einstein equations for a
perturbed flat FLRW metric in the Newtonian gauge, relevant for Sec. 3.1.
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We will use the tetrad (Vierbein) formalism, which employs the the tetrad eµ̂ to rewrite the metric as

ds2 = ηµ̂ν̂eµ̂eν̂ , (C.16)

where ηµ̂ν̂ is the Minkowski metric, and

e0̂ = a dη =: e0̂
0 dη , eî = eî

i dxi , eî
j = (a, a fκ, a fκ sin θ)δî

j , xi = (w, θ, φ) ; (C.17)

to avoid confusion, hatted indices will always refer to tetrad indices. The idea of the tetrad formalism
is to work in a frame where the metric looks locally Minkowskian (thanks to the equivalence principle,
this is always possible). We will denote the inverse of eµ̂

ν with eν
ρ̂ (such that eµ̂

ν eν
ρ̂ = δ

µ̂
ρ̂ and eν

µ̂eµ̂
ρ = δν

ρ ).

We will need the so-called spin connections ω
µ̂

ν̂ , which can be found with1

deµ̂ =: −ω
µ̂

ν̂ ∧ eν̂ , (C.20)

implying (we denote with ′ derivatives with respect to the argument of the respective functions)

de0̂ = −ω0̂
ĵ ∧ e ĵ = 0 ,

de1̂ = −ω1̂
µ̂ ∧ eµ̂ = a′ dη ∧ dw ;

de2̂ = −ω2̂
µ̂ ∧ eµ̂ = a′ fκ dη ∧ dθ + a f ′κ dw ∧ dθ ;

de3̂ = −ω3̂
µ̂ ∧ eµ̂ = a′ fκ sin θ dη ∧ dφ + a f ′κ sin θ dw ∧ dφ + a fκ cos θ dθ ∧ dφ .

(C.21)

From the previous, we can read (we can lower or raise hatted indices with the Minkowski metric, ωµ̂ν̂ =

ηµ̂ρ̂ω
ρ̂
ν̂ etc., and notice ωµ̂ν̂ = −ων̂µ̂)

ω0̂
1̂ =

a′

a
dw = ω1̂

0̂ ,

ω0̂
2̂ =

a′

a
fκ dθ = ω2̂

0̂ ,

ω0̂
3̂ =

a′

a
fκ sin θ dφ = ω3̂

0̂ ,

ω1̂
2̂ = − f ′κ dθ = −ω2̂

1̂ ,

ω1̂
3̂ = − f ′κ sin θ dφ = −ω3̂

1̂ ,

ω2̂
3̂ = − cos θ dφ = −ω3̂

2̂ .

(C.22)

1Recall the formula for exterior derivative

d(aµ...σ dxµ ∧ . . . ∧ dxσ) = (∂νaµ...σ)dxν ∧ dxµ ∧ . . . ∧ dxσ , (C.18)

where the outer product of differentials is defined as

dxµ ∧ dxν =
1
2
(dxµ ⊗ dxν − dxν ⊗ dxµ) , (C.19)

where ⊗ denotes the tensor product.
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Once we have the spin connection ω, the Riemann tensor can be found exploiting2

Rµ̂
ν̂ := dω

µ̂
ν̂ + ω

µ̂
σ̂ ∧ ωσ̂

ν̂ =
1
2

eµ̂
ρ eσ

ν̂ Rρ
σαβ dxα ∧ dxβ ; (C.24)

We need (H := a′/a)

R0̂
1̂ = H′ dη ∧ dω ;

R0̂
2̂ = H′ fκ dη ∧ dθ ,

R0̂
3̂ = H′ fκ sin θ dφ ∧ dθ ,

R1̂
2̂ =

(
H2 fκ − f ′′κ

)
dw ∧ dθ ,

R1̂
3̂ =

(
H2 fκ − f ′′κ

)
sin θ dw ∧ dφ ,

R2̂
3̂ =

(
H2 f 2

κ − f ′κ
2
+ 1
)

sin θ dθ ∧ dφ .

(C.25)

From this, one recovers (we remark that sum over repeated indices is not implied in the following
equations)

e0̂
0e1

1̂R0
1µν =

a
a

R0
1µν =⇒ R0

101 = H′ ,

e0̂
0e2

2̂R0
2µν =

1
fκ

R0
2µν =⇒ R0

202 = H′ f 2
κ ,

e0̂
0e3

3̂R0
3µν =

1
fκ sin θ

R0
3µν =⇒ R0

303 = H′ f 2
κ sin2 θ ,

e1̂
1e2

2̂R1
2µν =

1
fκ

R1
2µν =⇒ R1

212 =
(
H2 fκ − f ′′κ

)
fκ ,

e1̂
1e3

3̂R1
3µν =

1
fκ sin θ

R1
3µν =⇒ R1

313 =
(
H2 fκ − f ′′κ

)
fκ sin2 θ ,

e2̂
2e3

3̂R2
3µν =

1
sin θ

R2
3µν =⇒ R2

323 =
(
H2 f 2

κ − f ′κ
2
+ 1
)

sin2 θ .

(C.26)

Ricci tensor reads (use relations like Rµ
νµν = gµρgνσRσ

ρνµ)

R00 = Ri
0i0 = −R0

101 −
1
f 2
κ

R0
202 −

1
f 2
κ sin2 θ

R0
303 = −3H′ ,

R11 = H′ + 2H2 − 2
f ′′κ

fκ
,

R22 = H′ f 2
κ + 2H2 f 2

κ − fκ f ′′κ − f ′κ
2
+ 1 ,

R33 = (H′ f 2
κ + 2H2 f 2

κ − fκ f ′′κ − f ′κ
2
+ 1) sin2 θ ;

(C.27)

and the Ricci scalar

a2R = a2gµνRµν = −6H′ − 6H2 + 4
f ′′κ

fκ
− 2

f 2
κ

(1 − f ′κ
2
) = −6H′ − 6H2 − 6κ , (C.28)

where on the last step we used the explicit form of fκ for all possible κ.

2For reference, we show the Christoffel symbols formula in the tetrad formalism,

Γσ
µρ = eσ

â ω â
b̂µ

eb̂
ρ + eσ

â ∂µeâ
ρ , (C.23)
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When using Einstein equations, one should use the stress energy tensor in the new coordinates; in
particular, notice that uµ = (1/a, 0, 0, 0), hence Tµν = a2diag(ρ̄, P̄, P̄, P̄). The first Einstein equation
reads (we convert to comoving time t instead of conformal time η, so ˙ := ∂

/
∂t , H = aH, H = ȧ/a)

R00 −
1
2

a2R = 3a2H2 + 3κ = 8πGa2ρ̄ + Λa2 =⇒ H2 =
8πG

3
ρ̄ +

Λ
3
− κ

a2 . (C.29)

The 11 Einstein equation instead reads

R11 +
1
2

a2R = a2
(
−2ä

a
− H2

)
− κ = 8πGa2P̄ − Λa2 , (C.30)

ending with the second Friedmann equation (using the first to substitute for H2)

ä
a
= −4πG

3
(ρ̄ + 3p̄) +

Λ
3

. (C.31)

The third Friedmann equation can be obtained combining the first two.

C.3.1 Perturbed flat FRW in Newtonian gauge

In the Newtonian gauge, the perturbed flat FLRW metric reads

ds2 = −(1 + 2Φ)dt2 + (1 − 2Ψ)a2(t)dxi dxi . (C.32)

Here Φ and Ψ are the two gravitational fields. Ψ will appear only in this section, so confusion with the
lensing potential Ψ(⃗θ) of the main text should not arise. Since we are mainly interested in the weak-field
limit, to be applied in Sec. 3.1, in this derivation we allow ourselves to always ignore HΨ, HΦ terms.

The vierbein read
e0̂ = (1 + Φ)dt =: e0̂

0 dt , ei = a(1 − Ψ)dxi =: eî
i dxi ; (C.33)

the spin connections can be found with

de0̂ = ∂iΦ dxi ∧ dt = −ω0̂
ĵ ∧ e ĵ ,

deî = a(H − Ψ̇)dt ∧ dxi − a∂jΨ dxj ∧ dxi = −ω î
0̂ ∧ e0̂ − ω î

ĵ ∧ e ĵ ;
(C.34)

which yield ( ˙= ∂0)

ω0̂
î =

∂iΦ
a

dt + a(H − Ψ̇)dxi = ω î
0̂ ,

ω î
ĵ = −∂jΨ dxi + ∂iΨ dxj = −ω

ĵ
î

.
(C.35)

The Riemann tensor can be found from

R0̂
î =

∂i∂jΦ
a

dxj ∧ dt + ∂0(a(H − Ψ̇))dt ∧ dxi − a∂jΨ̇ dxj ∧ dxi

=

(
∂i∂jΦ

a
− a(H2 + Ḣ − Ψ̈)δij

)
dxj ∧ dt − a∂jΨ̇ dxj ∧ dxi ;

Rî
ĵ = −∂jΨ̇ dt ∧ dxi + ∂iΨ̇ dt ∧ dxj − ∂k∂jΨ dxk ∧ dxi + ∂k∂iΨ dxk ∧ dxj + a2H2 dxi ∧ dxj .

(C.36)
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One then recovers

e0̂
0ei

îR
0

i0j =
1
a

R0
i0j =−

∂i∂jΦ
a

+ a(H2 + Ḣ − Ψ̈)δij ,

e0̂
0ei

îR
0

ijk =
1
a

R0
ijk =− a∂jΨ̇δik + a∂kΨ̇δij ,

eî
ie

j
ĵ
Ri

j0l = Ri
j0l =− ∂jΨ̇δil + ∂iΨ̇δjl ,

eî
ie

j
ĵ
Ri

jkl = Ri
jkl =− ∂k∂jΨδil + ∂k∂iΨδjl + a2H2δikδjl − (k ↔ l) .

(C.37)

The Ricci tensor reads

R00 = Ri
0i0 = − 1

a2 R0
i0i =

∇2Φ
a2 − 3(Ḣ + H2 − Ψ̈) ,

Rij = R0
i0j + Rk

ikj = −∂i∂jΦ + a2(Ḣ + H2 − Ψ̈)δij + ∂i∂jΨ + δij∇2Ψ + 2a2H2δij ,
(C.38)

and the Ricci scalar reads

R = gµνRµν = R00 −
1
a2 Rii = 2

∇2Φ
a2 − 6(Ḣ − Ψ̈)− 4

∇2Ψ
a2 − 12H2 . (C.39)

Finally, the first Einstein equation reads

R00 −
1
2

R = 3H2 + 2
∇2Ψ

a2 = 8πG(T̄00 + δT00) . (C.40)

T̄ is the part of the energy momentum tensor which sources the background, cosmological evolution,
and δT00 represents the fluctuations around this background. T̄00 is the source of the 3H2 term; from
that, one recovers the first Friedmann equation (with κ = 0). For the fluctuation, we can write

∇2Ψ
a2 = 4πGδT00 . (C.41)

The ij Einstein equation instead reads

Rij +
1
2

δija2R = ∂i∂j(Ψ − Φ) + a2
(
−2Ḣ − 3H2 + 2Ψ̈ − ∇2Ψ

a2 +
∇2Φ

a2

)
δij = 8πG(T̄ij + δTij) . (C.42)

Note that, from the background evolution, we obtain the second Friedmann equation,

a2(−2Ḣ − 3H2)δij = a2
(
−2

ä
a
− H2

)
= 8πGgikgjl gkl p̄ = 8πGa2δij p̄ =⇒ ä

a
= −4πG

3
(ρ̄ + 3p̄) . (C.43)

For a perfect fluid, the traceless part of its energy-momentum tensor is zero, since we do not have
anisotropic stresses in it. Coincidentally, the energy-momentum tensor of ULDM is a perfect fluid one,
see Eq. (C.14), (C.15). Hence, taking the traceless part of Eq. (C.42) (meaning subtract δij tr(LHS)/3 to
the LHS, and analogous for the RHS), we have(

∂i∂j −
1
3

δij∇2
)
(Φ − Ψ) = 0 , (C.44)

which indeed implies Φ = Ψ (in Fourier space, the equation reads (kik j − 1
3 k2δij)(Φ − Ψ); for k ̸= 0,

Φk = Ψk; the case k = 0, assuming the appropriate decay at infinity, will also imply Φ0 = Ψ0). For
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reference, the trace part of Eq. (C.42), with Φ = Ψ, reads

a2Φ̈ =
8πG

3
tr
(
δTij
)

. (C.45)

C.4 Angular diameter distance in a generic metric

In Sec. 1.1.2, we introduced a definition of angular diameter distance in FLRW metric. A rigorous defi-
nition of angular diameter distance, valid for any metric, reads instead [DR74; SEF92; Fle14]

D̃A :=

√
dAs

dΩo
, (C.46)

where dAs is the cross-section area of a light-ray bundle from the source and dΩo is the solid angle
which subtends dAs, as seen by the observer. We use the tilde symbol to differentiate this angular di-
ameter distance, which in this context we can call lensed angular diameter distance, with the unlensed
angular diameter distance DA (i.e. the angular diameter distance which takes into account only the
background FLRW metric) of the main text. Lensed angular diameter distances could be in principle
observable, if one knows the true transverse area dAs. However, for the lensing applications we dis-
cussed in this thesis, this is never really true, hence one would express gravitational lensing equations
using just unlensed angular diameter distances, to be connected with observed redshifts. We anyway
perform the calculation of D̃A in this appendix as an interesting exercise.

For obtaining an expression for D̃A, we need a way to express dAs. For this, we need to exploit the
concept of ray bundles xµ(λ, b⃗), introduced in Sec. 2.1. In a general setting, b⃗ would label three real
parameters, e.g. the two angles on the celestial sphere at which the light ray is received at the observer
and the phase of the ray [SEF92]. However, for our purposes we can consider a one-dimensional ray
bundle, with all the rays lying on the θ =const plane. For our case of interest, b can really be taken to be
the b parameter related to rc (or equivalently to φs), as introduced in App. B. Then, ωµ := dxµ

/
dλ is the

geodesic vector and ξµ := dxµ
/

db is the geodesic deviation vector (connected to the distance between
neighbouring light rays separated by δb). We assume the bundle to end at the observer point, so that
ξ(λ = λo) = 0. A property we will need in the following is

d
dλ

(
ωµξµ

)
= ξµ ων∇νωµ︸ ︷︷ ︸

=0

+ωµ dξµ

dλ︸︷︷︸
=

dωµ
db

=
1
2

d
db
(
ωµωµ

)
= 0 =⇒ ωµ ξ̇µ = 0 , (C.47)

where we exploited that ωµ is a null geodesic vector. Using the Sachs formalism [JES61; Sac62], given
an observer uµ, we can define screen vectors sµ

A, A = 1, 2, which projects on the screen perpendicular to
both uµ and ωµ, similarly as we discussed in Sec. 2.1. We here remind the properties

gµνsµ
Asν

B = δAB , uµsµ
A = ωµsµ

A = 0 , ξA := sµ
Aξµ . (C.48)

ξA obey Eq. (2.6), which is linear. This fact allows us to generically write

ξA(xs) = CABξB(xo) + DAB
ξ̇B(xo)

ωo
; (C.49)

the DAB factor is the one we are interested into, since we assumed ξ(xo) = 0; we will soon see that the
observed angle θ ∼ ξ̇/ωo. Hence

D̃A =
√
|det(DAB)| . (C.50)
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In our setting, we have spherical symmetry, in particular we set no motion on θ, meaning we can write
one of the screen vector to simply be

sµ
2 =

(
0, 0,

1
r

, 0
)

; (C.51)

if emitter, observer and the singularity at r = 0 are all aligned, then the only relevant screen vector
would be sµ

1 , thus we can write a one-dimensional version of Eq. (C.46)

D̃A =

∣∣∣∣dls(λs)

dθo

∣∣∣∣ , (C.52)

where θo is the angle as seen by the observer, and dls = ξ1(λs)db is the transverse distance of the two
neighbouring light rays. With the notation of Eq. (C.50), we are saying that D11 = D22 = dls(λe)

/
dθo

and D12 = D21 = 0.3 The angular diameter distance then simplifies into

D̃A =

∣∣∣∣∣dξ1

db

(
dθo

db

)−1
∣∣∣∣∣ . (C.53)

To recover the angle dθ subtended by the two light rays separated by dls at the source, we can use
Eq. (B.14) by considering light rays at the observer location, ωµ(λo, b) and ωµ(λo, b + δb), expanding up
to second order in δb

1 − cos θ ≃ δθ2

2
= −

ωµ(λo, b)ωµ(λo, b + δb)
uµωµ(λo, b)uνων(λo, b + δb)

≃ −

=0︷ ︸︸ ︷
ωµ ξ̇µ δb + ωµ(λo,b)

2
∂2ωµ

∂b2 δb2

ω2
o

, (C.54)

where we defined ωo = −gµνuµ
oων(λo, b). Noticing

ωµ
∂ξ̇µ

∂b
=

∂

∂b

=0︷ ︸︸ ︷
(ωµ ξ̇µ)−ξ̇µ ξ̇µ , (C.55)

we end up with

dθo =
db
ωo

√
ξ̇µ ξ̇µ , (C.56)

which agrees with the expected θ ∼ ξ̇/ωo.

As application of the previous formalism, we now want to derive the angular diameter distances ex-
pressions for the Kottler metric discussed in App. B. Due to the singularity at r = 0, there will be some
sort of arbitrariness for Dl and Dls. For a generic light ray, Eq. (B.8), and for a generic massive observer,
Eq. (B.19), (we use the shorthand J(r) specified in Eq. (B.20))

ξ̇µ =

(
0,∓ Ab

r2
√

1 − Ab2/r2
, 0,

1
r2

)
, ωo =

1
A

(
E ∓ J

√
1 − b2

r2 A − bub
r2

)
; (C.57)

with this,

dθ =
db
ωo

√
Ab2

r2(r2 − Ab2)
+

1
r2 . (C.58)

3In the De case, if φo − φe ̸= ±π, the motion on the θ direction cannot be recovered by simply changing the θ = π/2 plane
to a different plane, and one should explicitly consider the geodesic equation with varying θ. This will translate in possibly
D11 ̸= D22, and D12, D21 ̸= 0. We either assume φo − φe to be sufficiently close to ±π so that we can avoid this issue, or that,
for this setting, we can simply define from the get-go the angular diameter distance as in Eq. (C.52).
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We want to find sµ
1 , at first for a comoving source with bu = 0. Set sµ

1 = (a1, a2, 0, a3); the factors ai can to
be found via

sµ
1 uµ = 0 =⇒ a1 = a2

√
E2 − A
AE

,

gµνsµ
1 sν

1 = 1 =⇒ a2 = E
√

1 − r2a2
3 ,

sµ
1 ωµ = 0 =⇒ a3 =

√
1 − r2a2

3

bA

(√
E2 − A − E

√
1 − b2A

r2

)
.

(C.59)

Up to O(x2),

a1 =
Hb

1 − Hr

(
1 ± v

Hr
± v
)
+O

(
x3) , a2 =

b
r
(1 + Hr)(1 ± v ± vHr) +O

(
x3) ,

a3 =
1
r

(
1 − b2(1 + Hr)2

2r2

)
+O

(
x3) .

(C.60)

With similar procedure, for a source with generic emitter, bu ̸= 0, E ̸= 1 but for a light ray with b = 0
(relevant for D̃l), we have (no x expansion)

sµ
1 =

(
bu

(E − J)r
,

Abu

(E − J)r
, 0,

1
r

)
. (C.61)

For defining D̃l, similar to what we did for the lens redshift in Eq. (B.43), we can use a light ray, starting
at a radius rlens > rSc, φ = 0, with b = 0 (straight light ray). The observer will be a near-comoving one
with E = Eo, bu = 0. Then

dθ = (Eo +
√

E2
o − A(ro))

db
ro

. (C.62)

We have to write an expression for the bundle φ(λ, b), we have to ensure it ends at xo; this can be done
via

φ(λ, b)− φo =
∫ r(λ,b)

ro

dr′

r′
√

r′2
b2 − A(r′)

. (C.63)

We can choose the parametrization of the ray bundle at λlens such that r(λlens, b) = rlens for all b suffi-
ciently close to b = 0. With this choice, ξr(λlens, b = 0) = 0. Then, we can write

dφ(r(λlens, b) = rlens)

db

∣∣∣∣
b=0

= −
∫ ro

rlens

dr
r2 = −

(
1

rlens
− 1

ro

)
; (C.64)

analogously, via Eq. (B.21), we can see4

t(λ, b)− to =
∫ ro

r(λ,b)

dr
A(r)

√
1 − b2A(r)/r2

=⇒ dt(λlens, b = 0)
db

=
∫ ro

rlens

dr A(r)b/r2

A(r)(1 − b2A(r)/r2)3/2

∣∣∣∣∣
b=0

− 1
A(rlens)

dr(λlens, b = 0)
db︸ ︷︷ ︸
=0

= 0 ;
(C.65)

4a b ̸= 0 would make the travel path curved and hence longer, making b = 0 a point of minimum for the travel time t.
Hence, here only dφ

/
db contributes. The negative sign of dφ

/
db can be understood as follows: a more negative b increases

the starting angle of the geodesic (since bigger |b| means a greater excursion of φ, with negative sign meaning the direction is
clockwise), whereas a more positive b means a smaller angle, once you realize that positive b goes counter-clockwise.
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we then have, using the vector in Eq. (C.61) for expressing ξ1

dls = ξ1(r(λs) = rlens, b = 0)db = rlens
dφ(r(λ) = rlens, b)

db

∣∣∣∣
b=0

db = −
(

1 − rlens

ro

)
db ; (C.66)

taking for example rlens ≃ rc, we have

D̃l =
ro

Eo +
√

E2
o − A(ro)

(
1 − rlens

ro

)
. (C.67)

Taking rlens ≃ rc, we have

D̃l =
ro

1 + zl
+O(x) . (C.68)

For D̃ls, we can again take a light ray from the source with b = 0 towards the generic not comoving
observer at rlens. We have, using Eq. (C.60) with b = 0

dθ =
A(rlens)

E + J(rlens)

db
rlens

, (C.69)

dls = ξ1(r(λs) = rs, b = 0)db = rs
dφ

db

∣∣∣∣
b=0

db = −rs db
∫ rs

rlens

dr
r2 =

(
rs

rlens
− 1
)

db ; (C.70)

and

D̃ls = rs
(E + J(rlens))

A(rlens)

(
1 − rlens

rs

)
. (C.71)

Unfortunately, one sees that we cannot really get rid of the spurious distance rlens by setting it to zero
due to the r = 0 singularity; taking again rSc/rlens ∼ O(x) and J = 0, E = 1 +O(x) we have

D̃ls = rs(1 +O(x)) . (C.72)

Even though there are difficulties in giving some sense of D̃ls, we remark that anyway D̃ls is unobserv-
able, and what we need is just the unlensed result Dls = rs.

Finally, for Ds, we cannot set b = 0, but we can consider to write the result up to O(x2); then, with
Eq. (C.60),

ξ1(λs) = −A(rs)s0
1

∂t
∂b

+
sr

1
A(rs)

∂r
∂b

+ r2
s sφ

1
∂φ

∂b
; (C.73)

we can again take the affine parameter λs at the event of light ray emission to satisfy ξr(λs, b) = 0
around the actual b of the observed light ray; using Eq. (B.56), substituting rs → r(λ, b), we see that the
∂t
/

∂b = s ∂t
/

∂rc +O(x2) term yields only O(x) terms,

∂t(λs, b ≃ rc)

∂b
= −s

(
2

rSc

rc
+ rc

rs + ro

rsro

)
+O(x2) ; (C.74)

and Eq. (B.32) for ∂φ
/

∂b (with φo = 0) we obtain

∂φ

∂b
=

rs + ro

rsro
+ 2

rSc

b̃2
+

15
8

π
r2

Sc

b̃3
−

r3
Sc

b̃4
+

b̃2(r3
o + r3

s )

2r3
s r3

o
+ rsO(x3) , (C.75)

which, using
db
dθ

=
ro

1 + zl
+

b2(2Hro − 1)
2ro

, (C.76)
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implies the angular diameter distance expression

D̃s =
ro

1 + zl

(( rs + ro

ro
+ 2

rsrSc

b̃2

)(
1 − b̃2(1 − 2Hro)(1 + zl)

2r2
o

)
+

15
8

π
rsr2

Sc

b̃3
−

r3
Scrs

b̃4

+
b̃2(r3

o + r3
s )

2r3
or2

s
+ sH(1 + Hrs)

(
2rSc +

(rs + ro)b̃2

rsro

))
+ rsO(x3) .

(C.77)

We see that the result is pretty involved. It seems like there is no real advantage in expressing the lens
equation via these lensed angular diameter distances, especially if such distances are not deemed to
be observable. A more thorough accounting of lensed angular diameter distances in Kottler metric is
beyond the scope of this thesis.

Ref. [But16] claims that one needs to divide by 2 our result for D̃s to obtain the correct limit for de-
Sitter. Our results at O(x) is consistent with theirs if β = 0, upon substitution of b̃ with θE of Eq. (B.40).
However, we do not understand why one should sum over the observed angle of both images, which is
how the factor 2 comes about. We just finally comment with the fact that, with rSc = 0 and in the b → 0
limit for Ds, Eqs (C.67),(C.71),(C.77) reduce to the de-Sitter expressions (or unlensed angular diameter
distances)

Dl =
ro

1 + Hro
, Dls = rs , Ds =

rs + ro

1 + Hro
. (C.78)

C.5 Light propagation in a curved background with plasma and axions

In this appendix, we review the propagation of light in a curved background, in the presence of plasma
and axion particles which couple to electromagnetism. These notes were developed for investigating
the plasma effects on the calculations of Refs. [MV20b; MV20a; FGR19] and possible applicability for
eclipsing neutron star systems [Bur+03; Lyn+04; Bre+12; LT05; Low+24; Bai+20] for axion models like
the one in Ref. [HH18], as part of an ongoing project with C. Sun.

C.5.1 The axion Maxwell equations

At the classical level, the propagation of light in an axion background follows from the action

S =
∫

d4x
√
−g
(
−1

4
FµνFµν − 1

2
∂µa∂µa +

caγ

4
aFµν F̃µν − Aµ jµ

)
=:
∫

d4x
√
−gL , (C.79)

where Fµν = ∂µ Aν − ∂ν Aµ is the electomagnetic tensor, Aµ is the electromagnetic field, jµ is an external
current (from which plasma effects will arise), a is the axion field, caγ is the axion-photon coupling and

F̃µν =
ϵµναβ

2
Fαβ . (C.80)

We are using the Levi Civita tensor notation

ϵµνρσ =
√
−g ∈µνρσ , ∈0123= 1 , (C.81)

where ∈µνρσ is a complete antisymmetric quantity. ∈µνρσ is not a tensor, and we will write it always with
low indices. An useful relations involving ∈µνρσ is

∈i1···ip j1···jq∈
i1···ipk1···kq= p!

∣∣∣∣∣∣∣∣
δk1

j1
· · · δk1

jq
...

. . .
...

δ
kq
j1

· · · δ
kq
jq

∣∣∣∣∣∣∣∣ ; (C.82)
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moreover, notice that we can write

gµagνbgρcgσd ∈µνρσ= det
(

g−1
)
∈abcd , (C.83)

with which
ϵµνρσ = gµagνbgρcgσdϵabcd = − 1√−g

∈µνρσ . (C.84)

The metric we assume will be the Newtonian

ds2 = −dt2 (1 − 2Φ) + (1 + 2Φ)dxi dxi ; (C.85)

we will thus consider systems where cosmological effects can be neglected. We do this just for simplicity.

From the equation of motions for the electromagnetic field Aµ

∂
√−gL
∂Aµ

= ∂ν
∂
√−gL
∂∂ν Aµ

, (C.86)

we obtain5

− 1√−g
∂ν(
√
−ggµαgνβFαβ)−

caγ√−g
∈νµαβ ∂νa∂α Aβ = jµ , (C.88)

which can be rewritten as, using Eq. (C.84)

− 1√−g
∂ν(
√
−ggµαgνβFαβ) + caγϵνµαβ∂νa

Fαβ

2
= jµ . (C.89)

The charge density an observer with 4-velocity uµ sees is

ρ = −uµ jµ ; (C.90)

jµ, as we already mentioned, encodes plasma effects. If we choose a 4-velocity uµ for which the plasma
is at rest, we can split jµ as

jµ = ρuµ + Jµ , Jµuµ = 0 , Jµ = (gµ
ν + uµuν)jν . (C.91)

With such a uµ, we can write the electric and magnetic field as

Eµ = −Fµνuν , Bµ =
1
2

ϵµνρσuνFρσ = F̃µνuν . (C.92)

Notice that, as defined, both Eµ and Bµ are purely spatial,

Eµuµ = 0 , Bµuµ = 0 , (C.93)

and that we can express
Fµν = uνEµ − uµEν − ϵµνρσuρBσ . (C.94)

Also,
F̃µν = uµBν − uνBµ − ϵµνρσuρEσ . (C.95)

5To derive it, one can use the relation

∈γδαβ FαβFγδ = 4 ∈γδαβ ∂α Aβ∂γ Aδ ,
√
−gϵγδαβ∂ν(a

∂

∂∂ν Aµ

(
∂α Aβ∂γ Aδ

)
) = −2 ∈νµαβ ∂νa∂α Aβ . (C.87)
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We can express E⃗ and B⃗ using the local rest reference frame of the observer inside the plasma, or the
tetrad eâ = eâ

µ dxµ. Notice eµ

0̂
= uµ, e0̂

µeµ

0̂
= 1 = uµe0̂

µ =⇒ e0̂
µ = −uµ, and gµν = ηâb̂eâ

µeb̂
ν

6. Then,

Eî =eî
νEν = Fµνuµeî

ν = −Fµνe0̂
µeî

ν = −F0î , (C.98)

Bî =eî
µBµ =

1
2
√
−g ∈ανρσ eν

0̂eρ

ĵ
eσ

k̂ F ĵk̂eî
µ gαµ︸︷︷︸
=η âb̂eα

â eµ

b̂

= −1
2
∈ijk F ĵk̂ , (C.99)

where hatted indices denote tetrad indices, and we used Eq. (C.96) for the magnetic field. This, unsur-
prisingly, is the same result one obtains in Minkowski (for reference, Fĵk̂ = − ∈jki Bî). Also,

j0 =
ρ√−g00

= e0
0̂ρ , Ji = ei

ĵ J
ĵ . (C.100)

With this formalism, we can write the relation for jµ for a plasma as

∂0̂ρ = −∂î J
î , J î = σEî , σ = iω2

p/ω , (C.101)

where we defined ∂µ̂ := eν
µ̂∂ν. We remark that the previous holds in the local rest frame of the plasma.

Specializing the tetrad to the metric Eq. (C.85), always keeping first order in the gravitational potential
Φ, we have

e0̂
µ = (1 + Φ)δ0µ = −u0δ0µ , eî

j = (1 − Φ)δij . (C.102)

The equations we are about to derive describe the E⃗ and B⃗ propagation on the plasma as seen by ob-
servers following, point by point, the propagating Fµν. With such a choice,

F0i =
√
−g00gije

j
k̂
Ek̂ = Eî , Fij = −

√−g√−g00
∈ijk ek

l̂ Bl̂ = −(1 − 2Φ) ∈ijk Bk̂ . (C.103)

We can recast Eq. (C.89) in the Maxwell form, up to first order in Φ and neglecting Φ derivatives, to
obtain the axion Maxwell equations in curved background

∇ · E⃗ = (1 − Φ)ρ − caγ∇a · B⃗ , (C.104)

−dE⃗
dt

+ (1 + 2Φ)∇× B⃗ = (1 + Φ)⃗J + caγ ȧB⃗ + caγ(1 + 2Φ)∇a × E⃗ , (C.105)

(1 − 2Φ)∇ · B⃗ = 0 , (C.106)

(1 − 2Φ)
dB⃗
dt

+∇× E⃗ = 0 . (C.107)

The last two come from the constraint equation (considering µ, ν, ρ ̸= 0 and µ = 0, ν, ρ ̸= 0 respectively)

∂µFνρ + ∂νFρµ + ∂ρFµν = 0 . (C.108)
6With the tetrad, the determinant of the metric obeys

∈αβγδ det g−1 =∈µνρσ ηabeµ
â eα

b̂ ηcdeν
ĉ eβ

d̂
ηe f eρ

ê eγ

f̂
ηgheσ

ĝ eδ
ĥ = det{eµ

â } ∈aceg ηabηcdηe f ηgheα
b̂ eβ

d̂
eγ

f̂
eδ

ĥ = −(det{eµ
â })

2 ∈αβγδ , (C.96)

which implies
det g−1 = −(det{eµ

â })
2 . (C.97)
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C.5.2 Refractive index

We now apply the geometric optics limit to the field Fµν, via the ansatz

Fµν = Re(eiS/ϵ fµν) , fµν =
∞

∑
n=0

ϵn f (n)µν , (C.109)

where ϵ is a bookkeeping expansion parameter, S is a scalar function and f (n)µν antisymmetric tensors.
One defines the light ray wavevector as

kµ =
1
ϵ

∂µS ; (C.110)

defined like this, kµ carries a 1/ϵ factor, explicitly showing that it is a dominant term in the geometric
optics limit. The frequency of a light ray as seen by an observer uµ reads

ω = −kµuµ ; (C.111)

with uµ as the 4-vector associated to the local rest frame of the plasma, we have

ω =
√
−g00k0 = e0̂

0k0 = −k0̂ , (C.112)

and the refractive index reads [BH75]

n2 = 1 +
kµkµ

(kµuµ)2 =
k2
⊥

ω2 , kµ =: ωuµ + kµ
⊥ ; (C.113)

notice that

k2
⊥ = gijki

⊥kj
⊥ = gijkikj = kîkî =: k̂2 =⇒ n =

k̂
ω

. (C.114)

From Eq. (C.109), together with Eqs. (C.98) and (C.104) for ρ, we can write

E⃗ = Re(eiS/ϵ
∞

∑
n=0

ϵnE⃗(n)) , B⃗ = Re(eiS/ϵ
∞

∑
n=0

ϵnB⃗(n)) , ρ = Re(eiS/ϵ
∞

∑
n=0

ϵnρ(n)) . (C.115)

The plasma effect comes from the free electrons reacting to the incoming electromagnetic wave, hence
we expect to be able to write the same expansion for ρ we can write for Fµν. Notice that, in the lowest
order in ϵ,

∂0̂ρ = ie0
0̂k0ρ = −iωρ . (C.116)

The dispersion relation is recovered from the Maxwell equations at order 1/ϵ. Assuming a derivatives
and σ to be order 1/ϵ, we can rewrite Maxwell equations Eqs. (C.104), (C.105), (C.106), (C.107) as

ikîEî

(
1 −

ω2
p

ω2

)
= −caγBî∂îa , (C.117)

iωEî

(
1 −

ω2
p

ω2

)
= −i ∈ijk k ĵBk̂ + caγBî∂0̂a + caγ ∈ijk Ek̂∂ ĵa , (C.118)

kîBî = 0 , (C.119)

− ωBî+ ∈ijk k ĵEk̂ = 0 , (C.120)



C.5. Light propagation in a curved background with plasma and axions 175

where we exploited (we now set ϵ = 1)

k0 = ∂0S = −(1 + Φ)ω , ki = ∂iS = (1 − Φ)kî , ∂0̂ = (1 − Φ)∂0 , ∂î = (1 + Φ)∂i , (C.121)

which imply
∂0̂Eî = −iωEî , ∂îE

ĵ = ikîE ĵ , (C.122)

and similar for Bî. Moreover, we used, from Eq. (C.101)

∂0̂ρ = −iωρ = −∂î J
î =⇒ ρ = i

ω2
p

ω2 kîEî . (C.123)

Notice that, as expected, the gravitational potential disappears when everything is expressed with re-
spect to tetrad quantities.

Now derive with respect to ∂0̂ Eq. (C.120) and use all the other Maxwell equations Eq. (C.117)-(C.119)
to obtain, at order 1/ϵ2, (we are neglecting derivatives of kµ)

(ω2 − ω2
p − k̂2)Bî − icaγ

(
kl̂∂l̂a +

(
1 −

ω2
p

ω2

)
ω∂0̂a

)
Eî + c2

aγ

(
(∂0̂a)2Bî+ ∈ijk ∂0̂a∂ ĵaEk̂

−
(

1 −
ω2

p

ω2

)−1

∂îa∂ ĵaB ĵ
)
= 0 ;

(C.124)

analogously, deriving with respect to ∂0̂ Eq. (C.118) and using the other ones, we obtain

(ω2 − ω2
p − k̂2)Eî + caγ(iω∂0̂a + i

(
1 −

ω2
p

ω2

)−1

k ĵ∂ ĵa + (∂0̂a)2)Bî

−
(

1 −
ω2

p

ω2

)−1

c2
aγ(∂ ĵa∂ ĵa)Eî + c2

aγ

(
1 −

ω2
p

ω2

)−1

∂îa∂ ĵaE ĵ + caγ ∈ijk (∂ ĵ∂0̂a)Ek̂ = 0 .

(C.125)

Ignoring second order terms on caγ and double derivatives of the axion, we recover the system of equa-
tions  ω2 − k̂2 − ω2

p icaγ(∂0̂aω +

(
1 − ω2

p

ω2

)−1

kî∂îa)

−icaγ(

(
1 − ω2

p

ω2

)
∂0̂aω + kî∂îa) ω2 − k̂2 − ω2

p

(E⃗
B⃗

)
=

(
0
0

)
. (C.126)

Solving for k̂, defining kî =: k̂vi, with vi the unit vector in the direction of kî, we find

k̂ = ω

√1 −
ω2

p

ω2 ± caγ

2ω

∣∣∣∣∣∣(∂0̂a +

(
1 −

ω2
p

ω2

)−1/2

vi∂îa)

∣∣∣∣∣∣
+O(c2

aγ, . . .) . (C.127)

This implies the refractive index

n =
k̂
ω

=

√1 −
ω2

p

ω2 ± caγ

2ω

∣∣∣∣∣∣∂0̂a +

(
1 −

ω2
p

ω2

)−1/2

vi∂îa

∣∣∣∣∣∣
+O(c2

aγ, . . .) . (C.128)
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For reference, we can write ω as a function of k̂

ω =
√

k̂2 + ω2
p ∓

caγ

2

∣∣∣∣∣∣
(

1 +
ω2

p

k̂2

)−1/2

∂0̂a + vi∂îa

∣∣∣∣∣∣+O(c2
aγ, . . .) . (C.129)

The term which may be interesting to study are the plasma-axion mixing term ∝ ω2
pcaγ; it is interesting

to investigate possible novel phenomenological signals coming from such terms.

C.5.3 The Hamilton equations for light propagation

From the definition of refractive index Eq. (C.113), one can build an Hamiltonian H(xµ, kν) [BH75;
Syn60; BPB22]

H(xρ, kσ) =
1
2
(gµνkµkν − (n2(ω, xρ)− 1)(kµUµ(xρ))2) = 0 , (C.130)

where the last equality comes from a rearrangement of Eq. (C.113). Eq. (C.130) is a non-linear partial
differential equation for the phase S (recall kµ = ∂µS), and as such can be solved via the method of
characteristic curves. For the case at hand, the characteristic curves are just Hamilton equations

dxµ

dλ
=

∂H
∂kµ

,
dkµ

dλ
= − ∂H

∂xµ
, (C.131)

where kµ and xµ are considered as independent variables. We immediately see that, differently from the
non-plasma case, we have

dxµ

dλ
= kµ + Uµn

∂n
∂ω

(kρUρ)2 − Uµ(n2 − 1)(kρUρ) . (C.132)

(The previous holds only if n depends explicitly only on ω and not on the full kµ).

As an application of such formalism, we now set the stage for computing the time delay between two
pulses, one passing through an axion cloud and the other not; this can be a target for possible signals
coming from the axion-plasma mixing term.

We can define the 4-vectors uµ corresponding to the plasma-axion rest frame and vµ the 4-vector corre-
sponding to the observer. Assuming no peculiar motion of the plasma, we can write

vµ = (1, 0) ; uµ =

(
1√−g00

, 0
)
≃ (1 − Φ, 0) , (C.133)

where Φ influence is only at the plasma-axion location, and we expanded up to first order in Φ. In such
a simple metric, the proper time ∆τ′ the observer experiences between observation of pulse 1 and 2 is
trivially

∆τ′ =
∫ t′2

t′1
dλ =

∫ t′2

t′1

dt
v0 = t′2 − t′1 . (C.134)

Instead, the proper time ∆τ between emission of the two pulses at the emitter location is

∆τ =
∫ t2

t1

dλ =
∫ t2

t1

dt
u0 = (1 + Φ(xE))(t2 − t1) , (C.135)

where we recognize the gravitational redshift factor (and we assumed Φ to be time-independent). We
can then write

∆τ′ = ∆t2 − ∆t1 −
∆τ

1 + Φ(xe)
, ∆ti := t′i − ti . (C.136)
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We assume we model ∆τ, and that we know xe (distance of the axion cloud with respect to us) and we
are free to set xµ

o = 0, which is the coordinates (time and space) of the observer. Then, the light ray
equations come from Eq. (C.131), which we can write as (we neglect derivatives of Φ, and we suppress
the subscript i)

dxµ

dλ
= kµ − ω

∂ω

∂kµ
− n

∂n
∂kµ

ω2 ;

dkµ

dλ
= ω

∂ω

∂xµ
+ n

∂n
∂xµ

ω2 ;

(C.137)

n is given by Eq. (C.128), and given the fluctuating axion field, it is a function of t(λ) and x(λ). ω =
−kµuµ(xν) ≃ k0(1 + Φ(xν)) =: ω(xν), where we remark that the coordinate dependence of ω comes
solely on uµ, as in this formalism kµ and xµ are considered independent degrees of freedom. Parametriz-
ing xµ

i (λ = 0) = (ti, xj
ei), (t

′
i, xj

o = 0) =: xµ
i (λ

o
i ), supposing we have a monochromatic pulse with

ω(λ = λo
i ) = ωo, we need to solve the system of equations Eq. (C.137) with the final conditions

xj
i(λ

o
i ) = xj

o , ωi(λ
o
i ) = ωoi ,

1
2
(gµνkµkν − (n2(ω, xρ)− 1)(kµUµ(xρ))2 )

∣∣∣∣
λ=λo

i

= 0 ; (C.138)

in a generic setting, the light ray can arrive at a certain angle in the sky with respect to the deflecting
object line of sight due to lensing effects. This allows us to connect e.g. k2(λoi), k3(λoi) to such observed
angles. For the time, without losing generality, we can take t1(λ = λo

1) = 0, so that t2(λ = λo
2) = ∆t.

We can then evolve the system of equation until λo
i , the latter to be found such that the corresponding

x1
1(0) = xe if e.g. we suppose we know the distance to the source and x1 is the coordinate connecting

observer and lens. Finally, we can write

∆ti =
∫ t′i

ti

dt =
∫ λo

i

0

dt
dλ

dλ , (C.139)

and we have all the ingredients to compute the observable ∆τ′.

A simplified case. In order to give an estimate of the magnitude of the time travel time Eq. (C.139),
suppose we have no gravity, n is independent on time and the geodesic motion happens only on the x
direction. Then

H(ω, x, t) =
1
2
(k2 − n2(ω, x, t)ω2) , k := k1 , ω = k0 = −k0 ; (C.140)

the Hamilton equations read

dt
dλ

= ω2n
∂n
∂ω

+ ωn2 ; (C.141)

dx
dλ

= k = nω ; (C.142)

dω

dλ
= −ω2n

∂n
∂t

; (C.143)

dk
dλ

= ω2n
∂n
∂x

; (C.144)

the last equation is actually redundant, since we have the constraint k = nω. By the implicit function
theorem, if we define

F(x, λ) = x − x(λ) = 0 , (C.145)
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then if d f
dλ = k is everywhere different from zero, we can find a function λ(x) (in other words, there is a

one to one correspondence between values of x and values of λ). Then, the derivative

dt
dx

=
dt(λ(x))

dx
=

dt
dλ

(
dx
dλ

)−1

, (C.146)

is well-defined, and we can write

∆t =
∫ xo

xe

dt
dx

dx =
∫ xo

xe

(
n + ω

∂n
∂ω

)
dx

≃
∫ xo

xe

dx

(
1 +

ω2
p(x)

2ω2(x, t(x))
∓ caγ

2ω(x, t(x))
(∂xa)

ω2
p(x)

ω2(x, t(x))

)
;

(C.147)

and the contribution due to the plasma-axion mixing term reads

∆tmixed ≃ ∓ caγ

2

∫ xe+

xe

dx
ω2

p(x)
ω3(x, t(x))

∂xa(x, t(x)) , (C.148)

where xe − xe+ is the extension of the axion cloud. Notice that, without plasma, the axion contribution
at this order would be zero. The previous equation only gives a rough estimate of the axion-plasma
mixing term, as we neglected time-variability, k⃗ dependence of n etc., but it gives an idea on the time
delay size one could expect from a particular situation.

Notice that one should impose that the light ray does never cross areas with ω < ωp, where it would
get reflected.
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Appendix D

Gravitational Lens Profiles and the
Complex Notation

D.1 Inserting ULDM profiles in lenstronomy

In Ch. 5, we performed mock analysis using the gravitational lensing software lenstronomy [BAR16;
BA18a; Bir+21]. As a part of the work of Ref. [BT21b], density profiles pertaining the ULDM soliton
were added to lenstronomy, which we describe in App. D.1.1, D.1.2; moreover, we implemented a
different method to consider a MSD model in the Bayesian inference pipeline, which does not suffer
from problems related to the degeneracies of an approximate MSD model, described in App. D.1.3.

D.1.1 Soliton cored profile

We describe here the lensing properties of the following density profile, which maps to the soliton profile
in the presence of a PL background ansatz in Eq. (4.6)

ρ = ρ0

(
1 + f 2

(
r
rc

)2
)−γ

; (D.1)

f can be defined such that rc is the half-light radius, which implies f 2 = 0.5−1/γ − 1.

The convergence for this profiles reads (r2 = Dl |⃗θ|2 + l2)

Σcrκ(⃗θ) = ρ0

∫ ∞

−∞
dl

1 + f 2

(
|Dl⃗θ|2 + l2

rc

)2
−γ

=
ρ0rc/ f(

1 + f 2
(
|Dl⃗θ|2+l2

rc

)2
)γ−1/2

∫ ∞

−∞

dl′

(1 + l′2)γ
;

(D.2)

with the substitution for l′ and the value of last integral given by

l′ =
f l

rc

√
1 + f 2

(
|Dl⃗θ|

rc

) ,
∫ ∞

−∞

dl′

(1 + l′2)γ
=

√
πΓ(γ + 1/2)

Γ(γ)
,

we end up with

κ =
ρ0rc/ f

Σcr

(
1 + f 2

(
Dlθ

rc

)2
)−γ+1/2

. (D.3)
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By writing schematically κ = κ0(1 + A2θ2)−γ+1/2, the radial deflection angle is, using (2.37),

α(θ) =
2κ0

θ

∫ θ

0

θ′ dθ′

(1 + A2θ′2)γ−1/2 =
2κ0

A2θ

(
− 1

2γ − 3
(1 + θ′2)−γ+3/2

)∣∣∣∣Aθ

0

=
2

2γ − 3
κ0(θc/ f )2

θ

1 −
(

1 + f 2
(

θ

θc

)2
)−γ+3/2

 −→
θ≪θc

κ0θ ,
(D.4)

where we defined θc := Dl/rc. The lensing potential is

Ψ(θ) =
∫ θ

dθ′ α(θ′) =
2

2γ − 3
κ0(θc/ f )2

∫ f θ/θc dy
y

(
1 − (1 + y2)−γ+3/2

)
−→
θ≪θc

1
2

κ0θ2 ; (D.5)

it admits a hypergeometric function representation

Ψ(θ) =
1
2

κ0θ2
2F3

(
{1, 1, γ − 1/2}, {2, 2},−

(
f θ

θc

)2
)

, (D.6)

where

qFp
(
{a1, . . . , aq}, {b1, . . . , bp}, x

)
:=

∞

∑
n=0

(a1)n · · · (ap)n

(b1)n · · · (bq)n

xn

n!
, (a)n := Γ(a + n)/Γ(a) . (D.7)

Notice that we can write all lensing quantities with the angular variables θc and κ0 := ρ0rc/(Σcr f ).

The hessian for any spherical profile, and in particular for this profile, can be written (remember α⃗ =

α(θ)⃗θ/θ)

∂αi

∂θj
=

∂

∂θj

(
α(θ)

θi

θ

)
= α(θ)

(
δij

θ
−

θiθj

θ3

)
+

θi

θ

∂θ

∂θj

∂α

∂θ
= α(θ)

(
δij

θ
−

θiθj

θ3

)
+

θiθj

θ2
dα

dθ
. (D.8)

Notice that indeed ∂αi
/

∂xi = 2κ, as it should.

The mass, instead, will be

M = 4πρ0

(
rc

f

)3 ∫ f r/rc

0

dr′ r′2

(1 + r′2)γ
=

4
3

ρ0π(Dlθ)
3

2F1({3/2, γ}, {5/2}, f θ/θc) . (D.9)

D.1.2 Cored exponential profile

Another possible cored model is represented by

ρ = ρ0e−2aλ2m2r2
. (D.10)

The convergence for this profile reads

κ =
( π

2a

)1/2 ρ0

λmΣcr
e−2aλ2m2D2

l θ2
=: π1/2 ρ0

(2a)1/2λmΣcr
e−(θ/θc)2

; (D.11)

defining
θ−1

c = (2a)1/2λmDl , ρθ := ρ0Dl/Σcr , (D.12)

we can rewrite Eq. (D.11) as
κ = π1/2ρθθce−(θ/θc)2

; (D.13)
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the deflection angle, from Eq. (2.37), is instead

α = κ0
θ2

c
θ

(
1 − e−(θ/θc)2

)
, κ0 =

√
πρθθc . (D.14)

The lensing potential reads

Ψ(θ) = κ0θ2
c

∫ θ/θc dy
y
(1 − e−y2

) = κ0θ2
c

(
1
2

Γ

(
0,
(

θ

θc

)2
)
+ ln

θ

θc

)
+ const. , (D.15)

where
Γ(a, x) :=

∫ ∞

x
ta−1e−t dt , (D.16)

is the upper incomplete gamma function. Notice that Γ(0, x) = E1(x), the exponential integral. Also
notice the expansion

E1(x) = −γ − ln x −
∞

∑
k=1

(−x)k

k!k
=⇒ Ψ(θ) −→

θ≪θc

κ0

2
θ2 + const . (D.17)

The hessian for this exponential profile reads

∂αx

∂y
=

∂αy

∂x
= f1xy − 2 f2xy ,

∂αx

∂x
= f1x2 + f2(y2 − x2) ,

∂αy

∂y
= f1y2 + f2(x2 − y2) , (D.18)

with

f1 :=
2κ0

θ2 e−(θ/θc)2
, f2 :=

κ0θ2
c

θ4

(
1 − e−(θ/θc)2

)
. (D.19)

Finally, the mass reads

M(r) = 2πρ0r3
c

(√
π

2
erf
(

r
rc

)
− r

rc
e−(r/rc)2

)
−→
r≪rc

4
3

πρ0r3 . (D.20)

D.1.3 A possible degeneracy-free MSD model

Bayesian inference pipelines involving MCMC usually struggle in sampling a posterior with degen-
eracies between sampled parameter. To reduce such an issue for inference involving an approximate
core-MSD model, we can implement the MSD model (model 1) of the original model with convergence
κ and source position β

κ1 = λκ + κc , β1 = λβ , (D.21)

as (model 2)

κ2 = κ + λ−1(κc − κ0) , β2 = β , (D.22)

where κ0 := κc(0), with κc the convergence of the cored profile, and we set λ = 1− κ0. Model 2 is meant
to represent a core-MSD where the degeneracy between κ0, β and time delays is “subtracted”. Model
1 and model 2, as far as imaging is concerned, are easily seen to be equivalent; in fact, we can write
the lens equation from model 1 as (recall that the displacement angle αc corresponding to a constant
convergence κ0 is κ0θ )

λβ = θ − λα − (1 − λ)θ − (αc − κ0θ) =⇒ β = θ − α − λ−1(αc − κ0θ) , (D.23)
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where the last equation is just the lens equation for model 2. The H0 inference in the two different
models are related via H(1)

0 = λH(2)
0 . In fact, from the time delays Eq. (2.49) between image i and j, we

can write

D(1)
dt =

∆Tij

λ

(
β(θi − θj) +

1
2
(θ2

i − θ2
j ) + Ψj − Ψi + λ−1

(
Ψc

j +
1
2

κ0θ2
j − Ψc

i −
1
2

κ0θ2
i

))−1

; (D.24)

an analogous computation for model 2 yields

D(2)
dt = ∆Tij

D(1)
dt λ

∆Tij
= D(1)

dt λ =⇒ H(1)
0 = λH(2)

0 . (D.25)

Notice that model 2 has no degeneracy between κ0 and H0. We remark that model 2 is an artificial model
which has a core-MSD without suffering the typical degeneracy of a MSD. The true physical model will
be model 1.

Once could question why the λ−1 factor appears in Eq. (D.22). Suppose truth is model one, and one
fits lensing data using κtrial + κc,trial − κ0,trial (trial here means that one uses the same functional form of
model 1 and 2 but without specifying values of parameters), that is a subtracted core model without λ−1

factor; then the trial model will converge to κtrial = κ, βtrial = β and more importantly κ0,trial = λ−1κ0,
H0,trial = H(2)

0 . Hence, one needs to put explicitly the λ−1 factor in front of κc,trial, otherwise it will be
impossible to recover the value of κ0 associated to the “true” model 1 (and hence, the H0 bias coming
from such MSD).

D.2 Complex notation lensing and flexion

We here review some key concepts of the complex notation in gravitational lensing, used in Sec. 4.2 [TB23].

D.2.1 The complex notation.

The behavior under rotations of the various lensing quantities acquire a simple form if we use the com-
plex lensing notation [SK95; SE08]. In particular, the complex notation is very convenient in describing
the flexion. The complex notation consists in writing 2D vectors like

θ = θ1 + iθ2 , β = β1 + iβ2 etc . (D.26)

Then, the lens equation simply reads β = θ − α. Under rotations of the coordinate system, these vector
quantities transform as β → eiϕβ, where ϕ is the angle of the rotation. Quantities which transform
like eiNϕ are called spin N quantities. The complex conjugate of a spin N quantity is trivially a spin
−N quantity, and in a consistent equation, the spin of the LHS should match the spin of the RHS. The
lensing potential Ψ in this formalism is real and a spin 0 quantity. One can obtain the complex deflection
angle by means of the derivative operator

∇c := ∂1 + i∂2 =⇒ α = ∇cΨ . (D.27)

The operator ∇c increases the spin of the quantity it acts upon by 1; conversely, its complex conjugate
∇∗

c reduces the spin by one. It is easy to see that the equations for convergence and shear can be written
in this formalism as

κ =
1
2
∇c∇∗

c Ψ , γ =
1
2
∇c∇cΨ ; (D.28)
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notice the spin-2 behavior of the shear. Moreover, we can express third order derivatives of the lensing
potential as derivatives of the shear,

G = ∇cγ , F = ∇∗
c γ , (D.29)

where F and G are the flexion [GB05; Bac+06]. Explicitly,

F1 =
∂3

1 + ∂1∂2
2

2
Ψ , F2 =

∂3
2 + ∂2

1∂2

2
Ψ , G1 =

∂3
1 − 3∂1∂2

2
2

Ψ , G2 =
−∂3

2 + 3∂2
1∂2

2
Ψ . (D.30)

For an axisymmetric profile, writing the angle θ = |θ|eiϕ, we can write the complex shear as

γ = Γ(|θ|)e2iϕ , (D.31)

where Γ(|θ|) is a real function depending on the modulus of θ. Written in this way, the spin-2 character
of the shear is manifest. For axisymmetric profiles, also the flexion quantities acquire a simple form,
which reads

G(|θ|, ϕ) = e3iϕ
(

dΓ
d|θ| −

2Γ
|θ|

)
, F(|θ|, ϕ) = eiϕ

(
dΓ

d|θ| +
2Γ
|θ|

)
. (D.32)

D.2.2 Complex notation for flexion degeneracies

In Sec. 4.2, we described a discrete degeneracy involving a NFW halo of the group where the lens resides.
In this section, we work out the formulas for convergence, shear and flexion of an halo displaced from
the main lens position.

The lensing potential associated to a NFW profile can be written as

ΨNFW(θ) = 2ρθθ3
s

(
log2

(
θ

2θs

)
− arccosh2

(
θs

θ

))
, θs := Rs/Dl , ρθ :=

ρsDl

Σcr
. (D.33)

The previous is formally valid only for θ < θs, but its validity can be extended to θ > θs if one makes use
of logarithmic definition of arccosh(z) = ln

(
z +

√
z2 − 1

)
and do computations with complex numbers

(the final result will end up being real). The lens potential for a displaced NFW halo, with h⃗ as the center
of coordinates of the displaced halo with respect to the main lens center, reads

Ψhalo(θ1, θ2) := ΨNFW(|⃗θ − h⃗|) = ΨNFW

h

√(
θ1

|h|

)2

+

(
θ2

|h|

)2

+ 1 − 2
θ1h1 + θ2h2

|h|

 . (D.34)

Assuming the typical angular scale θ where images form to be much smaller than the displacement size
|h|, we can expand the previous with respect to the small parameters θ1/|h|, θ2/|h| around θ1/|h| =
θ2/|h| = 0; notice that this expansion is mathematically equivalent to an expansion for small θ1, θ2,

Ψhalo(θ1, θ2) ≃ Ψhalo(0, 0) +∇θ⃗/|h|Ψhalo(0, 0) · θ⃗

|h| + . . . = Ψhalo(0, 0) +∇θ⃗Ψhalo(0, 0) · θ⃗ + . . . . (D.35)

Recall that the lensing potential and the deflection angle are related as ∇Ψ = α⃗, Eq. (2.27); in particular,
we can write the lens equation, including the potential Ψlens of the main lens, as

βi = θi − ∂iΨlens(⃗θ)− ∂iΨhalo(0, 0)− ∂i∂jΨhalo(0, 0)θj + . . . . (D.36)

The zeroth order of the expansion of the halo displacement angle, ∂iΨhalo(0, 0), is responsible of the
source-halo position degeneracy (since it is a constant term); the first order term can be seen as an
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external convergence term (not affecting imaging) and an external shear term,

∂i∂jΨnfw(0, 0)θj =

(
κ + γ1 γ2

γ2 κ − γ1

)
θ⃗ , κ =

1
2
(Ψ11 + Ψ22) , γ1 =

1
2
(Ψ11 − Ψ22) , γ2 = Ψ12 . (D.37)

In complex notation, the lens equation up to third order in the expansion of Ψhalo can be written as

β +∇cΨhalo(0) = θ −∇cΨlens(θ)− κθ − (γ + γext)θ∗ − 1
4

F∗θ2 − 1
2

Fθθ∗ − 1
4

G(θ∗)2 , (D.38)

where we included the contribution of the external shear γext, which would take into account contribu-
tions from large scale structures on the line of sight to the lens and source system.

Axisymmetric system. If ΨNFW is assumed to be spherical (i.e. without ellipticity), then we can use
cylindrical coordinates1

h⃗ − θ⃗ = r(cos ϕ, sin ϕ)⊤ ; (D.39)

then, we can write
∂

∂θi
Ψhalo =

∂r
∂θi

∂

∂r
ΨNFW(r) =

θi − hi

r
Ψ′

NFW(r) ; (D.40)

in complex notation, it translates into

∇cΨhalo = −eiϕΨ′
NFW(r) ; (D.41)

notice that
∂ϕ

∂θ1
=

sin ϕ

r
,

∂ϕ

∂θ2
= −cos ϕ

r
, (D.42)

which have opposite sign with respect to an usual choice of cylindrical coordinate, due to our choice in
Eq. (D.39). We can thus write

∇c = −eiϕ
(

∂

∂r
+

i
r

∂

∂ϕ

)
, (D.43)

so that

κ =
1
2

(
Ψ′′

NFW +
Ψ′

NFW
r

)
, γ =

e2iϕ

2

(
Ψ′′

NFW − Ψ′
NFW
r

)
,

G = −e3iϕ

2

(
Ψ′′′

NFW − 3
Ψ′′

NFW
r

+ 3
Ψ′

NFW
r2

)
,

F = −eiϕ

2

(
Ψ′′′

NFW +
Ψ′′

NFW
r

− Ψ′
NFW
r2

)
= −eiϕ dκ

dr
.

(D.44)

1With this definition, when θ = 0, ϕ corresponds to the angle between the origin and the position of the halo center; this
will introduce minus sign differences with respect to what one could naively expect.
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Explicitly, we have (for notation simplicity, from now on h ≡ |h|)

∇cΨhalo(0) = −4ρθ
θ3

s
h

(
arccosh(θs/h)√

1 − h2/θ2
s

+ log
h

2θs

)
eiϕ , (D.45)

κ =
2ρθθ3

s
h2 − θ2

s

(
1 − arccosh(θs/h)√

1 − h2/θ2
s

)
, (D.46)

Γ(0) =
2ρθθ3

s
h2 − θ2

s

[
1 +

(2θ2
s − 3h2)arccosh(θs/h)

h2
√
(1 − h2/θ2

s )
− 2

(
1 −

(
θs

h

)2
)

log
(

h
2θs

)]
, (D.47)

F(0, 0) =
2ρθθ3

s
h(h2 − θ2

s )
2

(
2h2 + θ2

s −
3h2arccosh(θs/h)√

(1 − h2/θ2
s )

)
, (D.48)

G(0, 0) = −2ρθθ3
s

θs(15h4 − 20θ2
s h2 + 8θ4

s )arccosh(θs/h)
h3(h2 − θ2

s )
2
√

θ2
s − h2

(D.49)

+

√
θ2

s − h2(−6h4 + 3h2θ2
s + 8(h2 − θ2

s )
2 log(h/2θs))

h3(h2 − θ2
s )

2
√

θ2
s − h2

. (D.50)

For reference, if the halo would have had a power law profile Eq. (2.41) (i.e. assuming we can approxi-
mate NFW with a power law in the region of interest), we have

∇cΨhalo(0) = −
(

θE

h

)γ−1

heiϕ , (D.51)

κ = −1
2
(γ − 3)

(
θE

h

)γ−1

, (D.52)

Γ(0) = −1
2
(γ − 1)

(
θE

h

)γ−1

, (D.53)

F(0, 0) = − 1
2h

(γ − 3)(γ − 1)
(

θE

h

)γ−1

, (D.54)

G(0, 0) = − 1
2h

(γ2 − 1)
(

θE

h

)γ−1

. (D.55)

Inserting ellipticity

We can implement ellipticity in NFW profiles by using pseudo-elliptical NFW lens models [GK02;
DMCM12] , which is a reliable approximation as long as the ellipticity parameter is not too large.

This approximation involves using the spherical NFW lensing potential, but computed in elliptical co-
ordinates2,

Ψϵ (⃗θ) = Ψ(⃗θϵ) , θ⃗ϵ =

(
cos φ

√
1 − ϵ sin φ

√
1 − ϵ

− sin φ
√

1 + ϵ cos φ
√

1 + ϵ

)
θ⃗ , (D.56)

where
ϵ =

2e
1 + e2 , e =

√
e2

1 + e2
2, φ =

1
2

arctan
e2

e1
. (D.57)

Notice that under rotations of the coordinate system, ϵ is invariant but φ changes. The expansion of the
potential Ψhalo,ϵ follows Eq. (D.35); however, since the potential is not axisymmetric, it is not possible to
factor out the ϕ dependence on γϵ, Gϵ, Fϵ as we did previously. Nevertheless, it is possible to express

2This is how it is implemented in lenstronomy
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these quantities as functions of γ0 := Γ(0), F0 := F(0, 0) and G0 := G(0, 0). In the following, we will
sketch how this can be done.

Notice that we can write (here, θ⃗ = (x, y)⊤)

∇c = eiφ
(√

1 − ϵ
∂

∂xϵ
+ i

√
1 + ϵ

∂

∂yϵ

)
; (D.58)

as an example, we will take

γϵ =
1
2
∇c∇cΨϵ =

e2iφ

2

(
(1 − ϵ)

∂2

∂x2
ϵ

− (1 + ϵ)
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ϵ

+ 2i
√

1 − ϵ2 ∂

∂xϵ

∂

∂yϵ

)
Ψϵ , (D.59)

in particular
γϵ = e2iφ(γ1(⃗θϵ) + i

√
1 − ϵ2γ2(⃗θϵ)− ϵκ(⃗θϵ)) , (D.60)

where the quantities without ϵ subscript refer to the spherical case quantities, in this case computed at
the elliptic coordinates. By defining h⃗ ↔ hϵeiϕe , i.e. the displacement vector h⃗ in elliptical coordinates in
the complex notation, we can express

γ = γ0(hϵ(h, ϕ))eiϕϵ(ϕ), (D.61)

where γ0 is the spherical expression. Notice that ϕϵ ∼ ϕ − φ. For κ, one has

κϵ = κ(hϵ(h, ϕ))− ϵγ1(hϵ(h, ϕ)) . (D.62)

A similar reasoning follows for Fϵ, Gϵ:

Fϵ =
eiφ

2
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(D.63)

To try to have more insightful expression, we can expand at first order the ϵ factors outside derivatives
and obtain

Fϵ ≃ ei(φ+ϕϵ)F0(hϵ)

(
1 − ϵ

2

(
2e−2iϕϵ + e2iϕϵ

G0(hϵ)

F0(hϵ)

))
,

Gϵ ≃ e3i(φ+ϕϵ)G0(hϵ)

(
1 − 3ϵ

2
e−2iϕϵ

F0(hϵ)

G0(hϵ)

)
.

(D.64)

Time delays

One can find the time delay from the complex lens equation, by noticing (thanks to the chain rule)

∇c = 2
∂

∂θ∗
=⇒ T(θ) ∝

1
2

∫
dθ∗ α + f (θ) , (D.65)

where the integral is a definite integral, and θ is the complex angle corresponding to an image. Notice
that the integral misses a possible function of θ alone, other than a proportionality factor. This function
can be recovered by imposing the time delay to be real, T = T∗.3

3Notice that ∆T = ∆T(θ, θ∗), so the usual complex integration and differentiation cannot be used, since the time delay does
not depend on θ alone.
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Exploiting Eq. (D.65) using the complex deflection angle expansion in Eq. (D.38), we can write

T(θA) ∝
θAθ∗A

2
− 1

2
[(β +∇cΨnfw)θ

∗
A + c.c.]− Ψlens(⃗θA)− Ψhalo(0, 0)− 1

2
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− 1
4

[
(γ + γext)θ∗A

2 + c.c.
]
− 1

24

[
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]
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(D.66)

In real notation,

T(θA) ∝
θ2

A
2

− (βi + ∂iΨnfw)θ
A
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A
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(D.67)

The proportionality constant cannot be obtain via this method alone, which relies on Fermat principle,
but we know by direct comparison with the usual result Eq. (2.49) that such proportionality constant
should be Ddt. Notice that the term Ψhalo(0, 0) is a constant which will cancel in the difference between
two images, hence we can ignore it.

Higher orders. It is possible to straightforwardly generalize the expansion of the complex deflection
angle in Eq. (D.38) to orders higher than the flexion. It is sufficient to notice that, for a function of two
variables, we can write its Taylor expansion around zero as

Ψ(x, y) =
∞

∑
n=0

1
n!
(x∂x + y∂y)

nΨ(0, 0) =
∞

∑
n=0

1
n!2n (θ

∗∇c + θ∇∗
c )

nΨ(0, 0) , (D.68)

where θ = x + iy. Then, the displacement angle corresponding to Ψ would be obtained by:

α = 2
∂Ψ
∂θ∗

=
∞

∑
n=1

1
(n − 1)!

(
θ∗∇c + θ∇∗

c
2

)n−1

∇cΨ(0, 0) . (D.69)
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lays Hint to a Core Component in Halos, Instead of H0 Tension?” In: Astrophys. J. Lett.
892.2 (2020), p. L27. DOI: 10.3847/2041-8213/ab8012. arXiv: 2001.07182 [astro-ph.CO].

[Ber+02] Francis Bernardeau et al. “Large-scale structure of the Universe and cosmological pertur-
bation theory”. In: Physics Reports 367.1 (2002), pp. 1 –248. ISSN: 0370-1573. DOI: https:
//doi.org/10.1016/S0370-1573(02)00135-7. URL: http://www.sciencedirect.com/
science/article/pii/S0370157302001357.

[Ber+18] Tula Bernal et al. “Rotation curves of high-resolution LSB and SPARC galaxies with fuzzy
and multistate (ultralight boson) scalar field dark matter”. In: Mon. Not. Roy. Astron. Soc.
475.2 (2018), pp. 1447–1468. DOI: 10.1093/mnras/stx3208. arXiv: 1701.00912 [astro-ph.GA].

https://doi.org/https://doi.org/10.1016/j.dark.2018.11.002
https://www.sciencedirect.com/science/article/pii/S2212686418301869
https://www.sciencedirect.com/science/article/pii/S2212686418301869
https://doi.org/10.1111/j.1365-2966.2005.09624.x
https://arxiv.org/abs/astro-ph/0504478
https://doi.org/10.1017/pasa.2019.51
https://arxiv.org/abs/1811.02743
http://arxiv.org/abs/2005.14366
https://doi.org/10.1017/pasa.2020.19
https://doi.org/10.1017/pasa.2020.19
https://arxiv.org/abs/2005.14366
https://doi.org/10.1103/PhysRevD.108.023510
https://arxiv.org/abs/2212.05642
https://doi.org/10.1088/0264-9381/27/23/233001
https://arxiv.org/abs/1010.3829
https://doi.org/10.1088/0004-637X/813/2/102
https://arxiv.org/abs/1504.07629
https://doi.org/10.1088/1475-7516/2016/08/020
https://arxiv.org/abs/1511.03662
https://doi.org/10.1103/PhysRevD.98.083027
https://doi.org/10.1103/PhysRevD.98.083027
https://arxiv.org/abs/1805.00122
https://doi.org/10.1103/PhysRevD.99.103020
https://arxiv.org/abs/1903.03402
https://doi.org/10.1103/PhysRevD.104.043021
https://doi.org/10.1103/PhysRevD.104.043021
https://arxiv.org/abs/2102.11522
https://doi.org/10.1086/305950
https://arxiv.org/abs/astro-ph/9802002
https://doi.org/10.1146/annurev-astro-091916-055313
https://doi.org/10.1146/annurev-astro-091916-055313
https://arxiv.org/abs/1707.04256
https://doi.org/10.1103/PhysRevD.105.083015
https://arxiv.org/abs/2111.03070
https://doi.org/10.3847/2041-8213/ab8012
https://arxiv.org/abs/2001.07182
https://doi.org/https://doi.org/10.1016/S0370-1573(02)00135-7
https://doi.org/https://doi.org/10.1016/S0370-1573(02)00135-7
http://www.sciencedirect.com/science/article/pii/S0370157302001357
http://www.sciencedirect.com/science/article/pii/S0370157302001357
https://doi.org/10.1093/mnras/stx3208
https://arxiv.org/abs/1701.00912


Bibliography 191

[BG+20] E. J. Buckley-Geer et al. “STRIDES: Spectroscopic and photometric characterization of the
environment and effects of mass along the line of sight to the gravitational lenses DES
J0408–5354 and WGD 2038–4008”. In: Mon. Not. Roy. Astron. Soc. 498.3 (2020), pp. 3241–
3274. DOI: 10.1093/mnras/staa2563. arXiv: 2003.12117 [astro-ph.GA].

[BGZ11] Kheir-Eddine Boudjemaa, Mourad Guenouche, and Sami R. Zouzou. “Time delay in the
Einstein-Straus solution”. In: Gen. Rel. Grav. 43 (2011), pp. 1707–1731. DOI: 10 . 1007 /
s10714-011-1152-3. arXiv: 1006.0080 [astro-ph.CO].

[BH75] J. Bicak and P. Hadrava. “General-relativistic radiative transfer theory in refractive and
dispersive media.” In: aap 44.2 (Nov. 1975), pp. 389–399.

[Bir+17] Simon Birrer et al. “Line-of-sight effects in strong lensing: Putting theory into practice”.
In: JCAP 04 (2017), p. 049. DOI: 10.1088/1475-7516/2017/04/049. arXiv: 1610.01599
[astro-ph.CO].

[Bir+19] S. Birrer et al. “H0LiCOW - IX. Cosmographic analysis of the doubly imaged quasar SDSS
1206+4332 and a new measurement of the Hubble constant”. In: Mon. Not. Roy. Astron. Soc.
484 (2019), p. 4726. DOI: 10.1093/mnras/stz200. arXiv: 1809.01274 [astro-ph.CO].

[Bir+20] S. Birrer et al. “TDCOSMO - IV. Hierarchical time-delay cosmography joint inference of
the Hubble constant and galaxy density profiles”. In: Astron. Astrophys. 643 (2020), A165.
DOI: 10.1051/0004-6361/202038861. arXiv: 2007.02941 [astro-ph.CO].

[Bir+21] Simon Birrer et al. “lenstronomy II: A gravitational lensing software ecosystem”. In: J.
Open Source Softw. 6.62 (2021), p. 3283. DOI: 10.21105/joss.03283. arXiv: 2106.05976
[astro-ph.CO].

[BK96] Rennan Bar-Kana. “Effect of large scale structure on multiply imaged sources”. In: Astro-
phys. J. 468 (1996), p. 17. DOI: 10.1086/177666. arXiv: astro-ph/9511056.

[Bla+20] A. Blanchard et al. “Euclid preparation: VII. Forecast validation for Euclid cosmological
probes”. In: Astron. Astrophys. 642 (2020), A191. DOI: 10.1051/0004- 6361/202038071.
arXiv: 1910.09273 [astro-ph.CO].

[Blu+25] Kfir Blum et al. “Bracketing the soliton-halo relation of ultralight dark matter”. In: (Apr.
2025). arXiv: 2504.16202 [astro-ph.CO].

[BN98] Greg L Bryan and Michael L Norman. “Statistical properties of x-ray clusters: Analytic
and numerical comparisons”. In: The Astrophysical Journal 495.1 (1998), p. 80.

[Boe+12] T. J. L. de Boer et al. “The Star Formation & Chemical Evolution History of the Fornax
Dwarf Spheroidal Galaxy”. In: Astron. Astrophys. 544 (2012), A73. DOI: 10.1051/0004-
6361/201219547. arXiv: 1206.6968 [astro-ph.GA].

[BOFT19] Ben Bar-Or, Jean-Baptiste Fouvry, and Scott Tremaine. “Relaxation in a Fuzzy Dark Matter
Halo”. In: Astrophys. J. 871 (2019), p. 28. DOI: 10.3847/1538-4357/aaf28c. arXiv: 1809.
07673 [astro-ph.GA].

[BOFT21] Ben Bar-Or, Jean-Baptiste Fouvry, and Scott Tremaine. “Relaxation in a Fuzzy Dark Matter
Halo. II. Self-consistent Kinetic Equations”. In: Astrophys. J. 915.1 (2021), p. 27. DOI: 10.
3847/1538-4357/abfb66. arXiv: 2010.10212 [astro-ph.GA].

[Bol+06] Adam S. Bolton et al. “The sloan lens acs survey. 1. a large spectroscopically selected
sample of massive early-type lens galaxies”. In: Astrophys. J. 638 (2006), pp. 703–724. DOI:
10.1086/498884. arXiv: astro-ph/0511453.

[Bon+19] V. Bonvin et al. “COSMOGRAIL - XVIII. time delays of the quadruply lensed quasar
WFI2033−4723”. In: Astron. Astrophys. 629 (2019), A97. DOI: 10.1051/0004-6361/201935921.
arXiv: 1905.08260 [astro-ph.CO].

[BP22] Pedro Bessa and Oliver F. Piattella. “Gravitational lensing in a universe with matter and a
cosmological constant”. In: Phys. Rev. D 106.12 (2022), p. 123513. DOI: 10.1103/PhysRevD.
106.123513. arXiv: 2209.04063 [astro-ph.CO].

[BPB22] Barbora Bezdekova, Volker Perlick, and Jiri Bicak. “Light propagation in a plasma on an
axially symmetric and stationary spacetime: Separability of the Hamilton–Jacobi equation

https://doi.org/10.1093/mnras/staa2563
https://arxiv.org/abs/2003.12117
https://doi.org/10.1007/s10714-011-1152-3
https://doi.org/10.1007/s10714-011-1152-3
https://arxiv.org/abs/1006.0080
https://doi.org/10.1088/1475-7516/2017/04/049
https://arxiv.org/abs/1610.01599
https://arxiv.org/abs/1610.01599
https://doi.org/10.1093/mnras/stz200
https://arxiv.org/abs/1809.01274
https://doi.org/10.1051/0004-6361/202038861
https://arxiv.org/abs/2007.02941
https://doi.org/10.21105/joss.03283
https://arxiv.org/abs/2106.05976
https://arxiv.org/abs/2106.05976
https://doi.org/10.1086/177666
https://arxiv.org/abs/astro-ph/9511056
https://doi.org/10.1051/0004-6361/202038071
https://arxiv.org/abs/1910.09273
https://arxiv.org/abs/2504.16202
https://doi.org/10.1051/0004-6361/201219547
https://doi.org/10.1051/0004-6361/201219547
https://arxiv.org/abs/1206.6968
https://doi.org/10.3847/1538-4357/aaf28c
https://arxiv.org/abs/1809.07673
https://arxiv.org/abs/1809.07673
https://doi.org/10.3847/1538-4357/abfb66
https://doi.org/10.3847/1538-4357/abfb66
https://arxiv.org/abs/2010.10212
https://doi.org/10.1086/498884
https://arxiv.org/abs/astro-ph/0511453
https://doi.org/10.1051/0004-6361/201935921
https://arxiv.org/abs/1905.08260
https://doi.org/10.1103/PhysRevD.106.123513
https://doi.org/10.1103/PhysRevD.106.123513
https://arxiv.org/abs/2209.04063


192 Bibliography

and shadow”. In: J. Math. Phys. 63.9 (2022), p. 092501. DOI: 10.1063/5.0106433. arXiv:
2204.05593 [gr-qc].

[BPL90] Anton G Bergmann, Vahe Petrosian, and Roger Lynds. “Gravitational lens models of arcs
in clusters”. In: Astrophysical Journal, Part 1 (ISSN 0004-637X), vol. 350, Feb. 10, 1990, p.
23-35. 350 (1990), pp. 23–35.

[Bre+12] R. P. Breton et al. “The Double Pulsar Eclipses I: Phenomenology and Multi-frequency
Analysis”. In: The Astrophysical Journal 747.2 (Mar. 2012). http://arxiv.org/abs/1201.
2637, p. 89. ISSN: 0004-637X, 1538-4357. DOI: 10 . 1088 / 0004 - 637X / 747 / 2 / 89. arXiv:
1201.2637 [astro-ph]. (Visited on 01/07/2025).

[BS01] Matthias Bartelmann and Peter Schneider. “Weak gravitational lensing”. In: Phys. Rept. 340
(2001), pp. 291–472. DOI: 10.1016/S0370-1573(00)00082-X. arXiv: astro-ph/9912508.

[BSN15] Giuseppina Battaglia, Antonio Sollima, and Carlo Nipoti. “The effect of tides on the Fornax
dwarf spheroidal galaxy”. In: Monthly Notices of the Royal Astronomical Society 454.3 (Oct.
2015), 2401–2415. ISSN: 1365-2966. DOI: 10.1093/mnras/stv2096. URL: http://dx.doi.
org/10.1093/mnras/stv2096.

[BT08] James Binney and Scott Tremaine. Galactic Dynamics: Second Edition. 2008.
[BT18] Gianfranco Bertone and Tim Tait M. P. “A new era in the search for dark matter”. In:

Nature 562.7725 (2018), pp. 51–56. DOI: 10.1038/s41586-018-0542-z. arXiv: 1810.01668
[astro-ph.CO].

[BT21a] Simon Birrer and Tommaso Treu. “TDCOSMO - V. Strategies for precise and accurate mea-
surements of the Hubble constant with strong lensing”. In: Astron. Astrophys. 649 (2021),
A61. DOI: 10.1051/0004-6361/202039179. arXiv: 2008.06157 [astro-ph.CO].

[BT21b] Kfir Blum and Luca Teodori. “Gravitational lensing H0 tension from ultralight axion galac-
tic cores”. In: Phys. Rev. D 104.12 (2021), p. 123011. DOI: 10.1103/PhysRevD.104.123011.
arXiv: 2105.10873 [astro-ph.CO].

[BT25] Kfir Blum and Luca Teodori. “Hunting for ultralight dark matter with cosmographic H0
signal”. In: Phys. Rev. D 111.4 (2025), p. 043509. DOI: 10.1103/PhysRevD.111.043509.
arXiv: 2409.04134 [astro-ph.CO].

[Bur+03] M. Burgay et al. “An Increased Estimate of the Merger Rate of Double Neutron Stars from
Observations of a Highly Relativistic System”. In: Nature 426.6966 (Dec. 2003). https :
//www.nature.com/articles/nature02124, pp. 531–533. ISSN: 1476-4687. DOI: 10.1038/
nature02124. (Visited on 01/07/2025).

[Bur15] Andreas Burkert. “The Structure and Dark Halo Core Properties of Dwarf Spheroidal
Galaxies”. In: Astrophys. J. 808.2 (2015), p. 158. DOI: 10.1088/0004- 637X/808/2/158.
arXiv: 1501.06604 [astro-ph.GA].

[But16] Luke M. Butcher. “No practical lensing by Lambda: Deflection of light in the Schwarzschild–de
Sitter spacetime”. In: Phys. Rev. D 94.8 (2016), p. 083011. DOI: 10.1103/PhysRevD.94.
083011. arXiv: 1602.02751 [gr-qc].

[Cal+08] Erminia Calabrese et al. “Cosmic Microwave Weak lensing data as a test for the dark uni-
verse”. In: Phys. Rev. D 77 (2008), p. 123531. DOI: 10.1103/PhysRevD.77.123531. arXiv:
0803.2309 [astro-ph].

[Cap20] Michele Cappellari. “Efficient solution of the anisotropic spherically aligned axisymmetric
Jeans equations of stellar hydrodynamics for galactic dynamics”. In: Monthly Notices of the
Royal Astronomical Society 494.4 (2020), pp. 4819–4837. DOI: 10.1093/mnras/staa959. URL:
https://doi.org/10.1093%2Fmnras%2Fstaa959.

[Car01] Sean M. Carroll. “The Cosmological Constant”. In: Living Reviews in Relativity 4.1 (2001),
p. 1. ISSN: 1433-8351. DOI: 10.12942/lrr-2001-1. URL: https://doi.org/10.12942/lrr-
2001-1.

[CD11] P. H. Chavanis and L. Delfini. “Mass-radius relation of Newtonian self-gravitating Bose-
Einstein condensates with short-range interactions: II. Numerical results”. In: Phys. Rev.
D84 (2011), p. 043532. DOI: 10.1103/PhysRevD.84.043532. arXiv: 1103.2054 [astro-ph.CO].

https://doi.org/10.1063/5.0106433
https://arxiv.org/abs/2204.05593
http://arxiv.org/abs/1201.2637
http://arxiv.org/abs/1201.2637
https://doi.org/10.1088/0004-637X/747/2/89
https://arxiv.org/abs/1201.2637
https://doi.org/10.1016/S0370-1573(00)00082-X
https://arxiv.org/abs/astro-ph/9912508
https://doi.org/10.1093/mnras/stv2096
http://dx.doi.org/10.1093/mnras/stv2096
http://dx.doi.org/10.1093/mnras/stv2096
https://doi.org/10.1038/s41586-018-0542-z
https://arxiv.org/abs/1810.01668
https://arxiv.org/abs/1810.01668
https://doi.org/10.1051/0004-6361/202039179
https://arxiv.org/abs/2008.06157
https://doi.org/10.1103/PhysRevD.104.123011
https://arxiv.org/abs/2105.10873
https://doi.org/10.1103/PhysRevD.111.043509
https://arxiv.org/abs/2409.04134
https://www.nature.com/articles/nature02124
https://www.nature.com/articles/nature02124
https://doi.org/10.1038/nature02124
https://doi.org/10.1038/nature02124
https://doi.org/10.1088/0004-637X/808/2/158
https://arxiv.org/abs/1501.06604
https://doi.org/10.1103/PhysRevD.94.083011
https://doi.org/10.1103/PhysRevD.94.083011
https://arxiv.org/abs/1602.02751
https://doi.org/10.1103/PhysRevD.77.123531
https://arxiv.org/abs/0803.2309
https://doi.org/10.1093/mnras/staa959
https://doi.org/10.1093%2Fmnras%2Fstaa959
https://doi.org/10.12942/lrr-2001-1
https://doi.org/10.12942/lrr-2001-1
https://doi.org/10.12942/lrr-2001-1
https://doi.org/10.1103/PhysRevD.84.043532
https://arxiv.org/abs/1103.2054


Bibliography 193

[Cha11] Pierre-Henri Chavanis. “Mass-radius relation of Newtonian self-gravitating Bose-Einstein
condensates with short-range interactions: I. Analytical results”. In: Phys. Rev. D84 (2011),
p. 043531. DOI: 10.1103/PhysRevD.84.043531. arXiv: 1103.2050 [astro-ph.CO].

[Cha+22] Hei Yin Jowett Chan et al. “The diversity of core–halo structure in the fuzzy dark matter
model”. In: Mon. Not. Roy. Astron. Soc. 511.1 (2022), pp. 943–952. DOI: 10.1093/mnras/
stac063. arXiv: 2110.11882 [astro-ph.CO].

[Che+19] Geoff C. F. Chen et al. “A SHARP view of H0LiCOW: H0 from three time-delay gravita-
tional lens systems with adaptive optics imaging”. In: Mon. Not. Roy. Astron. Soc. 490.2
(2019), pp. 1743–1773. DOI: 10.1093/mnras/stz2547. arXiv: 1907.02533 [astro-ph.CO].

[Che+21] Jiajun Chen et al. “New insights into the formation and growth of boson stars in dark
matter halos”. In: Phys. Rev. D 104.8 (2021), p. 083022. DOI: 10.1103/PhysRevD.104.083022.
arXiv: 2011.01333 [astro-ph.CO].

[Cho+21] Dhruba Dutta Chowdhury et al. “On the Random Motion of Nuclear Objects in a Fuzzy
Dark Matter Halo”. In: Astrophys. J. 916.1 (2021), p. 27. DOI: 10.3847/1538-4357/ac043f.
arXiv: 2105.05268 [astro-ph.GA].

[CKD10] Bin Chen, Ronald Kantowski, and Xinyu Dai. “Time Delay in Swiss Cheese Gravitational
Lensing”. In: Phys. Rev. D 82 (2010), p. 043005. DOI: 10.1103/PhysRevD.82.043005. arXiv:
1006.3500 [astro-ph.CO].

[COM19] Benjamin V. Church, Jeremiah P. Ostriker, and Philip Mocz. “Heating of Milky Way disc
Stars by Dark Matter Fluctuations in Cold Dark Matter and Fuzzy Dark Matter Paradigms”.
In: Mon. Not. Roy. Astron. Soc. 485.2 (2019), pp. 2861–2876. DOI: 10.1093/mnras/stz534.
arXiv: 1809.04744 [astro-ph.GA].

[CPT92] Sean M. Carroll, William H. Press, and Edwin L. Turner. “The Cosmological Constant”.
In: Annual Review of Astronomy and Astrophysics 30.1 (1992), pp. 499–542. DOI: 10.1146/
annurev.aa.30.090192.002435. eprint: https://doi.org/10.1146/annurev.aa.30.
090192.002435. URL: https://doi.org/10.1146/annurev.aa.30.090192.002435.

[CSC21] Barry T. Chiang, Hsi-Yu Schive, and Tzihong Chiueh. “Soliton Oscillations and Revised
Constraints from Eridanus II of Fuzzy Dark Matter”. In: Phys. Rev. D 103.10 (2021), p. 103019.
DOI: 10.1103/PhysRevD.103.103019. arXiv: 2104.13359 [astro-ph.CO].

[CSX23] James Hung-Hsu Chan, Sergey Sibiryakov, and Wei Xue. “Boson star normal modes”. In:
JHEP 08 (2023), p. 045. DOI: 10.1007/JHEP08(2023)045. arXiv: 2304.13054 [astro-ph.CO].

[CSX24] James Hung-Hsu Chan, Sergey Sibiryakov, and Wei Xue. “Condensation and evaporation
of boson stars”. In: JHEP 01 (2024), p. 071. DOI: 10.1007/JHEP01(2024)071. arXiv: 2207.
04057 [astro-ph.CO].

[D’A+20] Guido D’Amico et al. “The Cosmological Analysis of the SDSS/BOSS data from the Effec-
tive Field Theory of Large-Scale Structure”. In: JCAP 05 (2020), p. 005. DOI: 10.1088/1475-
7516/2020/05/005. arXiv: 1909.05271 [astro-ph.CO].

[DC+23] Dhruba Dutta Chowdhury et al. “On the Dynamical Heating of Dwarf Galaxies in a Fuzzy
Dark Matter Halo”. In: Astrophys. J. 949.2 (2023), p. 68. DOI: 10.3847/1538-4357/acc73d.
arXiv: 2303.08846 [astro-ph.GA].

[Dej87] Herwig Dejonghe. “A completely analytical family of anisotropic Plummer models”. In:
MNRAS 224 (Jan. 1987), pp. 13–39. DOI: 10.1093/mnras/224.1.13.

[DF83] Michael Dine and Willy Fischler. “The Not So Harmless Axion”. In: Phys. Lett. B 120 (1983).
Ed. by M. A. Srednicki, pp. 137–141. DOI: 10.1016/0370-2693(83)90639-1.

[DK22] Neal Dalal and Andrey Kravtsov. “Excluding fuzzy dark matter with sizes and stellar
kinematics of ultrafaint dwarf galaxies”. In: Phys. Rev. D 106.6 (2022), p. 063517. DOI: 10.
1103/PhysRevD.106.063517. arXiv: 2203.05750 [astro-ph.CO].

[DMCM12] H. S. Dumet-Montoya, G. B. Caminha, and M. Makler. “Domain of validity for pseudo-
elliptical NFW lens models”. In: Astron. Astrophys. 544 (2012), A83. DOI: 10.1051/0004-
6361/201118485. arXiv: 1208.5682 [astro-ph.CO].

https://doi.org/10.1103/PhysRevD.84.043531
https://arxiv.org/abs/1103.2050
https://doi.org/10.1093/mnras/stac063
https://doi.org/10.1093/mnras/stac063
https://arxiv.org/abs/2110.11882
https://doi.org/10.1093/mnras/stz2547
https://arxiv.org/abs/1907.02533
https://doi.org/10.1103/PhysRevD.104.083022
https://arxiv.org/abs/2011.01333
https://doi.org/10.3847/1538-4357/ac043f
https://arxiv.org/abs/2105.05268
https://doi.org/10.1103/PhysRevD.82.043005
https://arxiv.org/abs/1006.3500
https://doi.org/10.1093/mnras/stz534
https://arxiv.org/abs/1809.04744
https://doi.org/10.1146/annurev.aa.30.090192.002435
https://doi.org/10.1146/annurev.aa.30.090192.002435
https://doi.org/10.1146/annurev.aa.30.090192.002435
https://doi.org/10.1146/annurev.aa.30.090192.002435
https://doi.org/10.1146/annurev.aa.30.090192.002435
https://doi.org/10.1103/PhysRevD.103.103019
https://arxiv.org/abs/2104.13359
https://doi.org/10.1007/JHEP08(2023)045
https://arxiv.org/abs/2304.13054
https://doi.org/10.1007/JHEP01(2024)071
https://arxiv.org/abs/2207.04057
https://arxiv.org/abs/2207.04057
https://doi.org/10.1088/1475-7516/2020/05/005
https://doi.org/10.1088/1475-7516/2020/05/005
https://arxiv.org/abs/1909.05271
https://doi.org/10.3847/1538-4357/acc73d
https://arxiv.org/abs/2303.08846
https://doi.org/10.1093/mnras/224.1.13
https://doi.org/10.1016/0370-2693(83)90639-1
https://doi.org/10.1103/PhysRevD.106.063517
https://doi.org/10.1103/PhysRevD.106.063517
https://arxiv.org/abs/2203.05750
https://doi.org/10.1051/0004-6361/201118485
https://doi.org/10.1051/0004-6361/201118485
https://arxiv.org/abs/1208.5682


194 Bibliography

[Dmi+24] A. S. Dmitriev et al. “Self-Similar Growth of Bose Stars”. In: Phys. Rev. Lett. 132.9 (2024),
p. 091001. DOI: 10.1103/PhysRevLett.132.091001. arXiv: 2305.01005 [astro-ph.CO].

[Dob+09] Benjamin M. Dobke et al. “Estimating cosmological parameters from future gravitational
lens surveys”. In: Mon. Not. Roy. Astron. Soc. 397 (2009), p. 311. DOI: 10.1111/j.1365-
2966.2009.14873.x. arXiv: 0904.1437 [astro-ph.CO].

[DR74] C. C. Dyer and R. C. Roeder. “Observations in Locally Inhomogeneous Cosmological
Models”. In: ApJ 189 (Apr. 1974), pp. 167–176. DOI: 10.1086/152784.

[Du+17] Xiaolong Du et al. “Core-halo mass relation of ultralight axion dark matter from merger
history”. In: Phys. Rev. D95.4 (2017), p. 043519. DOI: 10.1103/PhysRevD.95.043519. arXiv:
1609.09414 [astro-ph.GA].

[DV+21] Eleonora Di Valentino et al. “In the realm of the Hubble tension-a review of solutions”.
In: Class. Quant. Grav. 38.15 (2021), p. 153001. DOI: 10.1088/1361-6382/ac086d. arXiv:
2103.01183 [astro-ph.CO].

[DV+25] Eleonora Di Valentino et al. “The CosmoVerse White Paper: Addressing observational ten-
sions in cosmology with systematics and fundamental physics”. In: (Apr. 2025). arXiv:
2504.01669 [astro-ph.CO].

[DW04] Neal Dalal and Casey R. Watson. “What are the environments of lens galaxies?” In: (Sept.
2004). arXiv: astro-ph/0409483.

[Efr79] Bradley Efron. “Bootstrap Methods: Another Look at the Jackknife”. In: The Annals of
Statistics 7.1 (1979), pp. 1–26. DOI: 10.1214/aos/1176344552.

[Eis+05] Daniel J. Eisenstein et al. “Detection of the Baryon Acoustic Peak in the Large-Scale Corre-
lation Function of SDSS Luminous Red Galaxies”. In: Astrophys. J. 633 (2005), pp. 560–574.
DOI: 10.1086/466512. arXiv: astro-ph/0501171.

[EN19] Benedikt Eggemeier and Jens C. Niemeyer. “Formation and mass growth of axion stars in
axion miniclusters”. In: Phys. Rev. D 100.6 (2019), p. 063528. DOI: 10.1103/PhysRevD.100.
063528. arXiv: 1906.01348 [astro-ph.CO].

[ENS01] Vincent R. Eke, J. F. Navarro, and M. Steinmetz. “The Power spectrum dependence of dark
matter halo concentrations”. In: Astrophys. J. 554 (2001), pp. 114–125. DOI: 10.1086/321345.
arXiv: astro-ph/0012337.

[ES45] Albert Einstein and Ernst G. Straus. “The influence of the expansion of space on the grav-
itation fields surrounding the individual stars”. In: Rev. Mod. Phys. 17 (1945), pp. 120–124.
DOI: 10.1103/RevModPhys.17.120.

[Fas+06] Chris D. Fassnacht et al. “Mass along the line of sight to the gravitational lens b1608+656:
galaxy groups and implications for h(0)”. In: Astrophys. J. 642 (2006), pp. 30–38. DOI: 10.
1086/500927. arXiv: astro-ph/0510728.

[Fas+08] C. D. Fassnacht et al. “The X-ray Properties of Moderate-redshift Galaxy Groups Selected
by Association with Gravitational Lenses”. In: Astrophys. J. 681 (2008), p. 1017. DOI: 10.
1086/588087. arXiv: 0711.2066 [astro-ph].

[Fer21] Elisa G. M. Ferreira. “Ultra-light dark matter”. In: Astron. Astrophys. Rev. 29.1 (2021), p. 7.
DOI: 10.1007/s00159-021-00135-6. arXiv: 2005.03254 [astro-ph.CO].

[FGR19] Michael A. Fedderke, Peter W. Graham, and Surjeet Rajendran. “Axion Dark Matter De-
tection with CMB Polarization”. In: Phys. Rev. D 100.1 (2019), p. 015040. DOI: 10.1103/
PhysRevD.100.015040. arXiv: 1903.02666 [astro-ph.CO].

[FGS85] E. E. Falco, M. V. Gorenstein, and I. I. Shapiro. “On model-dependent bounds on H 0 from
gravitational images : application to Q 0957+561 A, B.” In: apjl 289 (1985), pp. L1–L4. DOI:
10.1086/184422.

[FK11] Simonetta Frittelli and Thomas P. Kling. “Accuracy of the thin-lens approximation in
strong lensing by smoothly truncated dark matter haloes”. In: Mon. Not. Roy. Astron. Soc.
415 (2011), p. 3599. DOI: 10 . 1111 / j . 1365 - 2966 . 2011 . 18974 . x. arXiv: 1105 . 3783
[astro-ph.CO].

https://doi.org/10.1103/PhysRevLett.132.091001
https://arxiv.org/abs/2305.01005
https://doi.org/10.1111/j.1365-2966.2009.14873.x
https://doi.org/10.1111/j.1365-2966.2009.14873.x
https://arxiv.org/abs/0904.1437
https://doi.org/10.1086/152784
https://doi.org/10.1103/PhysRevD.95.043519
https://arxiv.org/abs/1609.09414
https://doi.org/10.1088/1361-6382/ac086d
https://arxiv.org/abs/2103.01183
https://arxiv.org/abs/2504.01669
https://arxiv.org/abs/astro-ph/0409483
https://doi.org/10.1214/aos/1176344552
https://doi.org/10.1086/466512
https://arxiv.org/abs/astro-ph/0501171
https://doi.org/10.1103/PhysRevD.100.063528
https://doi.org/10.1103/PhysRevD.100.063528
https://arxiv.org/abs/1906.01348
https://doi.org/10.1086/321345
https://arxiv.org/abs/astro-ph/0012337
https://doi.org/10.1103/RevModPhys.17.120
https://doi.org/10.1086/500927
https://doi.org/10.1086/500927
https://arxiv.org/abs/astro-ph/0510728
https://doi.org/10.1086/588087
https://doi.org/10.1086/588087
https://arxiv.org/abs/0711.2066
https://doi.org/10.1007/s00159-021-00135-6
https://arxiv.org/abs/2005.03254
https://doi.org/10.1103/PhysRevD.100.015040
https://doi.org/10.1103/PhysRevD.100.015040
https://arxiv.org/abs/1903.02666
https://doi.org/10.1086/184422
https://doi.org/10.1111/j.1365-2966.2011.18974.x
https://arxiv.org/abs/1105.3783
https://arxiv.org/abs/1105.3783


Bibliography 195

[Fle14] Pierre Fleury. “Swiss-cheese models and the Dyer-Roeder approximation”. In: JCAP 06
(2014), p. 054. DOI: 10.1088/1475-7516/2014/06/054. arXiv: 1402.3123 [astro-ph.CO].

[FLU21] Pierre Fleury, Julien Larena, and Jean-Philippe Uzan. “Line-of-sight effects in strong grav-
itational lensing”. In: JCAP 08 (2021), p. 024. DOI: 10.1088/1475- 7516/2021/08/024.
arXiv: 2104.08883 [astro-ph.CO].

[FM+13] Daniel Foreman-Mackey et al. “emcee: The MCMC Hammer”. In: Publications of the As-
tronomical Society of the Pacific 125.925 (2013), pp. 306–312. DOI: 10.1086/670067. URL:
https://doi.org/10.1086/670067.

[FM23] Wendy L. Freedman and Barry F. Madore. “Progress in direct measurements of the Hubble
constant”. In: JCAP 11 (2023), p. 050. DOI: 10.1088/1475- 7516/2023/11/050. arXiv:
2309.05618 [astro-ph.CO].

[Fre+19] Wendy L. Freedman et al. “The Carnegie-Chicago Hubble Program. VIII. An Independent
Determination of the Hubble Constant Based on the Tip of the Red Giant Branch”. In: (July
2019). DOI: 10.3847/1538-4357/ab2f73. arXiv: 1907.05922 [astro-ph.CO].

[Fre+24] Wendy L. Freedman et al. “Status Report on the Chicago-Carnegie Hubble Program (CCHP):
Measurement of the Hubble Constant Using the Hubble and James Webb Space Tele-
scopes”. In: (Aug. 2024). arXiv: 2408.06153 [astro-ph.CO].

[Fri22] Alexander Friedman. “Über die krümmung des raumes”. In: Zeitschrift für Physik 10.1
(1922), pp. 377–386.

[Fri24] Alexander Friedmann. “Über die Möglichkeit einer Welt mit konstanter negativer Krüm-
mung des Raumes”. In: Zeitschrift für Physik 21.1 (1924), pp. 326–332.

[Fri99] Matteo Frigo. “A fast Fourier transform compiler”. In: SIGPLAN Not. 34.5 (1999), 169–180.
ISSN: 0362-1340. DOI: 10.1145/301631.301661. URL: https://doi.org/10.1145/301631.
301661.

[Gar+06] Jonathan P. Gardner et al. “The James Webb Space Telescope”. In: Space Sci. Rev. 123 (2006),
p. 485. DOI: 10.1007/s11214-006-8315-7. arXiv: astro-ph/0606175.

[GB05] David M. Goldberg and David J. Bacon. “Galaxy-galaxy flexion: Weak lensing to second
order”. In: Astrophys. J. 619 (2005), pp. 741–748. DOI: 10.1086/426782. arXiv: astro-ph/
0406376.

[GHPW15] Alan H. Guth, Mark P. Hertzberg, and C. Prescod-Weinstein. “Do Dark Matter Axions
Form a Condensate with Long-Range Correlation?” In: Phys. Rev. D 92.10 (2015), p. 103513.
DOI: 10.1103/PhysRevD.92.103513. arXiv: 1412.5930 [astro-ph.CO].

[GK02] Ghislain Golse and Jean-Paul Kneib. “Pseudo elliptical lensing mass model: Application
to the NFW mass distribution”. In: Astron. Astrophys. 390 (2002), pp. 821–827. DOI: 10.
1051/0004-6361:20020639. arXiv: astro-ph/0112138.

[Gra+04] Catherine E. Grant et al. “Detection of x-rays from galaxy groups associated with the
gravitationally lensed systems pg 1115+080 and b1422+231”. In: Astrophys. J. 610 (2004),
pp. 686–690. DOI: 10.1086/421863. arXiv: astro-ph/0305137.

[Gre+13] Zach S. Greene et al. “Improving the precision of time-delay cosmography with observa-
tions of galaxies along the line of sight”. In: Astrophys. J. 768 (2013), p. 39. DOI: 10.1088/
0004-637X/768/1/39. arXiv: 1303.3588 [astro-ph.CO].

[Gri+18] C. Grillo et al. “Measuring the Value of the Hubble Constant ”à la Refsdal””. In: Astrophys.
J. 860.2 (2018), p. 94. DOI: 10.3847/1538-4357/aac2c9. arXiv: 1802.01584 [astro-ph.CO].

[Gri+18] C. Grillo et al. “Measuring the Value of the Hubble Constant “à la Refsdal””. In: ApJ 860.2,
94 (2018), p. 94. DOI: 10.3847/1538-4357/aac2c9. arXiv: 1802.01584 [astro-ph.CO].

[Gri+20] C. Grillo et al. “On the accuracy of time-delay cosmography in the Frontier Fields Cluster
MACS J1149.5+2223 with supernova Refsdal”. In: Astrophys. J. 898.1 (2020), p. 87. DOI:
10.3847/1538-4357/ab9a4c. arXiv: 2001.02232 [astro-ph.CO].

[Gri+24] C. Grillo et al. “Cosmography with supernova Refsdal through time-delay cluster lensing:
Independent measurements of the Hubble constant and geometry of the Universe”. In:

https://doi.org/10.1088/1475-7516/2014/06/054
https://arxiv.org/abs/1402.3123
https://doi.org/10.1088/1475-7516/2021/08/024
https://arxiv.org/abs/2104.08883
https://doi.org/10.1086/670067
https://doi.org/10.1086/670067
https://doi.org/10.1088/1475-7516/2023/11/050
https://arxiv.org/abs/2309.05618
https://doi.org/10.3847/1538-4357/ab2f73
https://arxiv.org/abs/1907.05922
https://arxiv.org/abs/2408.06153
https://doi.org/10.1145/301631.301661
https://doi.org/10.1145/301631.301661
https://doi.org/10.1145/301631.301661
https://doi.org/10.1007/s11214-006-8315-7
https://arxiv.org/abs/astro-ph/0606175
https://doi.org/10.1086/426782
https://arxiv.org/abs/astro-ph/0406376
https://arxiv.org/abs/astro-ph/0406376
https://doi.org/10.1103/PhysRevD.92.103513
https://arxiv.org/abs/1412.5930
https://doi.org/10.1051/0004-6361:20020639
https://doi.org/10.1051/0004-6361:20020639
https://arxiv.org/abs/astro-ph/0112138
https://doi.org/10.1086/421863
https://arxiv.org/abs/astro-ph/0305137
https://doi.org/10.1088/0004-637X/768/1/39
https://doi.org/10.1088/0004-637X/768/1/39
https://arxiv.org/abs/1303.3588
https://doi.org/10.3847/1538-4357/aac2c9
https://arxiv.org/abs/1802.01584
https://doi.org/10.3847/1538-4357/aac2c9
https://arxiv.org/abs/1802.01584
https://doi.org/10.3847/1538-4357/ab9a4c
https://arxiv.org/abs/2001.02232


196 Bibliography

Astron. Astrophys. 684 (2024), p. L23. DOI: 10.1051/0004-6361/202449278. arXiv: 2401.
10980 [astro-ph.CO].

[GUL04] F. Siddhartha Guzman and L. Arturo Urena-Lopez. “Evolution of the Schrodinger-Newton
system for a selfgravitating scalar field”. In: Phys. Rev. D69 (2004), p. 124033. DOI: 10.1103/
PhysRevD.69.124033. arXiv: gr-qc/0404014 [gr-qc].

[GW19] Matthew R. Gomer and Liliya L. R. Williams. “Galaxy-lens determination of H0: con-
straining density slope in the context of the mass sheet degeneracy”. In: arXiv e-prints,
arXiv:1907.08638 (2019), arXiv:1907.08638. arXiv: 1907.08638 [astro-ph.CO].

[HBG00] Wayne Hu, Rennan Barkana, and Andrei Gruzinov. “Cold and fuzzy dark matter”. In:
Phys. Rev. Lett. 85 (2000), pp. 1158–1161. DOI: 10.1103/PhysRevLett.85.1158. arXiv:
astro-ph/0003365 [astro-ph].

[Her90] Lars Hernquist. “An Analytical Model for Spherical Galaxies and Bulges”. In: ApJ 356
(June 1990), p. 359. DOI: 10.1086/168845.

[HH18] Anson Hook and Junwu Huang. “Probing Axions with Neutron Star Inspirals and Other
Stellar Processes”. In: JHEP 1806 (June 2018), p. 036. DOI: 10.1007/JHEP06(2018)036.

[HHB22] Lingyi Hu, Alan Heavens, and David Bacon. “Light bending by the cosmological con-
stant”. In: JCAP 02.02 (2022), p. 009. DOI: 10 . 1088 / 1475 - 7516 / 2022 / 02 / 009. arXiv:
2109.09785 [astro-ph.CO].

[Hil+09] S. Hilbert et al. “Ray-tracing through the Millennium Simulation: Born corrections and
lens-lens coupling in cosmic shear and galaxy-galaxy lensing”. In: Astron. Astrophys. 499
(2009), p. 31. DOI: 10.1051/0004-6361/200811054. arXiv: 0809.5035 [astro-ph].

[HMG18] Renée Hlozek, David J. E. Marsh, and Daniel Grin. “Using the Full Power of the Cosmic
Microwave Background to Probe Axion Dark Matter”. In: Mon. Not. Roy. Astron. Soc. 476.3
(2018), pp. 3063–3085. DOI: 10.1093/mnras/sty271. arXiv: 1708.05681 [astro-ph.CO].

[HS03] Gilbert P. Holder and Paul L. Schechter. “External shear in quadruply imaged lens sys-
tems”. In: Astrophys. J. 589 (2003), pp. 688–692. DOI: 10.1086/374688. arXiv: astro-ph/
0209532.

[Hui+17] Lam Hui et al. “Ultralight scalars as cosmological dark matter”. In: Phys. Rev. D95.4 (2017),
p. 043541. DOI: 10.1103/PhysRevD.95.043541. arXiv: 1610.08297 [astro-ph.CO].

[Hui21] Lam Hui. “Wave Dark Matter”. In: Ann. Rev. Astron. Astrophys. 59 (2021), pp. 247–289. DOI:
10.1146/annurev-astro-120920-010024. arXiv: 2101.11735 [astro-ph.CO].

[Hui+21] Lam Hui et al. “Vortices and waves in light dark matter”. In: JCAP 01 (2021), p. 011. DOI:
10.1088/1475-7516/2021/01/011. arXiv: 2004.01188 [astro-ph.CO].

[IR10] Mustapha Ishak and Wolfgang Rindler. “The Relevance of the Cosmological Constant for
Lensing”. In: Gen. Rel. Grav. 42 (2010), pp. 2247–2268. DOI: 10.1007/s10714-010-0973-9.
arXiv: 1006.0014 [astro-ph.CO].
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